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Abstract

Depending on the geometric isometry (AH-Isometry), it has been proven that every Neutrosophic real function is
equivalent to three real functions. Then, the foundation of the Refined Netrusophic calculus was established, where
new definitions of Refined Netrusophic integration and Refined Netrusophic differentiation were introduced, along
with some illustrative examples. Following that, definitions for the Refined Netrusophic gamma function and Refined
Netrusophic beta function were presented to pave the way towards achieving the desired goal, which is Refined
Netrusophic Fractional calculus.
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1.Introduction

Fractional calculus owes its origin to a question of whether the meaning of a derivative to an integer order n could be
extended to still be valid when n is not an integer. This question was first raised by L’Hopital on September 30th,

n
1695. On that day, in a letter to Leibniz, he posed a question about % , Leibniz’s notation for the derivative of the

linear function f(x) = x. L’Hopital curiously asked what the result would be if n = % Leibniz responded that it would
be “an apparent paradox, from which one day useful consequences will be drawn,” [16]

Neutrosophy is a new branch of philosophy concerns with the indeterminacy in all areas of life and science. It has
become a useful tool in generalizing many classical systems such as equations [1,9], number theory [2,3], topology
[4,5], linear spaces [6,10], modules [4,5], and ring of matrices [7,8].

In the literature, we find many studies about neutrosophic calculus, where some definitions and properties were
presented about neutrosophic real functions and numbers [10].

The neutrosophic real functions with one variable were defined only in a special case [11], as follows:

Recently, Abobala et.al, have presented the concept of two-dimensional AH-isometry to study the correspondence
between neutrosophic plane R(I) x R(I) and the classical module R? x R?. Also, the one-dimensional AH-isometry
between R(l) and R x R. This isometry was useful in defining inner products and norms [10], ordering [9], and
neutrosophic geometrical shapes [10].

In this work, we use the one-dimensional AH-isometry to turn the general case of refined neutrosophic real functions

with one variable into three classical real functions so we will go from R(I4,1,) space into R X R x R space. The
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definitions of Refined Netrusophic integration and Refined Netrusophic differentiation were introduced. Following
that, definitions for the Refined Netrusophic gamma function and Refined Netrusophic beta function were presented
to pave the way towards Refined Netrusophic Fractional calculus.

2. Terminologies

We present here some basic definitions and axioms of neutrosophic logic and refined neutrosophic logic.
Definition 2.1. [19]: Let X be a non-empty fixed set. A neutrosophic set A is an object having the form
{x, (UA(x), 5A(x),yA(x)): x € X}, where pA(x), §A(x) and yA(x) represent the degree of membership, the degree
of indeterminacy , and the degree of non-membership respectively of each element x € X tothe set A .

Definition 2.2. [20]: Let K be a field, the neutrosophic file generated by (K U I') which is denoted by K(I) = (K U I).
Definition 2.3. [21]: Classical neutrosophic number has the form a + bI where a,b are real or complex numbers and
1 is the indeterminacy such that 0 - I = 0 and I? = I which results that /™ = I for all positive integers n.
Definition 2.4. [14] Let R(I) = {a + bl ;a,b € R} where I? =1 be the neutrosophic field of reals. The one-
dimensional isometry (AH-Isometry) is defined as follows: [49]
T:R(I) >RXR; T(a+bl)=(a,a+b)
Remark 2.5. [14]
T is an algebraic isomorphism between two rings, it has the following properties:

1) T is bijective.

2) T preserves addition and multiplication, i.e.:

3) Since T is bijective, then it is invertible by:

T"L:RXR->R(); T Y ab)=a+ (b -a)l
4) T preserves distances, i.e.:
IT(AB)Il = T(I4BII)

Definition 2.6. [15]

Let f:R(I) » R(U); f = f(X) and X = x + yI € R(I) the f is called a neutrosophic real function with one
neutrosophic variable.

a neutrosophic real function f(X) written as follows:

fX) =flx+yD=f0)+I[f(x+y) = fx)]

Definition 2.7. [17]: Let (X(1;,1;), + ,-) be any refined neutrosophic algebraic structure where + and - are ordinary
addition and multiplication respectively. (I; and I,) are the split components of the indeterminacy factor I that is I =
al, + BI, with a, 8 € R or C. Also I,and I, are taken to properties I,> = I, ,I,> = I, and I,1, = I,I, = I, . The
refined neutrosophic real number has the form a + bl; + cI,.
For any two elements, we define
1. X(U,L)+Y(U,L)=a+bli+clhL+d+el;+ fl=a+d+b+e)l;+(c+f)I,
2. X, L)-YU,L)=(a+blj+cl)-(d+el;+ fl,) =a-d+ (ae + bd + be + bf + ce)l; + (af +cd +
cf) .

3 X(I4,I3) _ a+bly+cl;
" Y(Uyly)  d+eli+fl,
4. a+bli+cl, <d+el, + flifandonlyifa<d,a+b+c<d+e+ f, a+c<d+f
Definition 2.8. [18] LetR(I;,I,) = {a + bl, + cI, ;a,b,C € R}where ,? = I, ,,> = I, and 1,1, = I,I, = I, bethe
refined neutrosophic field of reals. The refined one-dimensional isometry (AH-1sometry) is defined as follows: [49]
T:R(I;,1;) > RXRXR; T(a+bl;+cl,)=(a,a+b+c,a+c)

Remark 2.9. [18]
T is an algebraic isomorphism between two rings, it has the following properties:
5) T is bijective.
6) T preserves addition and multiplication.
7) Since T is bijective, then it is invertible by:
TM:RXRXR->R(U,L); T ¥a,b,c)=a+ (-0, +(c—a)l,
8) T preserves distances, i.e.:
IT(AB)Il = T(lABI)
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3. Refined Neutrosophic Calculus

3.1 Refined Neutrosophic Real Function
Definition 3.1.1. [15] Let f: R(I,,1,) = R(L, I,); f = f(X(I;, 1)) and X = x + yI, + zI, € R(I;, I,) the f is called
a refined neutrosophic real function with one refined neutrosophic variable, written as follows:

fFXULL) =fx+yh+zL) = f) +(fx+y+2) — fx + )L + (f(x + 2) — f))L,

Theorem 3.1.2. any refined neutrosophic real function into three classical real functions, i.e., to the classical Euclidean
plane R X R X R.
Proof.

Let f(X(Uy, 1)) = fx +yL +zL) = f(x) + (fx + y + 2) — f(x + 2))]; + (f(x + 2) — f(x))I, arefined
neutrosophic real function.
Now, Using the one-dimensional AH-isometry, we have.
T(f(XU01))) = T(fO) + (fx+y +2) = f(x + D)y + (fx + 2) = F()Iy), then,
(fufofs) = (fGO), f(x +y + 2) = f(x + 2), f(x + 2) = f(x)), then, we have.
fi=f)
fo=f+y+2)—flx+2)
fs=flx+2)—f(x)
the functions f(x), f(x +y + 2) — f(x + z), f(x + z) — f(x) are three real functions.

Exemple 3.1.3. Let R(I,, I,) be the refined neutrosophic field of reals, we have:

1. f(X(Il'IZ)) — ex+y11+zlz — ex + (ex+y+z _ ex+2)11 + (ex+z _ ex)lz
fXUy, L)) =In(x + yl, + zI,) = In(x) + (In(x + y + 2) — In(x + 2)) 11 + (In(x + 2) — In(x))1,,
where x + yI; + zI, > 0 + 0I; + 01,.

3. f(XUpLL)=\x+yh+zl, =Vx+ (Jx +y+z—Vx+2z), + Vx + 2z —Vx)I,, where x + yI, +
zI, > 0+ 01, + 0L,.

4, f(X(Il,IZ)) = sin(x + yI, + zI,) = sin(x) + (sin(x +y+2z)—sin(x + z))I1 + (sin(x +2z)—
sin(x))1,

3.2 The Derivative of Refined Neutrosophic Functions on R(I4,I;).

Definition 3.2.1. Let f(X(Il, 12)) a refined neutrosophic function on R(I4, I,), the we define a derivative of a
refined neutrosophic function £(X(Iy,1,)) as follows:

f)é(ll,lz)(X(Iplz)) =fi(x)+ (fx’+y(x +y+2) = fir(x + Z)) L+ (fxl+z(x +2z) - fx'(x))lz
Examples 3.2.2.

1. eX(Il,IZ) = eXtyhitzl; — px 4 (ex+y+z _ ex+z)[1 + (ex+z — e")Iz we have:

f);(ll,lz)(X(Il'IZ)) = e¥ + (ex+y+z _ ex+z)11 + (ex+z _ e")lz — ex+y11+212_

2. fXULL)) =In(x+yl +zl,) =In(x) + (ln(x +y+2z)—In(x+ z))I1 + (ln(x +z)— ln(x))lz,
where x + yI; + zI, > 0+ 0, + 01, .

We have.
(XU 1))—1+( ! ! )1 +( ! 1)1 = ! __ !
Fxau XU Ty Tx \x+y4z x+z2/t \x+z x)F T x4yL+zl, XU,lL)
i (1 1 _ L 1 —
Notice that: (x+(x+y+z X+Z)11+(x+z x)Iz)(x+y11+zIZ)—1+011+012

3. f(XUy, L)) =sin(x + yl + zI,) = sin(x) + (sin(x +y + z) — sin(x + 2)) I, + (sin(x + z) —
sin(x))]z.
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We have.
f)é(,l’,z)(X(Il,Iz)) = cos(x) + (Cos(x +y+2z)—cos(x + z))I1 + (cos(x +2z)— cos(x))]2 = cosX(Iy, ).

3.3 The Integral of Refined Neutrosophic Functions on R(I4, I,).

Definition 3.3.1. Let f(X(I1, 12)) a refined neutrosophic function on R(I4, I,), the we define a integration of a
refined neutrosophic function f(X(I4,1,))as follows:
JF(XU, ) dX (1L, 1) = F(X(I, 1)) =F(x) + [F(x + y + 2) = F(x + 2)1I; + [F(x + 2) — F(x)]1,.
Examples 3.3.2.
1L f(X(Uy, L)) = eXUrl2)  We have.
f e¥tyhtzlz gy = f e*dx + U eXtVtZd(x +y+z) — f eXt?d(x+2)|

_I_Uex+zd(x+z)—fexdx]ll

=e* + (eXMV1Z — e*¥*2) [ + (e¥*2 —eX), + a + bl; + cl, = e¥tV1*2lz 4 q 4+ bI, + I, where a,b,c are
conests.

2. f(X(Il,Iz)) = cos(x + yI; + zI,) we have
f cos(x +yl, + zI,)dX (1, 1,)

= fcos(x) dx + U cos(x+y+z)dx+y+2) —fcos(x+z)d(x+z)] A

+ U cos(x+z)d(x+2z) — f cos(x) dx] L

= sin(x) + (sin(x +y+2z)—sin(x + z))I1 + (sin(x +2z)— sin(x))12 +a+ bl
+cl, = sin(x + yl; + zI;) + a + bl; + cl,
where a, b, ¢ are conests.

3.4 The Definite Integration of Refined Neutrosophic Functions on R(14,1;).

Definition 2.4.1.

Let f(X(Il,IZ)) a refined neutrosophic function on R(14,1,), we define the definite integration of a refined
neutrosophic function f(X(I3,1,)) as follows:
d+eli+ fI,

f(X Uy, 1)) dX (I, 1)

a+bly+cl,
d+e+f d+f
ff(x)dx+ f fx+y+2)dx+y+2z)— f fx+2)dx+2)|1
a+b+c a+c
d+f
f fx+2z2)d(x+2)— ff(x)dx I,
a+c
Example 3.4.2.
fl:olll':l(z)lz eX(I1,Iz)dx(11'12) — folexdx + [f03e(x+y+z)d((x +y+ Z)) _ f2 e(x+z)d(x + Z)] L +
[fl e d((x +y +2)) - [, e¥dx| I, = [e*1} + [ L - [eCR]L + [e*9] — [e¥]b]1,

J=-D+ (-1 —(e*—e)) +((e* —e) — (e — 1))L.
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4. Refined Neutrosophic Fractional Calculus

4.1 Useful Refined Neutrosophic Functions

Definition 4.1.1. The most basic interpretation of the refined neutrosophic Gamma function is simply the
generalization of the refined neutrosophic factorial for all refined neutrosophic real numbers.

We define a refined neutrosophic Gamma function as follows:
F(Z(Il, 12)) = F(Zl + Zzll + Z312) = F(Zl) + (F(Zl + ZZ + Z3) - F(Zl + 23))11 + (F(Zl + 23) - F(Zl))lz

= f(t1 + tol; + tyl,)Frtzlitzsla) =1 p=(tattalittsl) q(t, 4 ¢, + t51,)
0

Remark 4.1.2.
1. TA+0L+0L) =T+ (T -TW)L + (T -TW), =1

And we can proof in this way,
F(l) = F(l + 011 + 012) = f(tl + t2[1 + t3[2)1_1 e_(t1+t211+t312) d(tl + t211 + t312)
0

O'\ 80" 8

= | e7t1d(t,) + f e~(tattatta) (e, 4+ t, + t5) —f e" i+t d((ty + t3)) | I
+ fe'(t1+t3)d(t1+t3)—fe'tld(tl)] I
0 0

P = [—e g + ([me~ ezt — [e=Cr | ") I, 4 ([—e ] T — [—e~1]7) Iy
r(1)=1+0L+0,=1
In the same way we can proof,

L TEZU,L)+1) = (ZU, )20, 1))
2. T(n+ml +pl)=m+ml +plL);n+ml +pl, € NI, 1)
Definition 4.1.3.

Like the refined neutrosophic Gamma function, the refined neutrosophic Beta function is defined by a definite
refined neutrosophic integral. Its definition is given by

B(P(Iplz)'Q(Iplz)) = B(p1 + p21i + 302, q1 + @211 + q313)
1

= f(t1 + ol + taly) PPl (1 — (¢ + t,l + t312))('11)”“1“”“12)_1 d(t, + t,1, + ts1,)
0

The Beta function can also be defined in terms of the Gamma function:
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r(P(y, 1,)).T(QUy, 1))
r((PUL 1)) + (@, 1))

B(P(I,1,),Q(, L)) =

4.2 Definition of the Riemann-Liouville Refined Neutrosophic Fractional Integral

We can start by introducing a succinct notation that will be frequently used. From now on, D;E’,(I"}‘ZI)Z)f(X(Il, 1))

will denote the refined neutrosophic fractional integration of a refined neutrosophic function f(X(Il, Iz)) to an
arbitrary order v(I4, I,) and v(I4, I,) is a refined neutrosophic positive real number .

Definition 4.2.1. Let v(I4, I,) be a refined neutrosophic positive real number. Let f(X(Il, 12)) be integrable and
piecewise continuous on (0, o) . Then for (I;,I,) > 0 + 01, + 01, , the Riemann-Liouville refined neutrosophic
fractional integral of f(X(I,1,)) of order v(Iy, I,) is:

X(I1.I2)

Dyt D (X (1, 15)) = j (X1, 1) — t3, 1)) "7 f (U, 1)) d(tUs, 1))

r(v (11,12))

Remark 4.2.3. : Let (X(Il,IZ)) , X =x+yl; +zI, € R(I,,1I,) be arefined neutrosophic real function with one
refined neutrosophic variable, then as a result of the Theorem 3.1.2. we can write:

DD F(X (14, 1,)) = DR (F(0) + [f(x + y + 2) — fx + Dy + [(f(x + 2)) — F)]1)
= 0" f(x) + DI f(x 4y + 2) — DIV (x + 2| 1y
N [( ;_’:g’l '2)f(x + Z)) —v(l1.lz)f(x)] I,

Example 4.2.4. : Let’s evaluate XE’,(II T2) yw(ns, 12)(1,,1,) by definition,

—v(I,I
DXE’I(III Z)Xw(ll ’2)(11 12)

X(I1.12)
1
=mf XUy, 1) — t(I3, 1)

X(I I2)

17(11,12)—1 W(Il,lz)

(tUy, 1)) d(t(I, 1))

t(’l: IZ)

v(Iq,12)-1 wilnly)
— X(I4,1,)?UtI2-1(¢(1,, 1 V2 d(t(1,4,1
r(val, ) j ( T ,2)) (I, 1) 20y, 1)) (80, 1)

h r(v(ll. 1)) J (1

11.12)-1 11,1
_ u(Il,Iz))V( 112) w(ly,I2)

X(I4, 1)U 127Y(X (1, I)u(ly, 1)) d(u(ly, 1))

_ tUuly)
Where (u(11112) - x(11,12))

1

X(Iy, 1)l +uniz) f (1= ully, 1)) 7 (wty, 1)) Pd(udy, 1))

- I(v(Iy, 1)) .
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= X(I, )" B(w(1,, I,) + 1,v(I4, 1)
T(v(Iy, 1)) ( )
T(w(ly, 1) +1)

= X4, 1 w(l1,12)+v(I1,12)
Tw(,, 1) + vy, 1) + 1) (I, I2)

We refer to the above example as the Refined Neutrosophic Power Rule. The Refined Neutrosophic Power Rule
tells us that the Refined Neutrosophic fractional integral of a constant of order v(I4, I,) is

T(w(I,I,)+1)
Fr(w(y, I) + vy, 1) + 1)

D_v(ll Iz)Xw(11 I2) (11’ 12)

XUyh X, Iz)W(l1‘lz)+v(l1Jz)

And in particular, if v(I4, 1) = %+ 01, + 015,

—3+0I1+0I3,
X(112)

ra %zi\/x+x11+x212
r(}) Ve

=i(\/;+[Jx+x+x2—\/1+x2]11+[\/x+x2—\/§]’z)

[x + xI; + x%1,]° =

[x + xI; + x%1;]

Vr
'%“"1*'0’2' I 2] 1+11+01y _ r@) I 2y Sirrgror, _ 4 \/ I 2113
XUply) [x + xI; + x°1,] = (E)x+x1+x 2]2 _ﬁ (x + xI; + x21,)
2
~Lio1y+01, r@) 16
2 ’ 2 — 2 \/—2
XUwlp) [x + xI, + x%1,]% = I‘(E) [x+xI{ +x IZ] 15V x + xIq + x%I,

Theorem 4.2.5. Let (X(Il, 12)) X =x+yl, +zI, € R(I,,1,) be arefined neutrosophic real function with one
refined neutrosophic variable. Then for all v(I4,I,),w(I4,I;) > 0 + 01, + OI, ,

-v(I4,12) -w(lq,I2) _ n-+w)Uq,12) _ pnwlyI) -v(I1,I2)
DX(Iljz)z [DX(11,112)2 f(X(Il’ 12))] - DX(ll,Iz) v f(X(Il’ 12)) - DX(Il,Ilz)Z [DX(ll,llz)z f(X(Il’ 12))]
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Proof:

By definition of the refined neutrosophic fractional integral we have

D—v(11‘12) [D—w(h,lz)f(T(Il, 12))]

X(I1,12) X(I1,12)
T(I1,I2)
_ 1 v(I1,12)-1 -w(l,I2)
—m f (TU4 1) — XU, 1)) [Pt (T, 1)) | d(X Uy, 1))
T((I)112)
F(v(Il,IZ)) f (T 1)
X(I1,12)
v(I1,12)-1
- X(I1, 1)) m f (X4, 1)
— YUy, 1)) T (Y Uy, 1)) d(Y (U, 1)) | d(X U4, 1))
T(I4,12)
1
_ Ty, 1
T(v(Iy, 1))T(w(iy, 1)) of (T, 1)

X(I1,I2)

d(X(I,,15)) j (XUy, 1)
0

v(Iq,I2)-1

- X(I4, 1))

W(Il,Iz)—l

—Y(Iy, 1)) f(YUy, 15))d(Y (I, 12))

T(I1,12)

1
(TU4, 1)

F(V(Iplz) + W(’p’z))
_ Y(Il’ 12))v(11,lz)+w(11,12)—1

f(Y(I4, 1))d(Y(I4, 1))
T(I1,12)

= B(v(Iy, I,), w(ly 1)) ] (T(y 1) — Y1 1))
0

v(I1,I2)+w(I,I2)-1

f(Y(Uy,1))d(Y 4, 12))

4.3 Definition of the Riemann Liouville Refined Neutrosophic Fractional Derivative

The refined neutrosophic fractional derivative can be defined using the definition of the refined neutrosophic
fractional integral.

Definition 4.3.1. Suppose that v(14,1,) = n(I1,I;) —w(l4,1,) : n(I,1,) = [w(l4,1,)] Then, the refined
neutrosophic fractional derivative of f(X(I4, I;)) of order w(ly, I,) is

u(I 12) n(Iq,12) [ p—-vU1.12)
X(Ii I;)f(X(IP 12)) DX(Ii,Ii) [Dx(11,112)2 f(X(Il' 12))]

Example 4.3.2. suppose we wish to find the refined neutrosophic fractional derivative of X™U112)(I,, I,) of order
v(I4, I,) we just need to interchange w(l1, I;) = n(I4,1;) — v(Iy, I,) ,n(I4,1;) = 1 and

W(Il,Iz) = 1 - v(Il,Iz) . SO,

I4,I2) 1-v(Iq,I2) 1-v(I4,I2)
;(li lzz)f(X(II: Iz)) DX(ll 12) [DXEll 1) vi2 )f(X(Il, IZ))] = D)lf(ll,lz) I:DXEll 1) L2 )Xm(ILIZ)(Il' 12)]
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r(m(I,, 1) + 1)
I((m(Iy, 1) —v(Iy, 1) +1) + 1)

= D)lf(ll,lz) X(Ilv IZ)m(ILIZ)_V(Il‘IZ)-Fl
r(m(Ily,1;) +1)

X(I1, Iz)m(ll.lz)—v(ll,lz)
(m(I3, 1) — v(I3, 1) + DI((m(Iy, 1) — v(I1, 1) + 1)

= (my,1;) —v(Iy, 1) + 1)

r(m(Iy, 1) + 1)

- X(I4, I)™U01)-vdul)
r((my, 1) — v(Iy, 1) + 1))

th
In particular, we will find the (% +0I; + 012) order derivative of f(X(Iy, 1)) = (X4, Iz))uul'm ;

X(I 12) X(I1,12) X(Iq,12)

F(u(l4,1;) +1 1
— ( ( 1 2) ) X(Il,Iz)u(Il'IZ) 3

r ((u(ll,lz) -2+ 1))

0I1+01 0I1+0I
+ 1+ Z(X(II’IZ))H(ILIZ)=D1+OI1+012 D 2+ 1t Z(X(II’IZ))u(lL’Z)]

Example 4.3.3.

1 1

7+0I1+0I; 27 V040114015 _ pyl+0I1+0I3 | n—31011+0I2 27 \0+0I1+0I | —
1) DX(I J12) (x + xIy + x°I3) = DX(11.12) DX(I1.12) (e + xly + x°13) B

1+01 +0I 1+01 +0I

Dy [\/_w/x +xI +x Iz] X(Illlz) 2(Vx + [Vx + x + 22 = V1 + 221, + [Vx + x2 = Vx]I,) =
2 1 1 1 1 1 1 1 1 1
ﬁ(ﬁ*[ﬁ% preasc RN v x+x2_ﬁ_z—\m]11+[2\/_+m_F_F ’2)

e
NEANERE Nereee o) LU N b

+011+0 2
X(I112)

r(0+0I11+0I2+1)

)0+011+012 - _ T
r((0+011+012—%+1)

R

2) D? (x + xly + x21,)00N1+0%2 =

)(x+x11+x212 (x+ xI; +

0+011+0I3—= 1 1 1 1
xZIZ) 1 2

V= Jx+xli+221, R \/—+[\/x+x+x2—\/x+x2111+[\/x+x2—\/§]lz

Notice that 1) and 2) is iqual.
3. Conclusion

Refined neutrosophic fractional calculus is a more generalized form of calculus. Unlike the refined neutrosophic
integer order calculus where operations are centered mainly at the refined neutrosophic integers, fractional calculus
considers every real refined neutrosophic number, v(I;,I,) . And as it has been briefly noted in this paper , the
meaning and applications of this new type of calculus are quite comparable to those of the ordinary calculus, especially
when gets closer and closer to a refined neutrosophic integer. In the future, studying the neutrosophic fractional
differential equations became possible thanks to the definitions mentioned in the paper .
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