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Abstract

It is shown that if A,B,X , and Y are operators acting on a finite dimensional Hilbert space, then

ωu (AXB∗ ± BYA∗)

≤ 2 ∥A∥ ∥B∥ωu

([
0 X
Y 0

])
,

where ωu (T ), ∥T ∥, are, respectively, the U -numerical radius, the spectral norm, of an operator T .

Keywords: Numerical radius; Spectral norm; Hilbert Schmidt norm; Hermitian operator; Positive operator;
Inequality

1 Introduction

Let B(H(n)) be the C∗-algebra of all operators on an n-dimensional Hilbert space H(n). The singular values
s1(X ), s2(X ), ..., sn(X ) of an operator X ∈B(H(n)) are the eigenvalues of (X ∗X )

1/2 presented in decreasing
order and repeated based on multiplicity.

The spectral norm ∥·∥ is the norm defined on B(H(n)) by

∥X∥ = sup{∥Xx∥ : x ∈ H(n), ∥x∥ = 1}.

For 1 ≤ p < ∞, the Schatten p-norm ∥·∥p is the norm defined on B(H(n)) by

∥X∥p =
(
n
j=1s

p
1(X )

)1/p
.

In particular, when p = 2 , the Schatten 2-norm ∥·∥2 is called the Hilbert Schmidt norm. In fact,

∥X∥2 = tr
(
|X |2

)
,

where tr (·) is the trace functional defined on B(H(n)).

The Ky Fan k-norms ∥·∥ is the norm defined on B(H(n)) by

∥X∥(k) =
k
j=1 s1(X ) for k = 1, 2, ..., n.

In fact, one can see that ∥X∥ = ∥X∥(1) and ∥X∥1 = ∥X∥(n).
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A unitarily invariant norm on B(H(n)), written as ∥·∥u, is a norm satisfying the invariance property

∥UXV∥u = ∥X∥u

for every U ,V ,X ∈B(H(n)) such that U and V are unitaries. It is known that the spectral norm, the Schatten
p-norms and the Ky Fan k-norms are typical examples of unitarily invariant norms.

One of the interesting properties that relate to the Ky Fan k-norms and the unitarily invariant norms is Fan
Dominance Theorem (see, e.g., [5, p. 93]) which says the following: Let A,B ∈ B(H(n)). Then

∥A∥(k) ≤ ∥B∥(k) for k = 1, 2, ..., n

iff
||A||u ≤ ||B||u

for every unitarily invariant norm ||·||u. Moreover, it is known that (see, e.g., [5, p. 93]) if A ∈ B(H(n)), then

∥A∥ ≤ ||A||u (1)

for every unitarily invariant norm ||·||u.

The numerical radius ω(·) of an operator X in B(H(n)) is defined by

ω(X ) = sup{|⟨Xa, a⟩| : a ∈ H(n), ∥a∥ = 1}, (2)

where ⟨·, ·⟩ is the inner product defined on H(n). In fact, ω(·) defines a norm on B(H(n)), which is equivalent
to the spectral operator norm ∥·∥, that is if X ∈B(H(n)), then

1

2
∥X∥ ≤ ω(X ) ≤ ∥X∥ .

For more details on the numerical radius, we refer the reader to,?, ?, 8, 10 and references therein.

Some of the inequalities for the numerical radius of operators that we are interested in are the following:6 If
A,B,X ∈ B(H(n)), then

ω (AB + BA) ≤ 2
√
2 ∥B∥ω (A) (3)

and
ω (A∗X + XA) ≤ 2 ∥A∥ω (X ) . (4)

Generalizations of inequalities (3) and (4) have been given in.7 It has been found that if A,B,X ,Y ∈ B(H(n)),
then

ω (A∗XB ± B∗XA) ≤ 2 ∥A∥ ∥B∥ω (X ) . (5)

One of the interesting characterizations of the numerical radius has been given in9 as follows: If X ∈B(H(n)),
then

ω(X ) = sup
θ∈R

∥Re
(
eiθX

)
∥ = sup

θ∈R
∥Im

(
eiθX

)
∥,

where Re
(
eiθX

)
= eiθX+e−iθX∗

2 and Im
(
eiθX

)
= eiθX−e−iθX∗

2i . This characterization attracted several
mathematician and motivated them to define some considerable generalizations of the numerical radius of
operators. One of these generalized numerical radius (see, e.g.,1) which is called the generalized N -numerical
radius, which asserts the following: Let N(·) be a norm on B(H(n)). Define the generalized N -numerical
radius radius on B(H(n)) by

ωN (X ) = sup
θ∈R

N
(
Re

(
eiθX

))
.

When N(·) = ∥·∥2, the generalized N -numerical radius is called the generalized 2-numerical radius (or the
Hilbert Schmidt numerical radius) which is written as

ω2(X ) = sup
θ∈R

∥∥Re
(
eiθX

)∥∥
2

.
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In this paper, we emphasize our selves to the N -generalized numerical radius in the case when the norm N(·)
is unitarily invariant and we call it as the generalized U -numerical radius. So, let ∥·∥u be a unitarily invariant
norm on B(H(n)). Define the generalized U -numerical radius ωu(·) on B(H(n)) by

ωu(X ) = sup
θ∈R

∥∥Re
(
eiθX

)∥∥
u

for X ∈ B(H(n)). (6)

Equivalently,
ωu(X ) = sup

θ∈R

∥∥Im (
eiθX

)∥∥
u

for X ∈ B(H(n)).

It is in clear view ωu(·) is a norm on B(H(n)) which is not unitarily invariant, it is weakly unitarily invariant,
that is

ωu(UXU∗) = ωu(X )

for each U ,X ∈ B(H(n)) such that U is unitary. Also, it can be seen that if X ∈ B(H(n)) is Hermitian, then

ωu(X ) = ∥X∥u
The triangle inequality for ωu(·) is given by

ωu(X + Y) ≤ ωu(X ) + ωu(Y) (7)

for X ,Y ∈ B(H(n)).

In this paper, we give inequalities for the generalized U -numerical radii. In Section 2, we introduce a gener-
alization of inequality (5) in terms of the generalized U -numerical radii. In Section 3, we are interested in the
generalized 2-numerical radius of operators.

2 Generalized U -numerical radius of the operator AXB∗ + BYA∗

In this section, we introduce a generalization of inequality (5) in terms of the generalized U -numerical radius.
In this approach, first we show the following lemma in order to obtain our main .

Lemma 2.1. Let A,X ∈ B(H(n)). Then

ωu (AXA∗) ≤ ∥A∥2 ωu(X ).

Proof. It can be inferred from the fact
∣∣∣∣Re

(
eiθ (AXA∗)

)∣∣∣∣
u
=

∣∣∣∣ARe
(
eiθX

)
A∗

∣∣∣∣
u

that∣∣∣∣Re
(
eiθ (AXA∗)

)∣∣∣∣
u
≤ ∥A∥2

∣∣∣∣Re
(
eiθX

)∣∣∣∣
u

.

So,

wu (AXA∗) = sup
θ∈R

∣∣∣∣Re(eiθ (AXA∗))
∣∣∣∣
u

≤ sup
θ∈R

∥A∥2
∣∣∣∣Re

(
eiθX

)∣∣∣∣
u

= ∥A∥2 ωu(X ).

The main result of this part, which presents a generalization of inequality (5) is as follows: This result

Theorem 2.2. Suppose that A,B,X ,Y ∈ B(H(n)). Then

(a)

ωu (AXB∗ ± BYA∗) ≤ 2 ∥A∥ ∥B∥ωu

([
0 X
Y 0

])
.

More precisely, if we consider B = In, we have

ωu (AX ± YA∗) ≤ 2 ∥A∥ωu

([
0 X
Y 0

])
.
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(b)
ωu (AXB∗ ± BXA∗) ≤ 2 ∥A∥ ∥B∥ωu (X ⊕ X ) .

In particular, letting B = In, we have

ωu (AX ±XA∗) ≤ 2 ∥A∥ωu (X ⊕ X ) .

Proof. Let T =

[
A B
0 0

]
and E =

[
0 X
Y 0

]
. Then ωu (AXB∗ + BYA∗) = ωu (TET ∗). Using Lemma

2.1, we get
ωu (AXB∗ + BYA∗) = ωu (TET ∗) ≤ ∥T∥2 ωu (E) . (8)

Since
∥T∥2 = ∥AA∗+BB∗∥ ≤ ∥A∥2 + ∥B∥2 (9)

It can be inferred, from inequalities (8) and (9), that

ωu (AXB∗ + BYA∗) ≤
(
∥A∥2 + ∥B∥2

)
ωu

([
0 X
Y 0

])
. (10)

Now, in the inequality (10), a substitute of A and B by tA and 1
tB, respectively, in which t =

√
∥B∥
∥A∥ implies

that

ωu (AXB∗ + BYA∗) ≤
(
t2 ∥A∥2 + 1

t2
∥B∥2

)
ωu

([
0 X
Y 0

])
= 2 ∥A∥ ∥B∥ωu

([
0 X
Y 0

])
. (11)

On the other hand, in inequality (11), replacing A by iA implies that

ωu (AXB∗ − BYA∗) ≤ 2 ∥A∥ ∥B∥ωu

([
0 X
Y 0

])
. (12)

Part (a) follows from inequalities (11) and (12).

For part (b), it can be seen that

ωu

([
0 X
X 0

])
= sup

θ∈R

∣∣∣∣∣∣∣∣Re

(
eiθ

[
0 X
X 0

])∣∣∣∣∣∣∣∣
u

= sup
θ∈R

∣∣∣∣∣∣∣∣[ 0 Re
(
eiθX

)
Re

(
eiθX

)
0

]∣∣∣∣∣∣∣∣
u

= sup
θ∈R

∣∣∣∣∣∣∣∣[ Re
(
eiθX

)
0

0 Re
(
eiθX

) ]∣∣∣∣∣∣∣∣
u

= sup
θ∈R

∣∣∣∣∣∣Re
(
eiθ (X ⊕ X )

)∣∣∣∣∣∣
= ωu (X ⊕ X ) . (13)

Now, part (b) follows from part (a) by setting Y = X and then using identity (13).

Remark 2.3. We can easily show that

ωu

([
0 X
Y 0

])
=

1

2
sup
θ∈R

∣∣∣∣(X + eiθY∗)⊕ (
X + eiθY∗)∣∣∣∣

u
. (14)

So, our result in Theorem 2.2(a) can be formulated as follows: If A,B,X ,Y ∈ B(H(n)), then

ωu (AXB∗ ± BYA∗) ≤ ∥A∥∥B∥ sup
θ∈R

∣∣∣∣(X + eiθY∗)⊕ (
X + eiθY∗)∣∣∣∣

u
. (15)

An application of Theorem 2.2(a) is the following.
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Corollary 2.4. Let A ∈ B(H(n)). Then

max
(∣∣∣∣ReA2

∣∣∣∣
u
,
∣∣∣∣ImA2

∣∣∣∣
u

)
≤ ∥A∥ ||A ⊕ A||u .

Proof. In Theorem 2.2(a), replacing B,X , and Y by In, A, and A∗, respectively, we have

ωu

(
A2 ±A∗2) ≤ 2 ∥A∥ωu

([
0 A
A∗ 0

])
(16)

and observing that

ωu

(
A2 +A∗2) = 2

∣∣∣∣ReA2
∣∣∣∣
u
, ωu

(
A2 −A∗2) = 2

∣∣∣∣ImA2
∣∣∣∣
u

(17)

and

ωu

([
0 A
A∗ 0

])
= ||A ⊕ A||u . (18)

The result is determined by the inequality (16) and identities (17) and (18).

Observe that if A,B,X ∈ B(H(n)), then

∥AXB∥u ≤ ∥A∥∥B∥ ∥X∥u . (19)

for every unitarily invariant norm ∥·∥u. Another consequence of our inequality given in Theorem 2.2(b) can
be presented as follows.

Theorem 2.5. Let A,B,X ∈ B(H(n)). Then

ωu (AXB∗ ± BXA∗) ≤ 2 ∥A∥ ∥B∥ωu (X ) .

In particular,
ωu (AX ±XA∗) ≤ 2 ∥A∥ωu (X ) .

Proof. We have

ωu (AXB∗ + BXA∗) = sup
θ∈R

∣∣∣∣Re
(
eiθ (AXB∗ + BXA∗)

)∣∣∣∣
u

= sup
θ∈R

∣∣∣∣A(Re
(
eiθX

)
B∗ + B(Re

(
eiθX

)
A∗∣∣∣∣

u

≤ sup
θ∈R

(∣∣∣∣A(Re
(
eiθX

)
B∗∣∣∣∣

u
+
∣∣∣∣B(Re

(
eiθX

)
A∗∣∣∣∣

u

)
(by the triangle inequality)

≤ 2 ∥A∥ ∥B∥ sup
θ∈R

∣∣∣∣Re
(
eiθX

)∣∣∣∣
u

(by inequality (19))

= 2 ∥A∥ ∥B∥ωu (X ) .

Now, we equire the following result.?

Lemma 2.6. If X ,Y ∈ B(H(n)) are positive with a complex number z. Then

||X + zY||u ≤ ||X + |z| Y||u

for each unitarily invariant norm ||·||u.

A concrete result that can be inherited from inequality (15) is the following.

Corollary 2.7. If A,B,X ,Y ∈ B(H(n)) in which X and Y are positive. Then

ωu (AXB∗ ± BYA∗) ≤ ∥A∥ ∥B∥ ||(X + Y)⊕ (X + Y)||u .
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Proof. It can be seen that∣∣∣∣(X + eiθY
)
⊕
(
X + eiθY

)∣∣∣∣
u
≤ ||(X + Y)⊕ (X + Y)||u (by Lemma 2.6).

Thus,
sup
θ∈R

∣∣∣∣∣∣(X + eiθY
)
⊕
(
X + eiθY

)∣∣∣∣∣∣ ≤ |||(X + Y)⊕ (X + Y)||| . (20)

Through the utilization of inequalities (15) and (20) we obtain a result.

The following result gives an explicit formula for the generalized U -numerical radii of the off-diagonal parts
of a 2× 2 operator matrix when the these off-diagonal parts are positive.

Proposition 2.8. Let X ,Y ∈ B(H(n)) be positive. Then

ωu

([
0 X
Y 0

])
=

||(X + Y)⊕ (X + Y)||u
2

.

Proof. It can be inferred from the definition of ωu (·) that

ωu

([
0 X
Y 0

])
= sup

θ∈R

∣∣∣∣∣∣∣∣Re

(
eiθ

[
0 X
Y 0

])∣∣∣∣∣∣∣∣
u

≥
∣∣∣∣∣∣∣∣Re

([
0 X
Y 0

])∣∣∣∣∣∣∣∣
u

=
1

2

∣∣∣∣∣∣∣∣[ 0 X + Y
X + Y 0

]∣∣∣∣∣∣∣∣
u

=
||(X + Y)⊕ (X + Y)||u

2
. (21)

Also,

ωu

([
0 X
Y 0

])
= sup

θ∈R

∣∣∣∣∣∣∣∣Re

(
eiθ

[
0 X
Y 0

])∣∣∣∣∣∣∣∣
u

=
1

2
sup
θ∈R

∣∣∣∣∣∣∣∣[ 0 eiθX + e−iθY
e−iθX + eiθY 0

]∣∣∣∣∣∣∣∣
u

=
1

2
sup
θ∈R

∣∣∣∣∣∣∣∣[ X + eiθY 0
0 X + eiθY

]∣∣∣∣∣∣∣∣
u

=
1

2
sup
θ∈R

∣∣∣∣∣∣∣∣[ X 0
0 X

]
+ eiθ

[
Y 0
0 Y

]∣∣∣∣∣∣∣∣
u

≤ 1

2

∣∣∣∣∣∣∣∣[ X + Y 0
0 X + Y

]∣∣∣∣∣∣∣∣
u

(by Lemma 2.6)

=
||(X + Y)⊕ (X + Y)||u

2
. (22)

So, the result is determined by inequalities (21) and (22).

Remark 2.9. According to Proposition 2.8, if X ∈ B(H(n)) is positive, then

ωu

([
0 X
0 0

])
=

1

2
||X ⊕ X ||u (23)

and

ωu

([
0 X
X 0

])
= ||X ⊕ X ||u . (24)
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In fact, the identities (23) and (24) are not only true when X is positive but they are also true for general
operators. This can be demonstrated as follows:

ωu

([
0 X
0 0

])
= sup

θ∈R

∥∥∥∥Re

([
0 X
0 0

])∥∥∥∥
u

=
1

2
sup
θ∈R

∥∥∥∥[ 0 eiθX
e−iθX ∗ 0

]∥∥∥∥
u

=
1

2

∥∥∥∥[ 0 X
X ∗ 0

]∥∥∥∥
u

=
1

2
||X ⊕ X ||u ,

this proves identity (23) for general operators. The proof of identity (24) is similar.

Moreover, we have obtained the following result.

Corollary 2.10. Let A,X ,Y ∈ B(H(n)) in which A has the Cartesian decomposition Acal=A1cal+iB1 with
real numbers a1, a2, b1, and b2 where a1 ≤ A1 ≤ a2 and b1 ≤ A2 ≤ b2. Then

(a)

ωu(AX − YA∗) ≤ (a2 − a1 + b2 − b1)ωu

([
0 X
Y 0

])
+
|a1 + a2|

2
ωu(X − Y) +

|b1 + b2|
2

ωu(X + Y).

When considering Y = X , we see that

ωu(AX −XA∗) ≤ (a2 − a1 + b2 − b1) ∥X ⊕ X∥u + |b1 + b2|ωu(X ).

(b)

ωu(AX − YA∗) ≤
(
a2 − a1 + b2 − b1 +

√
(a1 + a2)

2
+ (b1 + b2)

2

)
ωu

([
0 X
Y 0

])
.

When considering Y = X , we see that

ωu(AX −XA∗) ≤
(
a2 − a1 + b2 − b1 +

√
(a1 + a2)

2
+ (b1 + b2)

2

)
∥X ⊕ X∥u .

Proof. If x = a+ ib, where a = a1+a2

2 and b = b1+b2
2 , then

∥A1 − a∥ ≤ a2 − a1
2

and ∥A2 − b∥ ≤ b2 − b1
2

.

So,

∥A − x∥ ≤ ∥A1 − a∥+ ∥A2 − b∥ ≤ a2 − a1 + b2 − b1
2

. (25)

Consequently,

ωu((A− x)X − Y (A− x)
∗
) ≤ 2 ∥A − x∥ωu

([
0 X
Y 0

])
(by Theorem 2.2(a))

≤ (a2 − a1 + b2 − b1)ωu

([
0 X
Y 0

])
(26)

(by inequality (25)).

Also, we have

ωu(AX − YA∗) = ωu((A− x)X − Y (A− x)
∗
+ xX − x̄Y)

≤ ωu((A− x)X − Y (A− x)
∗
) + ωu(xX − x̄Y). (27)
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For part (a): Observe that,

ωu(xX − x̄Y) = ωu(a (X − Y) + ib (X + Y))

≤ |a|ωu(X − Y) + |b|ωu(X + Y)

=
|a1 + a2|

2
ωu(X − Y) +

|b1 + b2|
2

ωu(X + Y). (28)

Now, part (a) follows from inequalities (26), (27), and (28).
For part (b): Observe that,

ωu(xX − x̄Y) ≤ 2 |x|ωu

([
0 X
Y 0

])
(by Theorem 2.2(a))

=

√
(a1 + a2)

2
+ (b1 + b2)

2
ωu

([
0 X
Y 0

])
. (29)

Hence, the result can be deduced from the inequalities (26), (27), and (29).

Remark 2.11. Using a similar argument to the one employed in the proof of Theorem 2.5, one can have
another results related to the particular cases of Corollary 2.10. These results can be stated as follows:
If A,X ∈ B(H(n)) in which A has the Cartesian decomposition Acal=A1cal+iB1 and a1, a2, b1, and b2 are
real numbers for which a1 ≤ A1 ≤ a2 and b1 ≤ A2 ≤ b2. Then

(a)
ωu(AX −XA∗) ≤ (a2 − a1 + b2 − b1 + |b1 + b2|)ωu(X ).

(b)

ωu(AX −XA∗) ≤
(
a2 − a1 + b2 − b1 +

√
(a1 + a2)

2
+ (b1 + b2)

2

)
ωu(X ).

Corollary 2.12. Let A,X ,Y ∈ B(H(n)) in which A is Hermitian, and there exist real numbers a1,a2 such
that a1 ≤ A ≤ a2. Then

(a)

ωu(AX − YA) ≤ (a2 − a1)ωu

([
0 X
Y 0

])
+

|a1 + a2|
2

ω2(X − Y).

In particular, put Y = X , we obtain

ωu(AX −XA) ≤ (a2 − a1) ∥X ⊕ X∥u
and

ωu(AX −XA) ≤ (a2 − a1)ωu(X )

(b)

ωu(AX − YA) ≤ 2max (a2,−a1)ωu

([
0 X
Y 0

])
.

Proof. By considering b1 = b2 = 0 in Corollary 2.10 we can deduce the results.

Remark 2.13. By employing an argument analogous to the one utilized in the proof of Theorem 2.5, one can
show the following: If A,X ∈ B(H(n)) for which A is Hermitian and there exist real numbers a1,a2 such that
a1 ≤ A ≤ a2. Then

ωu(AX −XA) ≤ (a2 − a1)ωu (X ) .

The result below is directly derived from a Corollary 2.12.

Corollary 2.14. If A,X ∈ B(H(n)) in which A is positive. Then

ωu (AX −XA) ≤ ∥A∥ωu (X ) .

Proof. Since 0 ≤ A ≤∥A∥, take a1 = 0, a2 = ∥A∥ and then apply Corollary 2.12.

DOI: https://doi.org/10.54216/IJNS.260221 286



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 02, PP. 279-291, 2025

3 The generalized 2-numerical radius of operators

This section aims to give some bounds and demonstrates several novel inequalities and equalities for the
generalized 2-numerical radius. First, to attain our aim, we require the following two Lemma (see1).

Lemma 3.1. If X ,Y,Z,W ∈ B(H(n)). Then

(a) ω2

([
X 0
0 Y

])
≤

√
ω2
2(X ) + ω2

2(Y).

(b) ω2

([
0 X
Y 0

])
≤ ω2(X+Y)+ω2(X−Y)√

2
.

(c) ω2

([
X Y
Z W

])
≤

√
ω2
2(X ) + 1

2 ∥Y∥22 +
√
ω2
2(W) + 1

2 ∥Z∥22.

(d) ω2

([
X Y
0 0

])
=

√
ω2
2(X ) + 1

2 ∥Y∥22.

(e) ω2

([
X Y
Y X

])
≤

√
ω2
2(X + Y) + ω2

2(X − Y).

Lemma 3.2. If X ,Y ∈ B(H(n)). Then

(a) ω2(X ) =

√
∥X∥2

2+|trX 2|√
2

.

(b) 1√
2
∥X + Y∥2 ≤ ω2

([
0 X
Y∗ 0

])
.

(c) ω2

([
0 X
X ∗ 0

])
=

√
2 ∥X∥2.

Remark 3.3.

(a) It is in clear view from Lemma 3.2(a) that if X ∈ B(H(n)), then

ω2(X ) ≥
∥X∥2√

2
(30)

with equality if and only trX 2 = 0.

(b) One of the basic facts is the following, which can be proved by direct computations: If X ∈ B(H(n)),
then

∥X∥22 = ∥Re (X )∥22 + ∥Im (X )∥22 . (31)

Our first result of this section can be regarded as a refinement of inequality (30).

Theorem 3.4. Let X ∈ B(H(n)) and suppose that r1 =
∣∣∣∥ReX∥22 −

∥X∥2
2

2

∣∣∣, r2 =
∣∣∣∥ImX∥22 −

∥X∥2
2

2

∣∣∣, s1 =

max
{
∥ReX∥22 ,

∥X∥2
2

2

}
, and s2 = max

{
∥ImX∥22 ,

∥X∥2
2

2

}
. Then

ω2(X ) ≥

√
∥X∥22
2

+
r1 + r2

4
+

|s1 − s2|
2

.
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Proof. Since

ω2
2(X ) ≥ ∥ReX∥22 , ω2

2(X ) ≥ ∥ImX∥22 , and ω2
2(X ) ≥

∥X∥22
2

,

we have

ω2
2(X ) ≥ max {s1, s2}

=
1

2
(s1 + s2 ) +

1

2
|s1 − s2|

=
1

4

(
∥X∥22 + ∥ReX∥22 + ∥ImX∥22

)
+

r1 + r2
4

+
|s1 − s2|

2

=
∥X∥22
2

+
r1 + r2

4
+

|s1 − s2|
2

(by identity (31))

In the following Corollary, let r1, r2, s1, and s2 be as given in Theorem 3.4.

Corollary 3.5. If X ∈ B(H(n)) in which ω2(X ) =
∥X∥2√

2
.Then

(a)
∣∣trX 2

∣∣ ≥ r1+r2
2 + |s1 − s2|.

(b) If ω2(X ) =
∥X∥2√

2
, then ∥X∥2 =

√
2 ∥ReX∥2 =

√
2 ∥ImX∥2.

Proof. Part (a) can be obtained from Lemma 3.2(a) and Theorem 3.4. For part (b), observe that ω2(X ) =
∥X∥2√

2
together with Theorem 3.4 implies that r1 = r2 = 0, and so

∥X∥2 =
√
2 ∥ReX∥2 =

√
2 ∥ImX∥2 .

In the rest of this section, we are devoted to the generalized 2-numerical radius of 2 × 2 operators matrices.
The text begins with a result related to the inequalities of Lemma 3.1(b) and (e).

Theorem 3.6. If X ,Y ∈ B(H(n)). Then

ω2

([
X Y
Y∗ X ∗

])
=

√
∥X∥22 + ∥Y∥22 +

∣∣∣2 ∥ReX∥22 + ∥Y∥22 − ∥X∥22
∣∣∣.

Proof. Let L =

[
X Y
Y∗ X ∗

]
. Then

∥L∥22 = tr(L∗L)

= tr(X ∗X + YY∗ + XX ∗ + Y∗Y)

= 2tr(X ∗X + Y∗Y)

= 2(∥X∥22 + ∥Y∥22) (32)

and ∣∣tr (L2
)∣∣ =

∣∣tr (X 2 + YY∗ + Y∗Y + X ∗2)∣∣
=

∣∣tr(X 2) + 2tr(YY∗) + tr(X ∗2)
∣∣

=
∣∣tr(X + X ∗)2 + 2tr(YY∗)− 2tr(XX ∗)

∣∣
=

∣∣∣tr(X + X ∗)2 + 2 ∥Y∥22 − 2 ∥X∥22
∣∣∣

= 2
∣∣∣2 ∥ReX∥22 + ∥Y∥22 − ∥X∥22

∣∣∣ (33)
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Using Lemma 3.2(a), we have

ω2(L) =

√
1

2
∥L∥22 +

1

2
|trL2|

=

√
∥X∥22 + ∥Y∥22 +

∣∣∣2 ∥ReX∥22 + ∥Y∥22 − ∥X∥22
∣∣∣

(by relations (32) and (33)).

Theorem 3.7. Suppose that X ,Y,Z,W ∈ B(H(n)). Then

ω2

([
X Y
Z W

])
≤

√
ω2
2(X ) + ω2

2(W) +
1

2
(∥Y∥2 + ∥Z∥2)2.

Proof. Let L =

[
X Y
Z W

]
and M = ∥X∥22 + ∥Y∥22 + ∥Z∥22 + ∥W∥22 . Now, by Lemma 3.2(a) we have

ω2
2(L) =

1

2
∥L∥22 +

1

2

∣∣trL2
∣∣

≤ 1

2
M +

1

2

∣∣tr(X 2 +W2 + YZ + ZY)
∣∣

≤ 1

2
M +

1

2

∣∣tr(X 2)
∣∣+ 1

2

∣∣tr(W2)
∣∣+ |tr(YZ)| .

Since |tr(YZ)| ≤ ∥Y∥2 ∥Z∥2, it follows that

ω2
2(L) ≤

1

2
M +

1

2

∣∣tr(X 2)
∣∣+ 1

2

∣∣tr(W2)
∣∣+ ∥Y∥2 ∥Z∥2

and so
ω2
2(L) ≤ ω2

2(X ) + ω2
2(W) +

1

2

(
∥Y∥22 + ∥Z∥22 + 2 ∥Y∥2 ∥Z∥2

)
.

Hence,

ω2
2(L) ≤ ω2

2(X ) + ω2
2(W) +

1

2
(∥Y∥2 + ∥Z∥2)

2 .

Theorem 3.8. If X ,Y,Z,W ∈ B(H(n)). Then

ω2

([
X Y
Z W

])
≤ min {ζ, η} ,

where ζ =
√
ω2
2(X ) + ω2

2(W)+ 1√
2
(ω2 (Y + Z) + ω2 (Y − Z)) and η =

√
ω2
2(X ) + 1

2 ∥Y∥22+
√
ω2
2(W) + 1

2 ∥Z∥22.

Proof.

ω2

([
X Y
Z W

])
= ω2

([
X 0
0 W

]
+

[
0 Y
Z 0

])
≤ ω2

([
X 0
0 W

])
+ ω2

([
0 Y
Z 0

])
≤

√
ω2
2(X ) + ω2

2(W) +
1√
2
(ω2 (Y + Z) + ω2 (Y − Z))

= ζ.

Also, using Lemma 3.1(c), we get

ω2

([
X Y
Z W

])
≤ η.

Hence, ω2

([
X Y
Z W

])
≤ min {ζ, η}.
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This part is concluded with the following result.

Theorem 3.9.
ω2

([
X −Y
Y X

])
≤ min {λ, ϑ, µ} ,

where λ = 2
√
ω2
2(X ) + 1

2 ∥Y∥22, ϑ =
√
ω2
2(X ) + ω2

2(Y) + 1
2 (∥X∥2 + ∥Y∥2)2, and µ =

√
2
(√

ω2
2(X ) +

√
ω2
2(Y)

)
.

Proof. If U =

[
0 I
I 0

]
. Then U is unitary, and so

ω2

([
X −Y
Y X

])
= ω2

([
X −Y
0 0

]
+

[
0 0
Y X

])
≤ ω2

([
X −Y
0 0

])
+ ω2

([
0 0
Y X

])
= ω2

([
X −Y
0 0

])
+ ω2

(
U∗

[
0 0
Y X

]
U
)

= ω2

([
X −Y
0 0

])
+ ω2

([
X Y
0 0

])
=

√
ω2
2(X ) +

1

2
∥−Y∥22 +

√
ω2
2(X ) +

1

2
∥Y∥22

= 2

√
ω2
2(X ) +

1

2
∥Y∥22

= λ

Using Theorem (3.7), we get

ω2

(
X −Y
Y X

)
≤

√
ω2
2(−Y) + ω2

2(X ) +
1

2
(∥Y∥2 + ∥X∥2)2

=

√
ω2
2(Y) + ω2

2(X ) +
1

2
(∥Y∥2 + ∥X∥2)2

= ϑ.

Moreover,

ω2

([
X −Y
Y X

])
= ω2

([
X 0
0 X

]
+

[
0 −Y
Y 0

])
≤ ω2

([
X 0
0 X

])
+ ω2

([
0 −Y
Y 0

])
= ω2

([
X 0
0 X

])
+ ω2

([
0 −Y

−Y 0

])
≤

√
2

(√
ω2
2(−Y) +

√
2
√

ω2
2(X )

)
=

√
2

(√
ω2
2(Y) +

√
ω2
2(X )

)
= µ.

Hence,

ω2

([
X −Y
Y X

])
≤ min {λ, ϑ, µ} .
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