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Abstract 

The ring of weak fuzzy complex numbers is an extension of real numbers ring by using an algebraic 

element with fuzzy property. In this paper, we present two novel generalizations of weak fuzzy complex 

numbers, where the concepts of strong fuzzy complex numbers and split-complex weak fuzzy complex 

numbers will be defined for the first time with a general study of their elementary properties and special 

elements. On the other hand, we provide an algorithm to compute the dempotent elements in the ring of 

split-complex weak fuzzy complex numbers with many related examples that clarify the validity of our 

work. 
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1. Introduction 

The generalizations of real numbers are considered interesting research areas, where It attracted the 

attention of many researchers worldwide due to its great importance in the study of the theory of both 

spaces and matrices [2-3,9]. 

One of the most recent generalizations of real numbers was the concept of weak fuzzy complex 

numbers presented in [1] as follows: 

The set of Weak Fuzzy Complex numbers was defined as follows, where ‘𝐽’ is the Weak Fuzzy Complex 

operator ( 𝐽 ∉ 𝑹 ): 

𝑭𝐽  = {𝑥0 + 𝑥1 𝐽 ; 𝑥0 , 𝑥1 ∈ 𝑹 , 𝐽2 = 𝑡 ∈ ]0, 1[ }.             

This novel generalization played a central role in the theory of Diophantine equations [6-8], and the 

classification of A-curves generated from the solutions of some vectorial equations [4-5]. 

In this work, we build some novel generalizations of weak fuzzy complex numbers, and these new 

algebraic classes of numbers will be very similar to the original structure, with many possible future 

applications. 

Main Discussion 

Definition: 

The set of strong fuzzy complex numbers is defined as follows: 

𝑆𝑓 = {𝑎 + 𝑏𝐽 + 𝑐𝑖 + 𝑑𝑖𝐽  ; 𝑎. 𝑏. 𝑐. 𝑑 ∈ ℝ .  𝑖2 = −1 . 𝐽2 = 𝑡 ∈ ]0.1[}, 

Addition on 𝑆𝑓 is defined as follows: 

https://doi.org/10.54216/JNFS.080201
mailto:Zahraamathscience1243@gmail.com
mailto:ramaanadwehh@gmail.com


, 202441-, PP. 082ol. 08, No. 0V                              Journal of Neutrosophic and Fuzzy Systems (JNFS) 

9 
 102https://doi.org/10.54216/JNFS.080Doi:  

Received: November 22, 2023 Revised: January 19, 2024 Accepted: April 12, 2024 

(+): 𝑆𝑓 × 𝑆𝑓 → 𝑆𝑓  ∶ (𝑎0 + 𝑏0𝐽 + 𝑐0𝑖 + 𝑑0𝑖𝐽) + (𝑎1 + 𝑏1𝐽 + 𝑐1𝑖 + 𝑑1𝑖𝐽) = (𝑎0 + 𝑎1) + (𝑏0 + 𝑏1)𝐽 +

(𝑐0 + 𝑐1)𝑖 + (𝑑0 + 𝑑1)𝑖𝐽. 

Multiplication on 𝑆𝑓 is defined as follows: 

.(×): 𝑆𝑓 × 𝑆𝑓 → 𝑆𝑓  ∶ (𝑎0 + 𝑏0𝐽 + 𝑐0𝑖 + 𝑑0𝑖𝐽) × (𝑎1 + 𝑏1𝐽 + 𝑐1𝑖 + 𝑑1𝑖𝐽) = 𝑎0𝑎1 + 𝑎0𝑏1𝐽 + 𝑎0𝑐1𝑖 +

𝑎0𝑑1𝑖𝐽 

+𝑏0𝑎1𝐽 + 𝑏0𝑏1𝐽2 + 𝑏0𝑐1𝑖𝐽 + 𝑏0𝑑1𝑖𝐽2 + 𝑐0𝑎1𝑖 + 𝑐0𝑏1𝑖𝐽 + 𝑐0𝑐1𝑖2 + 𝑐0𝑑1𝑖2𝐽 + 𝑑0𝑎1𝑖𝐽 + 𝑑0𝑏1𝑖𝐽2

+ 𝑑0𝑐1𝑖2𝐽 + 𝑑0𝑑1𝑖2𝐽2 

= (𝑎0𝑎1 + 𝑏0𝑏1𝑡 − 𝑐0𝑐1 − 𝑡𝑑0𝑑1) + 𝐽(𝑎0𝑏1 + 𝑏0𝑎1 − 𝑐0𝑑1 − 𝑑0𝑐1) + 𝑖(𝑎0𝑐1 + 𝑏0𝑑1𝑡 + 𝑐0𝑎1 − 𝑑0𝑏1𝑡) +

𝑖𝐽(𝑎0𝑑1 + 𝑏0𝑐1 + 𝑐0𝑏1 + 𝑑0𝑎1). 

Remark: 

If 𝑋 = 𝑎 + 𝑏𝐽 + 𝑐𝑖 + 𝑑𝑖𝐽 ∈ 𝑆𝑓, then 𝑋 = (𝑎 + 𝑐𝑖) + 𝐽(𝑏 + 𝑑𝑖). 

Definition: 

Consider the mapping: 𝜑: 𝑆𝑓 → ℂ × ℂ such that: 

𝜑[(𝑎 + 𝑐𝑖) + 𝐽(𝑏 + 𝑑𝑖)] = (𝑎 + 𝑐𝑖 − √+(𝑏 + 𝑑𝑖) . 𝑎 + 𝑐𝑖 + √+(𝑏 + 𝑑𝑖) ) 

Theorem: 

The mapping (𝜑) is a ring isomorphism. 

Proof: 

First, we prove that (𝑆𝑓 . +.×) is a commutative ring. 

It is clear that (𝑆𝑓 . +) is a belian group. 

Also, the multiplication (×) is commutative, associative, and distributive over (+), thus (𝑆𝑓 . +.×) is a 

commutative ring. 

The mapping (𝜑) is well defined. 

If 𝑋 = (𝑥0 + 𝑥1𝑖) + 𝐽(𝑥2 + 𝑥3𝑖) = 𝑌 = (𝑦0 + 𝑦1𝑖) + 𝐽(𝑦2 + 𝑦3𝑖), 

Then  𝑥𝑖 = 𝑦𝑖 for all 0 ≤ 𝑖 ≤ 3, thus: 

{
(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖) = (𝑦0 + 𝑦1𝑖) − √+(𝑦2 + 𝑦3𝑖)

(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖) = (𝑦0 + 𝑦1𝑖) + √+(𝑦2 + 𝑦3𝑖)
 

Hence 𝜑(𝑋) = 𝜑(𝑌). 

The mapping (𝜑) preserves addition and multiplication: 

𝑋 + 𝑌 = [(𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑖] + 𝐽[(𝑥2 + 𝑦2) + (𝑥3 + 𝑦3)𝑖], 

𝜑(𝑋 + 𝑌) = (𝐴. 𝐵), where: 

𝐴 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑖 − √+[(𝑥2 + 𝑦2) + (𝑥3 + 𝑦3)𝑖]

= [(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖)] + [(𝑦0 + 𝑦1𝑖) − √+(𝑦2 + 𝑦3𝑖)] 

𝐵 = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑖 + √+[(𝑥2 + 𝑦2) + (𝑥3 + 𝑦3)𝑖]

= [(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖)] + [(𝑦0 + 𝑦1𝑖) + √+(𝑦2 + 𝑦3𝑖)] 

Thus 𝜑(𝑋 + 𝑌) = 𝜑(𝑋) + 𝜑(𝑌). 

Also, 𝑋 ∙ 𝑌 = (𝑥0 + 𝑥1𝑖)(𝑦0 + 𝑦1𝑖) + 𝑡(𝑥2 + 𝑥3𝑖)(𝑦2 + 𝑦3𝑖) + 𝐽[(𝑥0 + 𝑥1𝑖)(𝑦2 + 𝑦3𝑖) +
(𝑦0 + 𝑦1𝑖)(𝑥2 + 𝑥3𝑖)] = 𝐴 + 𝐵 𝐽. 

𝜑(𝑋 ∙ 𝑌) = (𝐶. 𝐷), where: 

𝐶 = 𝐴 − √+𝐵 = (𝑥0 + 𝑥1𝑖)(𝑦0 + 𝑦1𝑖) + 𝑡(𝑥2 + 𝑥3𝑖)(𝑦2 + 𝑦3𝑖) − √+(𝑥0 + 𝑥1𝑖)(𝑦2 + 𝑦3𝑖)

− √+ (𝑦0 + 𝑦1𝑖)(𝑥2 + 𝑥3𝑖) 

= [(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖)] × [(𝑦0 + 𝑦1𝑖) − √+(𝑦2 + 𝑦3𝑖)]. 

𝐷 = 𝐴 + √+𝐵 = [(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖)] × [(𝑦0 + 𝑦1𝑖) + √+(𝑦2 + 𝑦3𝑖)]. 

Thus 𝜑(𝑋 ∙ 𝑌) = 𝜑(𝑋) ∙ 𝜑(𝑌).  

If 𝜑(𝑋) = (0.0), then:{
(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖) = 0

(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖) = 0
 

Thus:{
𝑥0 + 𝑥1𝑖 = 0
𝑥2 + 𝑥3𝑖 = 0

      ⟹  𝑥0 = 𝑥1 = 𝑥2 = 𝑥3 = 0 . and 𝑋 = 0 

So that 𝑘𝑒𝑟(𝜑) = {0}. 

On the other hand, for every (𝑎 + 𝑏𝑖 . 𝑐 + 𝑑𝑖)  ∈ ℂ × ℂ, we have 𝑋 =
1

2
[𝑎 + 𝑐 + (𝑏 + 𝑑)𝑖] +

1

2√+
 𝐽[𝑐 −

𝑎 + (𝑑 − 𝑏)𝑖] ∈ 𝑆𝑓 such that 𝜑(𝑋) = (𝑎 + 𝑏𝑖 . 𝑐 + 𝑑𝑖).Thus (𝜑) is a ring isomorphism. 
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Remark: 

The inverse isomorphism is: 𝜑−1: ℂ × ℂ → 𝑆𝑓 such that: 𝜑−1(𝑎 + 𝑏𝑖 . 𝑐 + 𝑑𝑖) =
1

2
[𝑎 + 𝑐 +

(𝑏 + 𝑑)𝑖] +
1

2√+
 𝐽[𝑐 − 𝑎 + (𝑑 − 𝑏)𝑖]. 

Special properties of 𝑺𝒇: 

1] for 𝑋 = (𝑥0 + 𝑥1𝑖) + 𝐽(𝑥2 + 𝑥3𝑖)  ∈ 𝑆𝑓 . 𝑛 ∈ ℕ. we have: 

 𝑋𝑛 = 𝜑−1(𝜑(𝑥))𝑛 = 𝜑−1(𝑥0 + 𝑥1𝑖 − √+(𝑥2 + 𝑥3𝑖). 𝑥0 + 𝑥1𝑖 + √+(𝑥2 + 𝑥3𝑖))𝑛 = 𝜑−1(𝑇𝑛. 𝑆𝑛) =
1

2
(𝑇𝑛 + 𝑆𝑛) +

1

2√+
 𝐽 (𝑆𝑛 − 𝑇𝑛), where 

{
𝑆 = 𝑥0 + 𝑥1𝑖 + √+(𝑥2 + 𝑥3𝑖)

𝑇 = 𝑥0 + 𝑥1𝑖 − √+(𝑥2 + 𝑥3𝑖)
 

2] 𝑋 is invertible in 𝑆𝑓  if and only if 𝑆 ≠ 0 . 𝑇 ≠ 0 and 𝑋−1 =
1

𝑋
=

1

2
(

1

𝑆
+

1

𝑇
) +

1

2√+
 𝐽(

1

𝑆
−

1

𝑇
), where 

{
𝑆 = 𝑥0 + 𝑥1𝑖 + √+(𝑥2 + 𝑥3𝑖)

𝑇 = 𝑥0 + 𝑥1𝑖 − √+(𝑥2 + 𝑥3𝑖)
 

3] The n-th root: 

The n-th root of 𝑋 is 𝑌 = (𝑦0 + 𝑦1𝑖) + 𝐽(𝑦2 + 𝑦3𝑖) such that 𝑌𝑛 = 𝑋. 

Hence 𝜑(𝑌𝑛) = 𝜑(𝑋)    ⟹ 𝜑(𝑌) = [𝜑(𝑋)]
1

𝑛 

⟹ {
(𝑦0 + 𝑦1𝑖) − √+(𝑦2 + 𝑦3𝑖) = [𝑥0 + 𝑥1𝑖 − √+(𝑥2 + 𝑥3𝑖)]

1
𝑛 = 𝑇

1
𝑛

(𝑦0 + 𝑦1𝑖) + √+(𝑦2 + 𝑦3𝑖) = [𝑥0 + 𝑥1𝑖 + √+(𝑥2 + 𝑥3𝑖)]
1
𝑛 = 𝑆

1
𝑛

 

So that: {
𝑦0 + 𝑦1𝑖 =

1

2
(𝑇

1

𝑛 + 𝑆
1

𝑛)

(𝑦2 + 𝑦3𝑖) =
1

2√+
(𝑆

1

𝑛 − 𝑇
1

𝑛)
 

Example: 

Let's find the square roots of 𝑋 = −1 + 0 ∙ 𝐽 = −1  . for 𝐽2 = 𝑡 =
1

2
 . 

𝜑(𝑋) = (−1. −1), the square roots of −1 are {𝑖. −𝑖}. 

Thus, the square roots of 𝜑(𝑋) 𝑎𝑟𝑒: {(𝑖. 𝑖). (𝑖. −𝑖). (−𝑖. 𝑖). (−𝑖. −𝑖)} 

Hence, the square roots of 𝑋 are: 

𝑌1 = 𝜑−1(𝑖. 𝑖) = 𝑖   .  𝑌2 = 𝜑−1(−𝑖. −𝑖) = −𝑖, 

𝑌3 = 𝜑−1(𝑖. −𝑖) =
1

2
(𝑖 − 𝑖) +

1

2√+
 𝐽 [−𝑖 − 𝑖] = −√2𝑖𝐽 

𝑌4 = 𝜑−1(−𝑖. 𝑖) = √2𝑖𝐽. 

4] 𝑋 is idempotent if and only if 𝑋2 = 𝑋, thus: 

[𝜑(𝑋)]2 = 𝜑(𝑋)  . hence: {𝑇2 = 𝑇
𝑆2 = 𝑆

  ⟹ 𝑇. 𝑆 ∈ {0.1} 

For 𝑇 = 𝑆 = 0  . then 𝑋 = 0.   for 𝑇 = 𝑆 = 1  . then 𝑋 = 1. 

For 𝑇 = 0 . 𝑆 = 1, we have: {
(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖) = 0

(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖) = 1
 

⟹ 𝑥0 =
1

2
 . 𝑥1 = 0 . 𝑥2 =  

1

2√+
 . 𝑥3 = 0, thus 𝑋 =

1

2
+

1

2√+
 𝐽. 

For 𝑇 = 1 . 𝑆 = 0, we have: {
(𝑥0 + 𝑥1𝑖) − √+(𝑥2 + 𝑥3𝑖) = 1

(𝑥0 + 𝑥1𝑖) + √+(𝑥2 + 𝑥3𝑖) = 0
 

⟹ 𝑥0 =
1

2
 . 𝑥1 = 0 . 𝑥2 =  

−1

2√+
 . 𝑥3 = 0, hence 𝑋 =

1

2
−

1

2√+
 𝐽. 

Definition: 

We define the set of weak fuzzy split-complex numbers as follows: 𝑊𝑠 = {𝑎 + 𝑏𝐽 + 𝑐𝐾 + 𝑑𝐽𝐾; 𝑎. 𝑏. 𝑐. 𝑑 ∈

ℝ . 𝐾2 = 1. 𝐽2 = 𝑡 ∈ ]0.1[} 

Addition on 𝑊𝑠 is defined as follows: 

(𝑎0 + 𝑏0𝐽 + 𝑐0𝐾 + 𝑑0𝐽𝐾) + (𝑎1 + 𝑏1𝐽 + 𝑐1𝐾 + 𝑑1𝐽𝐾)

= (𝑎0 + 𝑎1) + 𝐽(𝑏0 + 𝑏1) + 𝐾(𝑐0 + 𝑐1) + 𝐽𝐾(𝑑0 + 𝑑1) 

Multiplication on 𝑊𝑠 is defined as follows: 

(𝑎0 + 𝑏0𝐽 + 𝑐0𝐾 + 𝑑0𝐽𝐾) × (𝑎1 + 𝑏1𝐽 + 𝑐1𝐾 + 𝑑1𝐽𝐾)

= 𝑎0𝑎1 + 𝑎0𝑏1𝐽 + 𝑎0𝑐1𝐾 + 𝑎0𝑑1𝐽𝐾 + 𝑏0𝑎1𝐽 + 𝑏0𝑏1𝐽2 + 𝑏0𝑐1𝐽𝐾 + 𝑏0𝑑1𝐽2𝐾 
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..+𝑐0𝑎1𝐾 + 𝑐0𝑏1𝐽𝐾 + 𝑐0𝑐1𝐾2 + 𝑐0𝑑1𝐽𝐾2 + 𝑑0𝑎1𝐽𝐾 + 𝑑0𝑏1𝐽2𝐾 + 𝑑0𝑐1𝐽𝐾2 + 𝑑0𝑑1𝐽2𝐾2 =
(𝑎0𝑎1 + 𝑏0𝑏1𝑡 + 𝑐0𝑐1 + 𝑑0𝑑1𝑡) 

.+𝐽(𝑎0𝑏1 + 𝑏0𝑎1 + 𝑐0𝑑1 + 𝑑0𝑐1) + 𝐾(𝑎0𝑐1 + 𝑏0𝑑1𝑡 + 𝑐0𝑎1 + 𝑑0𝑏1𝑡) + 𝐽𝐾(𝑎0𝑑1 + 𝑏0𝑐1 + 𝑐0𝑏1 + 𝑑0𝑎1). 

Remark: 

1] (𝑊𝑠 . +.×) is a commutative ring. 

2] For every 𝑋 = (𝑥0 + 𝑥1𝐽 + 𝑥2𝐾 + 𝑥3𝐽𝐾 ∈ 𝑊𝑠 , we can write 𝑋 as follows: 

𝑋 = (𝑥0 + 𝑥2𝐾) + 𝐽(𝑥1 + 𝑥3𝐾)  ;  𝑥𝑖 ∈ ℝ  0 ≤ 𝑖 ≤ 3. 

Or 𝑋 = (𝑥0 + 𝑥1𝐽) + 𝐾(𝑥2 + 𝑥3𝐽). 

Definition: 

We define the mapping 𝜑: 𝑊𝑠 → 𝐹𝐽 × 𝐹𝐽 such that: 

𝜑[(𝑥0 + 𝑥1𝐽) + 𝐾(𝑥2 + 𝑥3𝐽)] = (𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3)  . 𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3)) 

Theorem: 

(𝑊𝑠 . +.×) ≅ (𝐹𝐽 × 𝐹𝐽 . +.×)  

Proof: 

The mapping is (𝜑) a ring isomorphism, that is because: 

If 𝑋 = (𝑥0 + 𝑥1𝐽) + 𝐾(𝑥2 + 𝑥3𝐽) = 𝑌 = (𝑦0 + 𝑦1𝐽) + 𝐾(𝑦2 + 𝑦3𝐽), then 𝑥𝑖 = 𝑦𝑖  for all 0 ≤ 𝑖 ≤

3 . 𝑎𝑛𝑑 𝜑(𝑋) = 𝜑(𝑌). 

It is clear that 𝜑(𝑋 + 𝑌) = 𝜑(𝑋) + 𝜑(𝑌). 

𝑋 × 𝑌 = (𝑥0 + 𝑥1𝐽)(𝑦0 + 𝑦1𝐽) + (𝑥2 + 𝑥3𝐽)(𝑦2 + 𝑦3𝐽) + 𝐾[(𝑥0 + 𝑥1𝐽)(𝑦2 + 𝑦3𝐽) + (𝑥2 + 𝑥3𝐽)(𝑦0 +

𝑦1𝐽)]. 

𝜑(𝑋 × 𝑌) = (𝐴 − 𝐵. 𝐴 + 𝐵) ;  {
𝐴 = (𝑥0 + 𝑥1𝐽)(𝑦0 + 𝑦1𝐽) + (𝑥2 + 𝑥3𝐽)(𝑦2 + 𝑦3𝐽)

𝐵 = (𝑥0 + 𝑥1𝐽)(𝑦2 + 𝑦3𝐽) + (𝑥2 + 𝑥3𝐽)(𝑦0 + 𝑦1𝐽)
 

𝐴 − 𝐵 = (𝑥0 + 𝑥1𝐽)(𝑦0 − 𝑦2 + 𝐽(𝑦1 − 𝑦3)) + (𝑥2 + 𝑥3𝐽)(𝑦2 − 𝑦0 + 𝐽(𝑦3 − 𝑦1))

= (𝑥0 − 𝑥2 + (𝑥1 − 𝑥3)𝐽) ∙ (𝑦0 − 𝑦2 + 𝐽(𝑦1 − 𝑦3)) 

𝐴 + 𝐵 = (𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3)) ∙ (𝑦0 + 𝑦2 + 𝐽(𝑦1 + 𝑦3)), thus 𝜑(𝑋𝑌) = 𝜑(𝑋)𝜑(𝑌). 

If 𝜑(𝑋) = (0.0), then {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 0

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 0
  

So that 𝑥𝑖 = 0 . and 𝑋 = 0. 

For every 𝑌 = (𝑎 + 𝑏𝐽 . 𝑐 + 𝑑𝐽) ∈ 𝐹𝐽 × 𝐹𝐽, there exists 

𝑋 =
1

2
(𝑎 + 𝑐 + (𝑏 + 𝑑)𝐽) +

1

2
 (𝑐 − 𝑎 + (𝑑 − 𝑏)𝐽) ∈ 𝑊𝑠 such that 𝜑(𝑋) = 𝑌, thus 𝜑 is a ring 

isomorphism. 

Special properties of 𝑾𝒔: 

1] 𝑋 = (𝑥0 + 𝑥1𝐽) + 𝐾(𝑥2 + 𝑥3𝐽) is invertible in 𝑊𝑠 if and only if: 

{
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3)

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3)
  are invertible in 𝐹𝐽  

Also, 𝑋−1 =
1

𝑋
= 𝜑−1(𝜑(𝑋))−1 =

1

2
 [((𝑥0 − 𝑥2) + 𝐽(𝑥1 − 𝑥3))

−1
+ (𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3))

−1
] +

1

2
 𝐾 [

(𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3))
−1

−(𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3))
−1]  

2] 𝑋 is idempotent if and only if: 𝜑(𝑋2) = 𝜑(𝑋). 

Let 𝑎 + 𝑏𝐽 ∈ 𝐹𝐽 with (𝑎 + 𝑏𝐽)2 = 𝑎 + 𝑏𝐽, then {
(𝑎 − √+𝑏)2 = 𝑎 − √+𝑏

(𝑎 + √+𝑏)2 = 𝑎 + √+𝑏
   ⟹  {

𝑎 − √+𝑏  ∈ {0.1}

𝑎 + √+𝑏 ∈ {0.1}
 

⟹ 𝑎 + 𝑏𝐽 ∈ {0.1.
1

2
+

1

2√+
𝐽.

1

2
−

1

2√+
𝐽}. 

Thus {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3)

𝑥0 + 𝑥2 + 𝐽(𝑥1 − 𝑥3)
   ∈ {0.1.

1

2
+

1

2√+
𝐽.

1

2
−

1

2√+
𝐽} 

The possible cases are: 

Case (1): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 0

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 0
   . then 𝑥0 = 𝑥2 = 𝑥1 = 𝑥3 = 0  . and 𝑋 = 0 

Case (2): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 1

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 1
   . then 𝑥0 = 1 . 𝑥2 = 𝑥3 = 𝑥1 = 0  . and 𝑋 = 1 

Case (3): 

https://doi.org/10.54216/JNFS.080201


, 202441-, PP. 082ol. 08, No. 0V                              Journal of Neutrosophic and Fuzzy Systems (JNFS) 

12 
 102https://doi.org/10.54216/JNFS.080Doi:  

Received: November 22, 2023 Revised: January 19, 2024 Accepted: April 12, 2024 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
+

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
+

1

2√+
𝐽

   . then {
𝑥0 =

1

2
   . 𝑥2 = 0

𝑥1 =
1

2√+
 . 𝑥3 = 0

    . so that X =
1

2
+

1

2√+
𝐽. 

Case (4): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
−

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
−

1

2√+
𝐽

   . then  X =
1

2
−

1

2√+
𝐽. 

Case (5): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 0

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 1
   . then {

𝑥0 =
1

2
   . 𝑥2 =

1

2

𝑥1 =  𝑥3 = 0
    . and X =

1

2
+

1

2
𝐾. 

Case (6): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 1

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 0
   . then  X =

1

2
−

1

2
𝐾. 

Case (7): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 0

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
+

1

2√+
𝐽

   . then {
𝑥0 =

1

4
   . 𝑥2 =

1

4

𝑥1 =
1

4√+
 . 𝑥3 =

1

4√+

    . so that X = (
1

4
+

1

4√+
𝐽) + 𝐾(

1

4
+

1

4√+
𝐽). 

Case (8): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
+

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 0
   . then {

𝑥0 =
1

4
   . 𝑥2 = −

1

4

𝑥1 =
1

4√+
 . 𝑥3 =

−1

4√+

    . so that X = (
1

4
+

1

4√+
𝐽) + 𝐾(−

1

4
−

1

4√+
𝐽). 

Case (9): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 0

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
−

1

2√+
𝐽

   . then {
𝑥0 =

1

4
   . 𝑥2 =

1

4

𝑥1 =
−1

4√+
 . 𝑥3 =

−1

4√+

    . so that X = (
1

4
−

1

4√+
𝐽) + 𝐾(

1

4
−

1

4√+
𝐽). 

Case (10): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
−

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 0
   . then {

𝑥0 =
1

4
   . 𝑥2 =

−1

4

𝑥1 =
−1

4√+
 . 𝑥3 =

1

4√+

    . so that X = (
1

4
−

1

4√+
𝐽) + 𝐾(−

1

4
+

1

4√+
𝐽). 

Case (11): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 1

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
+

1

2√+
𝐽

   . then {
𝑥0 =

3

4
   . 𝑥2 = −

1

4

𝑥1 =
1

4√+
 . 𝑥3 =

1

4√+

    . and X = (
3

4
+

1

4√+
𝐽) + 𝐾(−

1

4
+

1

4√+
𝐽). 

 

 

 

Case (12): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
+

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 1
   . then {

𝑥0 =
3

4
   . 𝑥2 =

1

4

𝑥1 =
1

4√+
 . 𝑥3 =

−1

4√+

    . and X = (
3

4
+

1

4√+
𝐽) + 𝐾(

1

4
−

1

4√+
𝐽). 

Case (13): 

https://doi.org/10.54216/JNFS.080201


, 202441-, PP. 082ol. 08, No. 0V                              Journal of Neutrosophic and Fuzzy Systems (JNFS) 

13 
 102https://doi.org/10.54216/JNFS.080Doi:  

Received: November 22, 2023 Revised: January 19, 2024 Accepted: April 12, 2024 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) = 1

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
−

1

2√+
𝐽

   . then {
𝑥0 =

3

4
   . 𝑥2 = −

1

4

𝑥1 =
−1

4√+
 . 𝑥3 =

−1

4√+

    . and X = (
3

4
−

1

4√+
𝐽) + 𝐾(−

1

4
−

1

4√+
𝐽). 

Case (14): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
−

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) = 1
   . then {

𝑥0 =
3

4
   . 𝑥2 =

1

4

𝑥1 =
−1

4√+
 . 𝑥3 =

1

4√+

    . and X = (
3

4
−

1

4√+
𝐽) + 𝐾(

1

4
+

1

4√+
𝐽). 

Case (15): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
+

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
−

1

2√+
𝐽

   . then {
𝑥0 =

1

2
   . 𝑥2 = 0

𝑥1 = 0 . 𝑥3 =
−1

2√+

    . and X =
1

2
+ 𝐾𝐽(

−1

2√+
). 

Case (16): 

If {
𝑥0 − 𝑥2 + 𝐽(𝑥1 − 𝑥3) =

1

2
−

1

2√+
𝐽

𝑥0 + 𝑥2 + 𝐽(𝑥1 + 𝑥3) =
1

2
+

1

2√+
𝐽

   . then {
𝑥0 =

1

2
   . 𝑥2 = 0

𝑥1 = 0 . 𝑥3 =
1

2√+

    . and X =
1

2
+

1

2√+
𝐾𝐽. 

2. Conclusion 

In this paper, we presented two novel generalizations of weak fuzzy complex numbers, where the 

concepts of strong fuzzy complex numbers and split-complex weak fuzzy complex numbers are 

defined for the first time with a general study of their elementary properties and special elements. On 

the other hand, we provided an algorithm to compute the dempotent elements in the ring of split-

complex weak fuzzy complex numbers with many related examples. 
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