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Abstract

The ring of weak fuzzy complex numbers is an extension of real numbers ring by using an algebraic
element with fuzzy property. In this paper, we present two novel generalizations of weak fuzzy complex
numbers, where the concepts of strong fuzzy complex numbers and split-complex weak fuzzy complex
numbers will be defined for the first time with a general study of their elementary properties and special
elements. On the other hand, we provide an algorithm to compute the dempotent elements in the ring of
split-complex weak fuzzy complex numbers with many related examples that clarify the validity of our
work.

Keywords: weak fuzzy complex number; strong fuzzy complex number; split-complex weak fuzzy
complex number; idempotent element

1. Introduction
The generalizations of real numbers are considered interesting research areas, where It attracted the
attention of many researchers worldwide due to its great importance in the study of the theory of both
spaces and matrices [2-3,9].

One of the most recent generalizations of real numbers was the concept of weak fuzzy complex
numbers presented in [1] as follows:

The set of Weak Fuzzy Complex numbers was defined as follows, where 7 is the Weak Fuzzy Complex
operator (J € R):

Fi={xo+x1];%,%x €ER,J>=t€]0,1[ }.

This novel generalization played a central role in the theory of Diophantine equations [6-8], and the
classification of A-curves generated from the solutions of some vectorial equations [4-5].

In this work, we build some novel generalizations of weak fuzzy complex numbers, and these new
algebraic classes of numbers will be very similar to the original structure, with many possible future
applications.

Main Discussion

Definition:

The set of strong fuzzy complex numbers is defined as follows:
Sg={a+b]+ci+di ;a.b.c.d ER.i*?=-1.J>=t €]0.1[},
Addition on S; is defined as follows:
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($): 8¢ X Sp = Sp = (ag + boJ + coi +doif) + (a; + byJ + ¢yi + dii)) = (ag +a;) + (by + by)] +
(cog + )i+ (doy +dy)iJ.
Multiplication on S, is defined as follows:
(X): 8¢ X S = S : (ag + boJ + col + doi]) X (ay + byJ + c1i + dqi]) = agay + aghyJ + agcyi +
apdqiJ
+bgai] + bob.J? + byciif + bodiJ? + coaqi + cobyi] + cocpi? + codqi?] + doayif + dobyif?
+ docyi?] + dod,i?)?
= (agay + bobit — cocq — tdody) + J(aghy + bgay — cody — dgcy) + i(age; + bodyt + coa; — dgbyt) +
iJ](apdy + bocy + coby + dpay).
Remark:
IfX=a+b]+ci+di €S thenX = (a+ci)+](b+di).
Definition:
Consider the mapping: ¢: Sy — C X C such that:
ella+c) +J(b+di)] = (a+ci—vV+(b+di).a+ci++(b+di))
Theorem:
The mapping (¢) is a ring isomorphism.
Proof:
First, we prove that (Sy . +.X) is a commutative ring.
Itis clear that (S,. +) is a belian group.
Also, the multiplication (X) is commutative, associative, and distributive over (+), thus (S; . +.X) is a
commutative ring.
The mapping (¢) is well defined.
IFX = (xo + 2,0 +J(x; + x30) =Y = (yo + y10) +J (2 + y30),
Then x; = y; forall 0 < i < 3, thus:
{(xo +2,0) — VA + x30) = Vo +y10) — \/1(}’2 + y3i)
(%0 + x10) + V+(xz + x30) = o + y11) + V+(2 + ¥30)
Hence p(X) = ¢(Y).
The mapping (¢) preserves addition and multiplication:
X+Y = [(x0+y0) + (x1 + y)il +][(xz +y2) + (x5 + ¥3)i],
o(X +Y) = (A.B), where:
A= (xg+yo) + (xg + )i — VA (x, + ¥2) + (x5 + y3)i]
= [(xo +x;0) — VH(x, + x3i)] + [ + y10) = V+(y, + y3)]
B = (xo + ¥o) + (1 + y1)i + VH[(xz + ¥2) + (x5 + ¥3)i]
= [(xo +x;0) + VH(x, + x3i)] + [ + y10) + V+(y, + y3)]
Thus p(X +Y) = o(X) + @(Y).
Also, X Y = (xo + x,D) (Vo + y10) + t(xy + x30) (v + y30) + ] [(x0 + x,D)(y2 + y30) +
o + y11)(xz + x30)| = A+ BJ.
(X -Y) = (C.D), where:
C=A—V+B = (xg + ) (¥o + y10) + t(x3 + x30) (¥, + y3i) — V+(xg + x,0) (¥, + y3i)
—V+ o + y11) (x + x31)
= [(xo +x10) — V+(x, + x3i)] X [(yo + y11) — V+ (2 + y3i)].
D=A+V+B = [(xo + x,0) + ‘/1(952 + x3i)] X [(yo +y10) + \/1(3’2 + y30)].
Thus (X -Y) = (X) - p(Y).
If p(X) = (0.0), then:{(xo D) = VH@, + 1) =0
(xo + x10) + V+(xy + x30) =0
Xo+xi=0
Thus:{x(z) + x;i =0
So that k., (¢) = {0}.
On the other hand, for every (a + bi.c + di) € C X C, we have X = %[a +c+ (b+d)i]l+ # J[c—

a + (d — b)i] € Sy such that (X) = (a + bi.c + di).Thus (¢) is a ring isomorphism.

= Xg=x, =X, =%x3=0.andX =0

Doi: https://doi.org/10.54216/JNFS.080201
Received: November 22, 2023 Revised: January 19, 2024 Accepted: April 12, 2024



https://doi.org/10.54216/JNFS.080201

Jonrnal of Neutrosophic and Fuzzy Systems (JINFS) Lol 08, No. 02, PP. 08-14, 2024

Remark:
The inverse isomorphism is: 9~ Cx C— Spsuchthat: 9~'(a + bi.c+di) = %[a +c+
(b+d)L]+ ][c—a+(d b)i].
Special propertles of §;:
1] for X = (xo + x10) + J(x; + x3i) € S;.n € N. we have:

Xt=¢ 1((P(x))n = @7 (xo + xq0 = VH(xp + x30). %0 + x40+ VH(xp + x30))" = @7 (TS) =
-(T" +SM+5= =/ (S™ —T™), where
{S = X, +x11 +\/_(x2 + x31)

T = xO + xli - \/I(xz + X3l)

isi iblei i i -1t 1,1y, t 4,1 _1

2] X isinvertible in Sy ifand only if S # 0.7 # 0 and X" = = 2( +T) + e ](S T), where
{S = xO + xli + \/:(xz + X3i)

T = xO + x1i - \/I(xZ + X3i)
3] The n-th root:
The n-throotof X isY = (y, + y,0) + J(y, + y3i) suchthat Y™ = X.

Hence o(Y™) = p(X) = o(¥) = [p(X)]r 1
Vo + y10) = VF G, + y3i) = [0 + %10 = VF(xp + x30)|* =T

1 1

Vo + y10) + VH(, + y3i) = [xg + x40 + V+(x, + x30) |7 = Sn
1,1 1

Yo+ y1i =2 (Tn+Sn)

. 1 S 1
(2 +y30) = ﬁ(sn —Tn)
Example:
Let's find the square rootsof X = —1+0-J = -1 .forJ? =t = %
@ (X) = (—1.—-1), the square roots of —1 are {i. —i}.
Thus, the square roots of ¢ (X) are: {(i.7). (i. —i). (—i.i). (—i.—i)}
Hence, the square roots of X are:
Pl ( i)—i Y, =@ (- i—i)——'
1 _ .
(i.—i) = (l i)+ \/_][l il = —V2iJ
Y, =@ 1(-ii) = \/_l].
4] X is idempotent if and only if X? = X, thus:

2 _ (T?=T
[e(X)]* = @(X) .hence: {52 _g =T.5 €{0.1}
ForT=S5S=0 .thenX=0. forT=S=1 .thenX = 1.
(xO+xli)_\/1(x2 +X3l) :0
(xo + x10) + V+(x, +x3i) =1

=>x0=§_x1=0.x2=% OthUSX_—-l- \/—]

(xg +2x,0) —VFH(x, +x30) =1
(xo + x10) + V+(x, +x3i) =0
x5 =0, henceX—E——]

=

So that:

ForT=0.5=1,we have:{

ForT=1.5=0,we have:{

1
:x0=5.x1=0.x2 = 2\/_
Definition:

We define the set of weak fuzzy split-complex numbers as follows: Wy = {a + b] + cK + dJK;a.b.c.d €
R.K2=1.J2 =t €]0.1[}
Addition on W is defined as follows:
(ag + boJ + coK + dyJK) + (ay + byJ + ;K + dJK)
= (ap +ay) +J(bo + by) + K(co + ¢1) +JK(do + dy)
Multiplication on W is defined as follows:
(ag + boJ + coK + dyJK) X (a; + byJ] + 1K + d,JK)
= aga; + aghyJ + agc K + agd,JK + boayJ + bobiJ? + boci JK + byd,J*K
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+coa K + cobiJK + coc 1 K? + cod i JK? + dgayJK + dobyJ?K + dyciJK? + doydJ?K? =
(apay + bob,t + cocq + dydqt)
+J(aghy + boa, + cody + docy) + K(age; + bodt + cgay + dobyt) + JK(agdy + bocy + coby + dyay).
Remark:
1] (W; . +.x) is a commutative ring.
2] Forevery X = (xo + x1J + x,K + x3JK € W, , we can write X as follows:
X=(x+xK)+](x; +x3K) ; x; ERO0<i<3.
OrX = (xg + x.J) + K(x; + x3]).
Definition:
We define the mapping ¢: W, — F; X F; such that:
(o + x1)) + K(x2 + x3))] = (x0 — %2 + J (x4 — x3) .0 + x5 + ] (31 + x3))
Theorem:
(W . +.X) = (F; X F; . +.X)
Proof:
The mapping is (¢) a ring isomorphism, that is because:
X =0 +x))+ Ky, +x3]) =Y =y +v)) + Ky, +y3J), thenx; =y, forall0 <i <
3.and p(X) = (V).
Itisclearthat (X +Y) = (X)) + @(Y).
XXY =(x0+x1))(¥o + 1)) + (2 + x3)) (2 + ¥3)) + K[(xo + x)) (2 + y3)) + (x2 + x3/) (0o +
7 Db o + 1)) )+ ( ) )
(A= (o +x )0 +y1)) + Oz +x3))(y2 + y3)
oXxV)=(A-BA+E); {B = (xo + x.)(y2 +y3)) + (x2 + x3)) (Vo + y1))
A—B=(xo+x )Y —y2 +] (1 —¥3)) + (2 + x3))(¥2 — Yo +J (V3 — ¥1))
=(xo—x2+ (x1 —x3))) Vo —¥2 +J(y1 — ¥3))
A+ B = (xo+x;+](x1 +x3)) (()’0 + 2 )"‘]()’1 +¥3)), thus @ (XY) = o(X)p(Y).
Xo—X; +J(xg —x3) =0
If (X) = (0.0), then {xo b2+ 0, +x3) = 0
Sothatx; = 0.and X = 0.
ForeveryY = (a + bJ .c + dJ) € F; X F}, there exists

X=2(a+c+(b+d))+3 (c—a+(d— b)) €W, suchthat p(X) = Y, thus ¢ is aring
isomorphism.
Special properties of W:
11X = (xo + x1J) + K(x, + x3]) is invertible in W if and only if:
{xo —x; +J (%1 — x3)
Xo + %z +J(xg + x3)
Also, X1 =2 = 7 (p(X) 7 =3 [((ro = x2) +J 06 = %)) + (o + 2, + ]G + )| +
(xo +x, + /(0 + x3))_1
—(xo =2, +J(xy — x3))_1
2] X is idempotent if and only if: ¢ (X?%) = @(X).

(a—+V+b)?> =a—++b - {a—\/ib € {0.1}
(a+vV+b)?=a++/+b a+++b €{0.1}

are invertible in F;

1
2

Leta + bJ € F; with (a + b])*> = a + b], then{

1 1 1 1
=a+bf€ {0'1'Z+ﬁ]'§_ﬁ]}'
Xo — X2 +J (g — x3) 1
Xo + % +J (%1 — x3) € {0-1.2 *
The possible cases are:
Case (1):

{xo —x;+J(x; —x3) =0

Xo+x, +J(x; +x3)=0
Case (2):

{xo —x+J(x; —x3) =1

Xo+x, +J(x; +x3) =1
Case (3):

1 1 1
ThUS{ ﬁ];—m]}

.thenxy =x, =x;, =x3=0 .and X =0

.thenxy =1.x,=x3=x, =0 .and X =1
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1

1 1
xo— X3 +J(xy —x3) =+ =] Xg== .%,=0
If i zf .then 2 .sothatX =2+ ——].
X0+X2+](X1+X3)=E+ﬁ] X1 ﬁ.x3— 2 2/+
Case (4):
11
xo—x2+](x1—x3)=5—ﬁ] 11
If 1 1 .then X———ﬁ].
x0+x2+](x1+x3)=5—m]
Case (5):
Xo— Xy +J(x; —x3)=0 {xo 2 .xz—l 11
.then 2 2 ,andX=-+-K.
{X0+x2+](x1+x3)=1 x1= x3=0 2 2
Case (6):
Xo— Xz +](x; —x3) =1 _1 1
{x0+x2+](x1+x3)=0 then X =2 —3K.
Case (7):
1 1
Xg— X +J(x —x3) =0 Xo=7 X =7 1
If{ "1, 1, .then N * sothatX=(-+—=J)+KC+
xO+xZ+](X1+X3)—E+ﬁ] xl_ﬁ'xé:ﬁ (4— 4\/1) 4
1
=)
W+
Case (8):
P 1 1
—x, + — =1, 1 Xg == X, =—=
|f{x0 2@ =x) =3t 5m) en 0T T sothatX = (34 _)) + K(-2-
Xo+x, +](x1 +x3) =0 X =5 BT o *
1
=)
W+
Case (9):
1 1
|f{ Xo =%z +](xg —x3) =0 th Xo =5 X2 =7 that X (1 1 ])—}—K(l
11 .then .sothatX = (- —— - -
X+ +](xy +x3) =5 = =] xl—%.x3=% 4 F 4
1
—=.
W
Case (10):
1 1 1 _ -1
—x, + - == Xg=- .X;=—
If{x0 X2 +J0a = %) 2 2‘/1] .then A Y .sothatX=(l—%/_])+K(—l+
Xo+ %, +J(xy +x3) = 0 M= E R TR v *
1
—=.
W
Case (11):
3 1
Xg— X+ ] —x3) =1 Xo =7 X =—7
If 1, 1 .then * o andX=(C+2))+K(—=+
{x0+x2+](x1+x3)=5+ﬁ] x1=$.x3=$ (4 4‘/11) 3
1
ywed b
W+
Case (12):
1 1 3 _1
— + — =4 — Xo == .Xp =—
If{x0 X HJ0a—x) =5+ or) .then ° N : 5 .andX=G+$1)+KG_
X0+x2+](x1+X3)=1 xl_m-xé_ﬁ
1
=)
W+
Case (13):
12
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{ RGNS Lt i et S G-r7/)+K(—;
=1__t ; -then -1 S candX=(>—-— _1_
x0+x2+](x1+x3)—2 2JI] X=X = 4 4T 4
1

wil)
Case (14):

Xo— %y +J(x, — x3) =2 ——] Xo =2 x, == . )
|f{ 0 2 1 3 2 2V¥" _then _‘1‘ 41 _and)(z(z_m )+K(Z+

X0+X2+](X1+X3)=1 xl:ﬁ'x3=ﬁ
1
wil)
Case (15):
1 1 1

xﬂ_x2+](x1_x3)=_+_] Xg == x2_0 ~
If i 2\1/I .then 2 i .andX=l+K](—\/1_).

x0+x2+](x1+X3)=E—ﬁ] xlzo'xSZﬁ 2 2+
Case (16):

1 1 1

Xg—x2+](x1—x3)=___] Xg = x2=O
If 2 2Y%" then z ) .and X =2+ ——KJ.

Xo+ 2%, +J( +%3) ==+ —] X =0.%3=—= 2 2v*

0ot X2 1T X3) =5+ 57 1 Xy ==

2. Conclusion

In this paper, we presented two novel generalizations of weak fuzzy complex numbers, where the
concepts of strong fuzzy complex numbers and split-complex weak fuzzy complex numbers are
defined for the first time with a general study of their elementary properties and special elements. On
the other hand, we provided an algorithm to compute the dempotent elements in the ring of split-
complex weak fuzzy complex humbers with many related examples.
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