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Abstract

We introduce the concept of an interval-valued neutrosophic cubic vague subbisemiring (IVNCVSBS) and

level set of IVNCVSBS of a bisemiring. An IVNCVSBS is the new extension of neutrosophic subbisemirings

and SBS over bisemirings. Let X be a neutrosophic vague subset in Z, we show that 3 = ([T, ], [Ix, It [3x, 351)
is a IVNCVSBS of = if and only if all non empty level set 2(“1:¢2:%) is a SBS of = for all £1, £o, s € [0, 1]. Let

N be the IVNCVSBS of = and T be the strongest cubic neutrosophic vague relation of =. To prove that N is
aIVNCVSBS of = x =. Let R be any IVNCVSBS of =, prove that pseudo cubic neutrosophic vague coset

(¢R)? isaIVNCVSBS of =, for all ¢ € E. Let Ry, Ng, ..., X, be the family of [VNCV SBS?® of 21,2, ..., 2,
respectively. To prove that Ny x Ny x ... X N, is a IVNCVSBS of 21 X =5 X ... X Z,,. The homomorphic image

of every IVNCVSBS is a IVNCVSBS. The homomorphic pre-image of every IVNCVSBS is a IVNCVSBS.
Examples are provided to strengthen our results.

Keywords: Subbisemiring; cubic neutrosophic subbisemiring; vague bisemiring; homomorphism.

1 Introduction

Due to the limitations of classical mathematics, such as fuzzy set (FS) and vague set (VS),? mathematical the-
ories have been developed to address uncertainty and fuzziness. In the case of uncertain or vague situations, FS

https://doi.org/10.54216/IJNS.230421 272
Received: June 11, 2023 Revised: January 15, 2024 Accepted: February 13, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 272-291, 2024

introduced by Zadeh! is the most appropriate technique. In recent years, many hybrid fuzzy models have been
developed based on FS. A generalization of FS, intuitionistic fuzzy set (IFS) incorporate hesitation levels into
the notion of FS, which were first proposed by Attanasov= in 1983. The neutrosophic set (NSS) was proposed
in 1999 by Smarandache® In NSS, each proposition is estimated to have a degree of truth, an indeterminacy
degree, and a falsity degree. As a result of Smarandache > he further generalised and expanded the theory of
IFSs to include the neutrosophic model as well. A study of fuzzy semirings was initiated by Ahsan et al®
Recently many researchers discussed the various ideal structures of SBS and its applicationsZ- 1% In 2004, Sen
et all' extended the study of semirings and proposed the concept of bisemiring to further develop them. The
study of vague algebra was initiated by Biswas'? through the introduction of vague groups, vague cuts and
vague normal groups. A semiring (S, +, -) is a non-empty set in which (S, +) and (S, -) are semigroups such
that “-” is distributive over “+”13 In 1993, Ahsan et al.® introduced the notion of fuzzy semirings. An intro-
duction to bisemirings was made in 2001 by Sen et al'¥ A bisemiring (Z, {, ©, X) is an algebraic structure in
which (2, ¢, ®) and (2, ®, K) are semirings in which (Z, ), (2, ®) and (Z, X) are semigroups such that (a)
(@ (99¢) = (p@0)O(p <), (0) (00s) @ p = (0@ P)O(c@p), () pX (@) = (pKI) @ (pX<) and
@) (0e¢)Kp=(0Kp)o (sXp)forall p,d,s € ' A non-empty subset X of a bisemiring (Z, ), ©, X)
is a subbisemiring (SBS) if and only if E$O € R, p ® 9 € Rand p X I € N for all p,d € R4 However,
numerous algebraic concepts had been generalized using FS theory. Fuzzy algebraic structures of semirings
have been extensively investigated by Vandiver™> These are generalizations of rings requiring only a monoid,
rather than a group, to achieve a particular additive structure and have been shown to be useful for a wide range
of problems. Golan!® and Glazek!® have both extensively studied the application of semirings.

Bipolar fuzzy information has been applied to various algebraic structures over the past few years, like semi-
groups and BCK/BCI algebras 21821 An application of bipolar fuzzy metric spaces was discussed by Zararsz
et al22' A vague soft hyperring and a vague soft hyper ideal were introduced by Selvachandran'?¥ The bipolar
fuzzy translation was introduced by Jun et al’** and BCK/BCI-algebra and its properties were investigated. A
bipolar fuzzy regularity, bipolar fuzzy regular sub-algebra, a bipolar fuzzy filter, and a bipolar fuzzy closed
quasi filter have been introduced into BCH algebras in> In 2004, Sen et al'!! contributed to the field of
semirings by proposing bisemiring as a concept. Hussain et al*® defined the congruence relation between
bisemirings and bisemiring homomorphisms. In addition to bisemiring, Hussain et al'#2% described an al-
gebraic structure called semiring and congruence relations between homomorphisms and n-semirings based
on this algebraic structure. We discuss the concept of interval-valued neutosophic cubic vague subbisemiring
(IVNCVSBS) and level sets. The IVNCVSBS is a extension of subbisemiring. A number of illustrative exam-
ples are provided to illustrate. Following is an outline of the preliminary definitions and results presented in
Section 2] The concept of a IVNCVSBS is introduced in Section [3]

2 Preliminaries

For our future studies, we will quickly review some fundamental terms in this section.

Definition 2.1. * A neutrosophic set (NSS) X in a universal set I'is X = {(p, Tx(p), In(p), In(p)) : p € T},
where Ty, dw, dx : I' = [0, 1] denotes the truth, indeterminacy and the falsity membership function, respec-
tively. For (TTx, Ix, dx) is used for the NSS ® = {(p, Tx(p), Iz (), In(p)) : p € T'}.

Definition 2.2. ¥ Let X = (T, Ix, Ix) and i = (TTx, In, ) be the two NSS of I'. Then

L RA A= {(p, min{Tx(p), Trn(p)}, min{Ix(p), In(p) }, max{Ix(p), n(p)}) : o € T'},

2. XV h = {(p, max{(p), Talp)}, max{Ix(p), In(p) }, min{ I (p), u(p)}) : p € T}

Definition 2.3. # For any NSS N = (TTy, I, dx) of I', we defined a (¢, s)-cut of as the crisp subset {p € I :
Tn(p) Z £:3n(p) 2 €, 3n(p) = s}of I

Definition 2.4. % Let X and & be two neutrosophic subsets of S. The Cartesian product of X and £ is
defined as X x 1 = {((p,9), Tawn(p, 0), Inucn(p, 0), Inxn(p, 9)) : 9,0 € S}, where Tnwn(p,0) =
min{ T (p), Ta(@)} Inwn(p, 9) = 2T and dy (9, 9) = max{(p), n(0)}-

Definition 2.5. "'Z A vague set (VS) X = (TIy, Jx) of = is said to be vague semiring if

Tr(b1 +b2) 2 min{Tx(b1), Tx(b2)}
Tx(by - b2) = min{ (1), Tn(ba)}
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and
1-— jN(bl + bg) 2 mln{l - jN(bl)a 1-— j}z(bg)}
1—:‘&0)1 bg) zmin{l—jN(b1)71—:‘N(b2)} '

for all by, by € E.
Definition 2.6. '2 A VS X in I". Then

1. AVSR = (TIx, dx), where Ty : I' — [0, 1], 4 : I' — [0, 1] are mappings such that Ty (p)+dx(p) < 1,
for all p € T’ where Ty and Jyx are called true and false membership function, respectively.

2. The interval [Tx(p),1 — dn(p)] is called the vague value of p in X and it is denoted by Vk(p), i.e.,
Va(p) = [M(p), 1 — I(p)].

Definition 2.7. 2 Let X and 7 be the two VSs of I". Then

1. N is contained in i as X C A if and only if Va(p) < Vi(p), ie. Tn(p) < Tr(p) and 1 — dn(p) <
1— dx(p) forall p € T,

2. the union of X and i as N = N\/ A, Ty = max{ Ty, s} and 1 — 4y = max{l — dx,1 — dx} =
1 —min{jg,_—lﬁ},

3. the intersection of R and has N = R A A, Ty = min{ Iy, Tzt and 1 — 4y = min{l — 4y, 1 — 45} =
1 — max{dx, dr}-

Definition 2.8. 2 Let X be a VS of T'. Then

1. Tx(p) = 0 and dx(p) = 1 is called zero VS of T,
2. Tx(p) =1 and dx(p) = 0 is called unit VS of T".

forall p € U.

Definition 2.9. "2 Let X be a VS of I" with true membership function Ty and false membership function dy.
For o, 8 € [0,1] with « < B, the (a, B8)- cut or vague cut of a VS R is the crisp subset of I" is given by

Ria,p) = {9 €T : Va(p) 2 [, B]}. Thatis, Ra 5y = {p €T : Tn(p) 2, 1 - In(p) 2 Bl}-
Definition 2.10. "2 Let X and /& be any two VSs in I'. Then

L XA = {(p, min{Tx(p), Tn(p)}, min{l — Ix(p), 1 = In(p)}) : p € T},
2. RV h = {(p, max{Tx(p), Ta(p)}, max{l — I(p),1 - In(p)}) : p € T},
3. OR = {(p, Tn(p), 1 = Tn(p)) : p € T},
4. OR = {(p,1 - In(p), Ix(p)) : p €T}

3 Interval valued neutrosophic cubic vague subbisemirings

In all cases, assume that = represents a bisemiring. Onless otherwise specified.

Definition 3.1. A interval-valued neutrosophic cubic VS R of = is represent a IVNCVSBS of = if

o~ 3 53

:i(pﬁla) > :N(P);’:lx(a)
I (p218) = min{I(p), I7(9)} OR
3(pA20) = min{3](p), 33(9)} T (pAg0) 2 REERO)
TR (pA30) = min{IJ(p), IJ(9)} OR

T (pAs0) > RO
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(pA\10) £ max{flﬁ(p),fli
(9020) < max{I3(p), J3(9)}
(p£230) < max{I(p), Iy

LnLbLn
ZL ZL ZW

3 b
:i(pAla) > JN(@);:'N(@)

N(pA10) 2 min{I(p), 3(9)} OR
I (pL20) 2 min{I](p), (D)} T (pAg0) > RO
N(pL30) 2 min{I(p), 1(0)} OR

J J
:i(pﬁ?)@) > Jn(@);r:lx(ff’)

TR (pA10) < max{I3(p), 3R(0)}
T3 (p220) < max{I3(p), J3(9)}
TR(pAs0) < max{I3(p),IR(0)}

That is,
(Mlm > oo )
- S Ig (0) -5 (9)
T (p210) 2 min{I (0), 5 (9)}, n(pfa0) 2 257
1= 35 (p210) Z min{1 — 3 (p),1 — 35 (9)} OR
T (p220) 2 min{ T (p), 1 (9)}, T (p£00) 2 KOO
1= 35 (pA20) Z min{1 — 35 (p), 1 — 35 (9)} 35 (p20d) 2 W3 ©)
( ;r (9£39) Z min{ Ty ( ). T )}, ) OR
1 — 43 (pAs0) 2 min{l — 43 (p),1 — 45 (9)} St () 2 3 (043 9)
T (pe0) = BO-T©)
~FR(p£19) = max{3 (0), I (D)},
1= T3 (pA19) < max{l — T3 (p),1 — T3 ()}
3 (p020) < max{3; (), 35 (9)},
1-— ‘l (pA20) € max{l — T3 (p),1 — T3 ()}
3R (p2s0) < max{3 (0), 3 (9)},
1 —T5 (pA390) < max{l — T3 (p),1 — T3 ()}
(:K (p219) 2 B )
s (049) = min{ 7 (9), T (9)), I (p19) 2 B
1— 35 (pA18) = min{l — 35 (p), 1 — 55 (9)} OR
T (p020) = min{ Ty (), T5 (D)}, T (phsd) 2 RO,
1 — 35 (pA20) 2 min{l — 5 (p), 1 — 45 (9)} I (pA20) = 2@
( T (pA30) = min{ 7Ty (9), T3 (9)} ) OR
1— 35 (p230) = min{l — 35 (p), 1 — &5 (9)} T (o0 > EHT©
Jg(pAga) J (KJ) J (9)
( I (p£10) < max{3 (), 35 (9)}, )
1— T (9210) € max{1 — T3 (), 1 - T3 (0)}
( I (p020) < max {3 (p), 4 (D)}, )
1— T (9220) < max{1 — T3 (p), 1 = T3 (0)}
( I (p030) < max {4 (p), 4 (9)}, )
1— Ty (p2s0) < max{1 — T3 (), 1 - T (8)}
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forall p,0 € =.
Example 3.2. Let E = {(,, (p, (¢, (4} be the bisemiring.

A1 Ca Cb Cc Cd AQ Ca Cb Cc (:d A3 Ca Cb Cc Cd
Ca Ca Ca Ca Ca Ca Ca Cb Cc Cd Ca Ca Ca C a Ca
G | Ca | G | Ca| G G | G | G | G| Ca G | Ca| G| Ce | Ca
Ce | Ca| Ca| Ce | Ce Ce | G| Ca| Ce | Ca Ce | Ca|Cal| Cal Ca
Ca | Ca | G | G| Ca Ca | Ca | Ca| Ca| Cd Ca | Ca | Ca| Ca| Ca

[ (8), X (8)] ENENE) (45 (8), 3£ (8)]
B=C | |[0.75,0.8],[0.85,0.9 [0.65,0.7], [0.75, 0.85] 0.2,0.25],[0.1,0.15

[ I [ ] [ ] ]
B=0 | |[0.65,0.7],]0.75,0.8] [0.55,0.6], [0.65,0.7] [0.3,0.35], (0.2, 0.25]
B=¢( | [[0.45,0.5],[0.65,0.7] [0.35,0.4], [0.45, 0.5] (0.5, 0.55], [0.3,0.35]
B=Cq | []0.6,0.65],[0.7,0.75] (0.4, 0.45], [0.55, 0.6] [ ] ]

0.35,0.4],[0.25,0.3

[(2(8), )] | Bx(8), I B)] | [F:(8), 3 (B)]
B="C, [0.65,0.7] 0.75,0.8] 0.3,0.35]
B=0, | [0.55,0.65] 0.7,0.75] [0.35,0.45]
B=C. | [0.40,0.45] [0.55,0.60] [0.55,0.60]
B=(q4| [0.45,0.55] [0.65,0.70] [0.45,0.55]

Clearly, N is a IVNCVSBS of =.
Theorem 3.3. The intersection of a family of every IV NCV SBS? of 2 is a IVNCVSBS of E.

Proof. Let {3; : i € I} be a collection of [VNCV SBS* of = and X = /\li.
iel
Let p, d in =. Then

Tx (9A10) = inf T3 (pA10)

icl

z inf min{75, (), 75,(0)}
= min{ T (p), T (9)}.
1= 3 (p210) = inf 135 (pA419)

> inf minfl - 35 (), 1 - 35 (9)}
S ’ ‘
=min {inf 1- 35,00, 1-35,0))

o~

(p), 1= )}

Ey
Thus 33 (p210) = min{Ix(p), Ix(8)}. Similarly, I7(pA20) = min{Ix(p), Ix(0)} and I (pA30) =
min{Ix (p), In(d)}. Now,

= min{l —

> inf
—iel- 2
AR S
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T (9210 ) = inf 1% (p£10)

Thus :l:‘( . 10) = mm{:lN( ),ﬁN(a)}. Similarly, ﬁi(p&ga) 2 min{ﬁ&(@),ﬁb&(a)} and ﬁi(PA?ﬁ) =
mln{JN( ), Ix(0)}.

Now,
(pA 0) = su}l) 0. (9210)
1€
< sup max{:l:( ),351(8)}

el

= max {Slel? j: (p), Slel? 351 (8)}

= max{Jg (p), 35 (9)}.
1— T3 (p210) = Sup 1 -3, (p210)

< sup max{l — _l:l (), 1— ﬁi(a)}
i€l

_max{SIElg) 1—-[:( ) Slelg) 1—ﬁ51(8)}

= max{1 - Ty (0).1 - ()}
Thus J(p10) < max{In(p), 2n(9)}- Similarly, I(9420) < max{Zn(p), Jn(9)} and I(pA30) <
max{Ix(p), ()}

Now,
Ty (pA10) = inf 75 (9410)

> inf min{7T3,(0), 75,(0)}
= min {inf 73, (¢).inf T3,(9) }
= min{ 7T (), T (9))}.

1— 45 (pA10) = inf 1 — 45 (pA10)

2 inf min{l - 45,(p), 1 - 35,(9)}

= min {1rel§ 1— :E(p),irelg 1—45 (8)}

— min{1 — 35 (p), 1 — 45 ()}
Thus 3 (p/A10) 2 min{Ix(p), In(d)}. Similarly, 3] (pA20) = min{Ix(p), ()} and I (pA30) =
min{x(p), Ix(9)}. Now,

Is(psa0) = inf 35 (p210)

L) +1,0)
= iel- 2
inf I3 () + inf I5,(9)
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R (p210) = inf I3 (p/419)

B () +35.(9)
1nf —_—
icl+ 2

f f
Aol 35,(0) + Inf, 35,(0)

2
_ R) + RO
. .

Thus T (pA a) > min{Ty(p), (). Similarly, I} (pA29) = min{Tn(p), ()} and T (pAsd) >
min{Ix (), In(9)}-

Now,

1\

3x (PA10) = sup 33, (pH10)

= Sup max {15 (p), I5,(0)}

= max {sg) 33, (p), sg? 35, (8)}

— max{ % (), 45 ()}
1—="15 (pA10) = sup 1 =75, (pA10)

<Sfe“1) max{l — 75 (p), 1 - 75,(9)}

= max {sup 1 =75, (p),sup 1 "5, (8)}
icl iel
= max{l — Ty (p),1 — T (9)}.

Thus 33 (pA10) < max{Ix(p), Ix(0)}. Similarly, I3 (pA20) < max{In(p), Ix(0)} and I3 (pA30) <
max{Ix(p), In(9)}. Hence, X is a IVNCVSBS of =.

Theorem 3.4. If N and h are the IVNCV SBS?® of =1 and Z5 respectively, then X x h is a IVNCVSBS of
El X EQ.

Proof. Let X and 4 be the IV NCV SBS® of =1 and =5 respectively. Let o1, p2 € =1 and 01, 02 € Zo. Then
(p1,01), (p2,02) belong to Z; X Zg. Now
Tl (91,00) 21 (92, 02)] = 5, (918102, 01 2105)
= min{ 75 (p12102), Ty, (010182)}
min{min{ T (91), T (92)}, min{T; (@0), Ty (02)})
= min{min{T (p1), Ty (81)}, min{ Ty (92), Ty (82)}}

~

min{Tg,, (91, 01), Ty (92, 02)}-

1= J5.nl(91,00)81(92,02)] = 1 —3§Mh(@1ﬁ1@2,51A ds)
= min{1l — (@1A1@2) — 3 (010102)}
% (p2)}, min{1 - 37 (1), 1
= min{min{l — (91) 5 (01)}, min{1 — /_-J\g( ), 1 —
= min{l — Nm(m,al) /:I\Nxﬁ(pg,ag)}
Thus :lwr(@A 9) 2 mm{:w&( ) :NW’L( )}. Similarly, :wr(@AZ‘?) z mln{:wn( ) ﬁwn( d)} and

v

2 min{min{1l — 45 (p1), 1

n(02)}}

g
3 (02)})

-3
-3
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:wrz(pﬁ?ﬁ) 2 mln{:wn( ) :‘Qm(a)} Now,

Tnnenl(01,0) 21 (92, 82)] =I5, (918102, 01 2185)

(@1A1@2) + J (01L0102)

!_l
z"P % i

v
N | =

A

(
lAN(m +
3

(
an(@lval)

2
I (p1) + 35 (02) 3h<61)+3<82)]
_|_
2 2
) Aﬁ
2

(
1 (01) | Juon) ¢ h@)]
+3

l\D\»—l N

[

Nxh(m,aﬂ .

j@h[(@lﬁl)ﬂl(mvaz)] 3 i (10192,01010)
N (mAmz)H (01010)

v
Ly
%+
—
S
—_
N~—
|+
Ly
e
—
o
no
N~—
Ly
=
—
S
S
|+
Ly
=+
—~
N
S—
|

DN = DN

_j:zrm(@lv O1) +j§xh(@2, 32)} .

Thus F,e(9219) 2 3 Fun(91,01) + Rcnlpz,02)]. Similarly, F,ep(9220) 2 3T, 01) +
Ren(p2: 02)] and B, (92009) 2 3 Fen(91,01) + Ty (92, 02) | Now

Tanl(01,00) A1 (92, 92)] = Iy p (910102, 0121 02)
= max{gg(mAmz) A7(51A132)}

gmax{max{g (p1),3 < (92)}, max{/:l\f( )3;;(32)}}
— mas{max {7y (91), 35 (00) max{ Ty (p2), T 02)})
= max{jmxh(ph 51),3 n($2,02)}.

1- ﬁgm[(@l»al)ﬁl(@%aﬂ] =1- el;m( 18192,010102)

= max{1l — (plApo) — 0, (012102)}
< max{max{1l — Ty (p1),1 — :[;E(M)} max{1 — Ty (1), 1 — T, (82)}}
g

(02)}}

1="1
()}, max{l = T (p2),1 = Ty
= max{l — T (91,01). 1 ﬁxx,i(pz,az)}.
Thus :Nm(@A 9) = maX{:Nxh( )v:lfxxh( )}- Similarly, :lixh(@A 9) = max{DNM( ), :N[xh( )} and
:Nxh(PA?aa) s max{:lw,i( ) jixh(a)}'

= max{max{1 — 7 T (1), 1

Now
-I;t[xh[(plv o) D1 (2, 02)] = —INxh(MAl@za 01A102)
= InlIl{jN (p1A1@2), Th (61A182)}
Z min{min{ Ty (p1), Ty (p2)}, min{7T; (1), 715 (92)}}
= min{min{T§ (p1), T (01)}, min{ 7T (p2), T (02)}}
= min{j}:xh(ph 61)7 —ngh(p% 82)}
https://doi.org/10.54216/IJNS.230421 279

Received: June 11, 2023 Revised: January 15, 2024 Accepted: February 13, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 272-291, 2024

1= d5nllp1,01) A1 (2, %)) = 1 — 35, 1 (010102, 01 102)
=min{l — 45 (p1D1p2),1 — 4, (0128102)}
2 min{min{1 — j_(pl) 1 — 45 (p2)}, min{l — 4, (01),1 — 4, (02)} }
= min{min{1 — 4 (p1), 1 — 4 (91)}, min{1 — 35 (p2),1 — 3 (2)}}
= min{l — 4, ;. (91,01),1 — :INKE(@2782)}.

Thus :i:ixh(pA 9) 2 mln{:Nxh( )s :;xh( )}. Similarly, :Nxh(@A28) 2 mm{DNM( )s :leh( )} and
:Nxh<@A38 >m1n{3wn( ):wh( )}. Now,

Tl (91,0001 (92, 32)] = In,n (910192, 0120185)
_ i (p18ap2) + 35 (910102)
2
1 [J;w +3i(e2) |, T (@) +Jh<az>]
2 2 2

v

[J w00 + 3@ | Ii(o2) +Jh<az>]
2 2

Txnl(91,00) A1 (p2,02)] = T (9101902, 010102)
w (p10192) + I} (810102)
2

[Ti(on) + T (p2) | 350 + :;@2)]

1

2

1 _

2 [JNxh(plval) +Jm<h(@2a 82)} .
JN

N

1\

1
2 2 2

T (o) + 30, (o) +:z<az>]
2 2

:J:lrxh(plv a1) + J;tr[xh(@% a2):| .

Thus TR,e(9219) 2 3 Fun(91,01) + Rcnlpz,02)] . Similarly, R,en(9220) 2 3T, 01) +
FRuen(p2: 02)] and By (929) 2 3 Fen(91,01) + T (92, 02) | Now

Ixxnl(91,01)A1(p2,02)] = I, n (91192, 010102)

max{Jy (p18102), 3, (014102)}

1), g (p2)}, max{d; (91), 4, (02)}}
= max{max{dy (p1), 35 (01) }, max{3y (p2), 35 (92)} }
max{ g, ,(©1,01), I (02, 02)}

A

max{max{d; (p

1 — Txenl(91,01) A1 (p2,02)] =1 = T n (918192, 010102)
= max{l — T (p1l192), 1 — T (01 0102) }
< max{max{1l — T (1), 1 — 7(92)} max{1 — 7(31% 1 =", (02)}}
= max{max{1 — 75 (p1), 1 — 7T, (1)}, max{1 — 5 (p2),1 — T, (02)}}
= max{l — Ty, (01,01),1 — Typp(p2,02)}-
Thus 33, ;,(p2A10) < max{33, ,(0), I, (9)}. Similarly, 33, (9220) < max{33, ,(9), i, (0)} and
335 (0230) < max{33,.;(p), I3, (0)}. Hence, X x his a IVNCVSBS of =.

Corollary 3.5. If Ny, Ny, ... N, are the families of IVNCV SBS?® of =1, 2, ..., 2, respectively, then ¥ X
NQ X ... X Nn is a IVNCVSBS OfEl X EQ X ... X En.
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Definition 3.6. Let X be a neutrosophic VS in =, the strongest interval-valued neutrosophic cubic vague
relation (SIVNCVR) on = is defined as

T3 (p, 8) = min{TJ(p), I3(9)}
;r(p7 a) 3: (KJ)+33 (9)
% 12,

(p,0) = max{:w ), 31(0)}

)

(9, 0) = min{3(p), J}(©0)}
T (p, 0) = RO
Jr(p,0) = max{lj( ), 3R ()}

Theorem 3.7. Let R be the IVNCVSBS of = and Y be the SNSVR of E. Then N is a IVNCVSBS of E if and
only if Y is a IVNCVSBS of = x E.

Proof. Let N be the IVNCVSBS of = and T be the SNSVR of Z. Then for any o = (g1, p2) and = (91, J2)
are in = X =. Now,

T (9210) = Tz (91, 92) 51 (81, 02)]

_[{*(K’lAlah@QAlaﬂ
:mn{1 (P1101), T} (920102)}
> min{min{ Ty (p1), T (01)}, min{ 5 (p2), T5 (92)}}
= min{min{ T (1), Ty (p2)}, min{ T3 (A1), T (82)}}
= min{ ¢ (g1, p2), 17(01,8)}
= min{T¢ (), T (9)}.

1-— 3§(pA18) =1- Eﬂ((@h ©2)A1(01, 02)]

=1 (p1A 81, pQA 82)
min{1 — (p1A 01),1 ] (p22102)}
2 min{min{l — 45 (p1),1 —

= mm{mm{l - (pl) 1—4d5
=min{1 — 33 (p1, p2), 1 — I7(01,02)}
= minf1 ~ 3 (0). 1~ F(0))

Thus :l-[(pA 8) = mm{:l-l( ),3 +(0)}. Similarly, 37 +(pL20) 2 mm{l-'( ),3 +(9)} and Jj(pﬁga) =

min{S3(p), 57 (9)}. Now,
T (p240) = I [((91,92) 21 (01, 02)]

=T (010001, 92000)

N

(p12101) + 35 (9221 02)
2

Inlp) +35(0) | Ix(p2) +}<82>]
2

v

+

[\
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T (9010) = TH (91, 92) 21(81, 00))]
::W(MA 01, 2M102)
:+( 1\ 81)+J ( 0 /A 82)
o 2
S LA ) + @) | He) + 3:@2)]
=2 2 2

Thus 32 T(pH10) 2 M Slmllarly, u” T (9pD20) 2 Mandﬁ%( N30) = M
Similarly, 33 T(pH109) < max{]j( ), 33(0)}, 34 T(9D20) < max{:lj( ), 34 +(0)} and - (pAg@) <
max(34 (). 3 (3)).
Now,
Tr(p210) = Txl((p1, 92) A1(01, 02)]

= Ty (12101, p20102)

= min{ g (p12A101), Ty (p22102)}

Z min{min{"Ty (p1), T (01)}, min{7Tx (p2), Ty (92)}}

= min{min{T5 (p1), Ty (p2)}, min{ 75 (01), T (02)}}

= min{ Ty (p1, 02), Ty (01,02)}

= min{7Ty (p), Ty (0)}.

1 — 4y (pA10) = 1 — 4¢[((p1, p2) D1(01, 02)]
=1— 43 (p12101, p2N102)

= min{l — jg(plA 01),1 — 45 (p20102)}

2 min{min{l — 45 (p1),1 — 45 (01) }, min{1 — 45 (p2),1 — 45 (02)}}
= min{min{l — A (1), 1 = 3y (p2) }, min{l — 45(01), 1 — 34 (92)}}
= min{l — 3y (p1, p2), 1 — 3y (01,02)}

=min{l — 43 (p), 1 — 43(9)}.

Thus 3y (p219) = min{3y(p), I4(9)}. Similarly, Iy (pA20) = min{I(p), I4(9)} and T (pA30) =
min{2}(p), 33(9)}. Now,

Ix (p210) = Ix (91, 92) D1(01, 02))]
J;(@lﬂ 817 QA 82)
J;(plﬂ 61)4’3 (pgAﬂ?z)
2
> L dx (o) + 2500 | Iy (p2) + 15 (%)
=2 2 2
1 RE)+ TR |, RO) + K@)
2 2 2
_J (@1»@2)+J (81382)
2
 Tr(0) + 35 (9)
5 .
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T (pA10) = I3 [((p1, 02) A1(01,02)]
=I5 (10101, p20102)
I (p10101) +J+(@2A15'2)

1\

1[ S(p1) +:i+ @), W) +J§(82)1
2

2

:1l L (1) +:+ (92) | Ji(anumaz)]
2
ZI

2
@17@2)4‘3 (81,82)
2
_ () +3:09)
5 .
Thus T4 r(9010) = 20(©)23r0) Similarly, 33 (pA20) = % and 7 (@Aﬁ) Jr()+30(0)
) < max{I3(p),22(0)}, I (pA20) < max{Ii(p),33(9)} and J2(pA3d) <

Similarly, 37 ( N0
max{33(p ) +(9)}. Thus, T is a IVNCVSBS of = x =.

Conversely let us assume that Y is a IVNCVSBS of = x =, then for any p = (g1, p2) and 0 = (94, J2) are in
= x =. Now,

min{ T (1 2101), Ty (922102)} = T3 (910101, 9220105)
T l(p1, 92)01(01,0))]
Tr(

pA10)

1\

min{ Ty (p), T (9)}

min{ Iy (p1, p2)}, T5 (01, 02)}
min{min{ Ty (p1), Ty (p2)}, min{ T (81), Ty (92)}}-

T (9218,), then T3 (p1) < T (2) and T (91) < T (92). We get T (p14101) =

1)} forall p1,0; € Z, and
T

If 75 (914 o) =
min{cl_( 1), Ix (0
min{ 7y (912201 v, n ) (
If‘lgi Nodh) £ Tg(pzAgﬁg)Jhen T;(plAggl) zmiAn{ ( (¢ )}
min{ T (p128301), Ty (922302)} 2 min{min{7g (1), T (92) }, min{ T (
If 7T (p12301) < T (p2302), then T (01 A301) 2 min ( )

,A,
_b
Z |
°
I
7|
S

min{l - Af(plAlal), 1-— Eg(pgAlag)}

31_r( 10101, p2aN102)
—1—3}[@1,@2) (81, )]

=1— 33 (pL10)
imm{l_—‘lr( ) 1_—"1(( )}
= min{1 — 3 1(o1, 02} 1—37(01,0)}
— 35 (92)}, min{1 = 35 (01), 1 — 35 (92)}}.

If1-— (p1A 81> <1- 7( 2A182) then 1 _/j\;(@l) é 1 —]g(pg) and 1 —§§(81) § 1 —/j\;(ag) We
get1 — _-I 2 (P12101) 2 min{l — B x(p1),1— _-I_(al)} for all pl,al €E, and min{l — 45 (p12201),1 —

= min{min{1 — 4 (p1),1

3 (9225502)} 2 min{ming1 - (1), 1 - 3 3y o)) minfl 55 00,1 = S @)

If1— _‘Ig(/\plﬁgal) é 1-— 7(@2&282) then 1 — (p1A231) > mln{l — (@1) ( 1/\)}

rAnin{l - jg(plégal), 1- (pQAgag)} = mln{mln{l -3 x(91),1 (pz)} mln{l — j;(A 1), 1

A (92)}} 1= A3 (1 A301) = l—j (92230;), then 1-4 (@1A331) Z mln{l 35 (o), —ig((?l)}
Thus 37 (pA10) = min{3}(p), 34(0)}. Similarly, :l;(pAga) 2 mm{l_'( ), J4(0 )} and D-‘( A3d) 2
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min{3} (p), 37(9)}. Now,

~

I3 (1 8101) +3;(p2A162)} = A_(@1A1617 ©20102)

~

(o1, p2)A1(01,02)]
T2 (p219)
I7(p) +35(0)
2
'}(@17@2)4‘3 (01, 02)
2

_1Fg<m+ o) 3500 + ;(@)1

2 2 2 ’

1
2

L)

Ifj}_z(plAlal) < j}_z(@2A162)’ then 3;(91) < j§(p2) aﬂdj;?(al)

We get jg(plAlﬁl) z w Simi]ar]y, j\;(plﬁgaﬁ

35 (1) +35 (1)
et it

< It g+ 9+ I+
Also, 3 [Tf (p12101) + F (92010)| z;[“@“f“m) + JN“’”;JN(@”].

138 (918101) £ I (9219), then I (1) = I (92) and I (91) < TF(02). -

We get T (p1410y) = BEERO) 143t (6, Ay) = BEHERO) 4y Tt (0, A0) 2 HEVHO,
Thus 3%(@A16) M Similarly, A T(9pL20) 2 M and ﬁ%(p&ga) > M.
Similarly, max{]§/(\p1A al) % (92010)} £ max{max{ 3y (p )Eg(Pz)},max{E;(al),H;(az)}}.

If j;(piAlal) = j;(pgAlag) then j x(p1) 2 j (p2) and j (01) 2 43 (02).

We gei_—lg(plﬁlal)A§ max{_-l (p1), 3 2 (01} R R R

max {3y (p18201), Iy (p2L202)} = gnax{max{f( P1), Iy (92}, max {35 (91), Iy (92)}}-

If 45 (p10201) 2 j_(pQAgé‘g) then 43 (plAgal) < ma;i{ g( 1), 35 (01)}-

max {3 (p18301), 3 (p2830)} < maX{maX{j ) Ix (92)}, Iriax{§§(31)73§(32)}}
If _‘Ig(plﬁg;al) z _‘I (@2A382) then _‘I (plAgal) < max{:l ( ) _‘Ig(al)} .
Also Similarly to prove that max{l — Tx(p1101),1 -I (p22102)} < max{max{l — T3 (p1),1 —

Ty (2)}, max{1 — T3 (1), 1 §(32)}}- R R R
If].*—l (iA 81)2171 ( gAlﬁz),thenlf_l (p1)>1*—I (pg) andl—-lg(ﬁl)il—jg(ag)
We get 1 —AK(MAN‘%) S max{l — Ty (p1), 1 = T3 (O1)}.
max{l — Tx (P10201),1 — _I*( ©2l20s)} < max{max{l - (pl) 1- (m)} max{1l — (31)

T (@)} )
If1— -[ (p1A281) > 1-— -[ ( 2A282) then 1-— -I};(plﬂg i) § m X{l — (pl) -I (81)}
max{l — T (p12301),1 _I (p22302)} < max{max{l — T3 (p1),1 (pg)}, max{1l— T3 (01),1—

Ty (92)}1}- -
If1-— -[ (plAgal) >1-— -[ (p2A382), then 1 — -I (plﬁgal) < max{l T
Hence, 34 (p/10) < max(3 (), 34(0)}. 34 (0/200) < max(F4(0), 34 ()
T3 (pA30) = max{Ix(p), J3(9)}.

Let us assume that T is a IVNCVSBS of = x Z, then for any p = (p1, p2) and 9 = (01, 02) are in E x =.
Now,

x (o), 1= T30}
} and

min{"T5 (p18101), Ty (9228102)} = Ty (9128101, 920102)
Trl(p1, 92)A1(01, 02)]
= Ty (pA10)
Z min{ Ty (p), Ty (9)}
= min{ Ty (p1, 02)}, Ty (01,02)}
= min{min{ Ty (p1), Ty (p2) }, min{ 75 (91), Ty (92)}}.
If T (p18101) < T (p20102), then T (p1) = Ty (p2) and Ty (91) < T (02). We get Ty (p14101) 2
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min{ Ty (p1), g (01)} forall p1,0; € E, and

min{ Ty (p128201), T (928202)} 2 min{min{T; (p1), Ty (p2)}
If 7;(@1A261) < 15(@2&282), then 1 (@1&281) > mln{ }_k(p
min{ Ty (p12301), Ty (p2l302)} 2 min{mln{_l (p1), Tx (02)}
If j;(@lﬁgal) § —lg(pgAgé)Q), then —i (91A381) > mln{‘[ (p

min{l — 45 (p128101),1 — 45 (p220102) }

=1— 45 (p12101, p2D102)

=1— 3¢ [(p1, 92)21(0h, 02)]

=1— 3y (pA10)

2 min{1 — 4y (p),1 — 44 (9)}

=min{l — 3y (p1, p2)}, 1 — I3 (91, 02)}

= min{min{l — 45 (p1), 1 — 35 (p2)}, min{1 — 45 (01),1 — 35 (02)} }.

If1-— j;(@lﬁlal) § 1-— _‘Ig(pgAlaQ), then 1 — jg(@l) § 1-— :l;(pg) and 1 — _‘Ig(al) § 1-— j§(5‘2) We
get 1-— _‘I;(plAlal) z mm{l — _‘I;(pl),l — :I;z(é)l)} for all @1,81 € =, and mm{l — _‘Ig(plAgal),l —
3 (92£3202)} = min{min{1 — 45 (1), 1 — 35 ()}, min{1 — 35 (1), 1 — 4 (32)}).

If 1 — 4 (p18201) = 1 — 35 (p2L202), then 1 — 43 (p18201) 2 min{l — 3 (p1),1 — 3 (01)}.

Hlln{l — j;(plA;),@l), 1-— _‘I;(pQAgag)} 2 mln{mln{l — j;(@l); 1-— _‘I;(QQ)},HIIH{l — _‘Ig(al), 1
_‘I; (82)}} If1— j;(plﬂgal) § 1— j;(pgﬂgag), then 1 — _‘Ig(plﬂgal) 2 mm{l - :Ig(pl), 1-— _‘I}Z (81)}
Thus 3} (pA19) = min{3}(p), 21 (9)}. Similarly, 2] (pA29) = min{I(p), I}(9)} and Iy} (pA30) =
min{37(p), 31 (d)}. Now,

% (1 2101) +J§(@2A152)} = 10101, 92M102)

x(p
(1, 02) A1(01, 02)]
(pH10)

> Iy (p) +3%(9)

- 2

_ 15 (p1, 02) + I7(01, B2)
2

1 [Jm) +1i(e2) | (@) +JN<82>]_

1
2

T
T

T2 2 2

If I (91 2101 < I (922212), then I3 (p1) < Iy (2) and I3 (81)

We get Jg(plAﬁl) z w Simi]ar]y, J;(plﬁgaﬁ
Ix (p1)+15 (01)
3 .

JN (52)
J

<
> @) ang 35 (120501 2

I (p1)+35 (p2 35 (01)+3% (02
A]SO, %[J;:(p1ﬂ181) +J§(p2ﬂ182)} 2 % w (@ ); x (92) + e ( ); x (92) .

If 35 (912101) < I (p22105), then I (p1) < I (2) and I (01) < 35 (0).

We get I (p14101) 2 w and I3 (p18201) 2 w and I3 (p12301) 2 w-
Thus 33 (pA\10) = 7:““’);3“8). Similarly, 3% (p/A20) = 7:'““(50);:&(8) and 33 (pA\30) = 7:‘“(“’);3“8).
Similarly, max {3y (p12101), I (p22102)} < max{max{dy (p1), Iy (p2)}, max{d; (01), Ix (92) }}.

If 35 (p18101) 2 35 (922102), then 3¢ (1) 2 I (p2) and d (91) 2 35 (9e).

We get 4 (p1A101) < max{d;(p1), 35 (01)}.

max{dy (p18201), Iy (p22202)} < max{max{d; (p1), s (p2)}, max{d; (01), I (92)}}-

If _‘Ig(plAgal) z _‘Ig(pzﬁzaz), then _‘Ig(plAgal) § max{:lg(pl), _‘I}: (31)}

max{dy (p14301), 35 (p22302)} = max{max{dy (p1), Iy (p2)}, max{dy (91), 35 (92)}}

If 45 (p18301) 2 33 (p28302), then dy (91 A301) < max{dy (p1), I (01)}.

Also, Similarly to prove that max{1l — T3 (p124101),1 — Tg (p22102)} < max{max{l — T (p1),1 —
Ty (2)}, max{l — T (d1),1 — T (02) }}-

If1-— —lg(plAlal) g 1-— —lg(pgAlaQ), then 1 — -Ig(pl) 2 1-— —I}I(WQ) and 1 — -Ig (81) g 1-— —ig(ag)
We get 1 — T (p12101) < max{1 — T3 (p1),1 — T (01) }-
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max{l — Tx (P10201),1 = Tg (p20202) } < max{max{l — T3 (p1),1 — T (p2)}, max{l — T3 (d1),1 —

Ty (92) }}-
Ifl — 7§(p1A281) 2 1-— 15(@2&282), then 1-— -I (plﬁgﬁl) § ma: { -I ( ) -I}_l (81)}
max{l — T3 (p12301),1 — T (p2A302)} < max{max{l— 2 (91),1 =5 (p2)}, max{1 — T (01),1 —
Ty (02)}}-
If1-— —lg(plﬁ3al) z 1-— 1;(p2A382), then 1 — jg(plﬁgal) § max{l — (@1) -I (81)}
Hence, 35 (pA10) < max{33(p), 33(9)}, I3 (pL20) < max{I3(p), 33(9) } and
2 (pA30) < max{37(p),357(9)}. Hence, X is a IVNCVSBS of =.
Theorem 3.8. Let R be a NSV subset in Z. Then 3 = ([T, 5], Ix, 351, [9x, Ht]) is @ IVNCVSBS of = if
and only if all non empty level set 2142:5) is a SBS of Z for {1, s, s € [0, 1].

Proof. Assume that 3 is a IVNCVSBS of Z. For (1,0, s € [O 1] and J,J2 € 341429 We have
‘I;Ql) 2 1, Iy (92) % fyand 1 — j_(jl) >s,1— 33 x(2) 2 s andJ (]1) > 62,3 (92) = 42 and J+(]1)
02,3 (g2) Z o, 1= T5(n) £ 41,1 =T (02) £ €1 and 3 (1) < s,dﬁ(Jz) < s Now, Tg(ndag) 2
min{ T (1), Ty 02)} = €1, 1= I (nAage) = min{l — 35(n),1 — I3 (52)} 2 s and I (nA1ge) 2
i 35 E o ~_ ~_

R(m; 22 > g, JN (11A1]2) Z 4(] )er <2) > ¢, and I (1 rg2) = max{dy (), 35 (22)} = s and
1 =5 (1 A12) < max{l — (31) 1 -5 (g2)} < £1. This implies that ;. A172 € J(@62.5) - Similarly,
10090 € I2:) and 91 Aggy € I(1f2:9) Therefore 3(“1-429) is a SBS of =, where ¢4, 5, s € [0, 1].

We have T (1) 2 41, Ty (92) = 41 and

1- j;?(Jl) Zs,1- j{z(h) > sand 35 (1) 2 02,35 (92) 2 Lo and I (1) = L2, I (92) 2 €, 1 = T3 () <

01,1 — 5 (92) £ 41 and 33 (1) S 5,35 (g2) = 5. Now, 5 (11 A172) 2 min{T5 (1), Tx(g2)} = 41,
_ . _ — ] |

1— 43 (nD1g2) 2 min{l — 33 (51), 1 — I3 (2)} 2 sand I (11 D172) 2 M 2 by, [ (nDg2) 2

b 3 — — —

TR > gy and A3 (1 A2) £ max{H5(n), I3 (2)) € s and 1 TS (nAage) £ max{l -

e (1), 1 — 5 (g2)} = ¢1. This implies that j1A;79 € 26208) - Similarly, 7197 € 2¢42:5) and

910370 € 282:5) Therefore 3(1:¢2%) is a SBS of Z, where /1, lo, s € [0, 1].

Conversely, assume that J(ht2,9) is aSBS of 2 E v where (1, {5, s € [0, 1]. Suppose if there exist 71, 72 € = such

hat S (1 5052) < min T 02), T 01 1= T G Aage) < minfl = ), 1= 3 () T(ylAm)

NEBEEN < Tto0+3,

), J*(mlm O 104 T (3,,50) > max {35 (1), 5 (=)} 1= Tx () >
max{1l — 5 (71),1—Tx(2)}. Select 01,038 € [O 1] such that-l (nD1g2) <l £ mm{'[ ( 1), -I (92)}
and 1 —/_‘I\ (jlﬂljg) < é < mln{l — _‘I ( ) 1-— _‘I (jg)} and JN (]1A1j2) < fz = M nd
PN 9+ 3 o

T ndagp) < & £ M and 35 (nA1g2) > s = max{35 (1), Ix (g2)} 1 — T (1dage) >
s = max{1 — T3 (n), 1— x(72)}. Then j1,55 € J(ErL29) | put nhige ¢ (¢f29)  This contra-
dicts to that 3¢“1#2:) is a SBS of Z. Hence, _I (l1g2) 2 mm{_l (1), Tx(@2)} 1= I (ndage) 2

. — — ] ] ] 1)+3 q—
min{1 =35 (1), 1= 35 02)} Iy (1 81g2) 2 M 3*(31A1Jz) M and 35 (51 8172) <
max{dg (1), I (J2)} and 1 — _IN (nli1ge) = max{l — T (1), 1 =5 (52) }- S1m1lar1y, As and Aj cases.
Let assume that 2(1:¢2%) is a SBS of Z, where (1, /5, s € [0, 1]. Suppose if there exist 71,72 € Z such that
Tx (1A172) < min{T (1), Ty (2)}, 1T — 35 (1 Arg2) < min{l — 35(71), 1 — I (2)}, I (11 Dd1ge) <
s s Ny Ny — — — —
M’ I (L) < M and 43 (71 0172) > max{d; (71), Ix (22)}. 1 = TR (11 l192) >
max{1 — 75 (51),1 — T5 (2)}. Select £1, ¢, s € [0, 1] such that T (51 A172) < €1 < min{ T3 (1), Tx (72)}
and 1 — 33 (n8g2) < 6 < minfl = 35 00),1 = 57 (2)} and Ig (nAag0) < fp < 200 ang

aF N — — — —
K (nlig) < by < M and dy (18192) > s 2 max{d3 (1), I (2)}, 1 — T (nd1g2) >
s = max{l — I3(51),1 — Tx(j2)}. Then j5,70 € 429 but leljg ¢ 125 This contra-
dicts to that 3(1¢2:5) is a SBS of =. Hence, T (71A172) = min{ T3 (51), T (2)}, 1 — Ix (11 D1g2) =
]

A
min{1 =35 (1), 1= 3 (72)}, T (1 Do) 2 Belipialen) J*(mlm > 2000 ang 4 (51 075) <
max{dg (J1), I (J2)} and 1 — T35 (11 2172) < max{l —Tx (1), 1 =T5(92) - Slmllarly, Ag and Ag cases.
Hence, 3= ([Ty, 75, [Ox, 351, [3x, 3]) is a IVNCVSBS of”

Definition 3.9. Let X be any IVNCVSBS of = and ¢ € Z. Then the pseudo NSV coset (¢X)? is defined by

(P () = p()F (),
(«F)7(0) = ()R (0),
(TP () = p(<) IR (p)

https://doi.org/10.54216/IJNS.230421 286
Received: June 11, 2023 Revised: January 15, 2024 Accepted: February 13, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 23, No. 04, PP. 272-291, 2024

That is,

R p
(IR (p) = p()I5 (9), (TP (9) = p()H (),
(A)P(0) = p() 3 (), 1= (TP (p) = p(c)(1 = T )(p)
each p € = and for any non-empty set p € P.

Theorem 3.10. Let N be any IVNCVSBS of E, then the pseudo NSV coset (¢R)P is a IVNCVSBS of Z.

> ) .
pls) min{T (0), T (0)) = mm{p@ S (0).0(6) T <>} min{(s T )P(p) <T)7(0)}. Thus

(TP (910) 2 mind (T 2(0), (T P (0)) and 13 #(9/340) = () (1T (9510)) 2 plc) min{1—
(), 1= F @) = minfp(s) (1 - I (9),0(6) (1~ I (@)} = min{1 — (F5)7 (), 1~ (+F)7(@))

Thus N N N
1= (cdx)P(pA10) 2 min{l — (¢)P(p), 1 — (¢35)P(9) }.

Now. (35)7(92419) = p(s) T (02410) 2 p<<>[ st ﬂ = KOO 0:0) _ (AL IO),

Thus (¢35 )P (p,18) 2 S OHEIO) gnq (G (00,0) = p(s) T (0219) 2 pls [ “”*”]

pl6) 3 0(6) 35(0) _ (ST g ()7 (2219) 2 CEHENO) Now, (5 ) (p210) =

p(s) 35 (9219) = pl<) max{Iy (p), I (9)} = max{p(s) Iy (), p(<) I (9 )}—max{(cj )P(9): (s3)P (D)}

Thus (s35)7(9219) < max{(s35)7(9), (3 ><>}and1—<< ><pA 9) = p(s) (1 = Tg(pA19)) <
N)p(p)’l_

N N
p(s) max{1-T5 (9). 1- T (9)} = max{p(s) (1~ Ty (). p() (1~ T (@)} = max{1— (<7
(@)}, Ths 1— (T )#(p/19) < max{l — ()P (9), 1 — (TP (@)}.
Now, (7l " (510) =p(6) T (910) 2 p(s) min{ Ty (p), Ty (0)) = min{oks) Ty (0),p(5) ()} =
min(s T ), (< T0)(0)) Thus (T 7 (910) 2 min{(<Ty P(6), (<T5)7(0) ) and 1 (s O loi0) =
p(s) (1 -3 (9£449)) Z pls) min{l — = (). 1~ 5 (9)} = min{p(s) (L~ 3 (9).p(s) (1 - 35 (9))} =
min{l — (¢4 )7 (p), 1 — (s4)7(9)}. Thusl—(cj WP 019) 2 minf1 - () (), 1 — (c37)7(0)}-

o

Now, (¢35)?(9219) = p(s) Tz (910) {:mm } — 29 B4 15 0) _ (T (@) H(3)"(0)

(s
90

Thus (¢35 )7 (pA10) = B EHEI"O) 4ng (3P (p410) = p(s) T (pA10) = p(s) [”””‘”] =

p(s) 33(@);@(0 O _ (dI)”(@);(d D" Thys (T )P (p019) > ¢ (<TDP( @);( 1070 Now, (635 )P(p210) =
p(s) dx (pA10) = p(s) max{dy (p), 45 (0)} = max{p(<) s (), (<) N(a)} = max{(cdy)¥(p), (¢33 )*(9)}.
Thus (¢dy )P (pA10) = max{(cdy)?(p ) (c4e)? ( )} andl—( )P (pL10) = p(s) (1 T(pﬁﬁ)) <
p(s) max{1—"Ty (p),1-"TT(0)} = max{p(c) (1—"Tx (p)),p(c) (1="T5(9))} = max{l—(<Ty)"(p), 1
(¢T5)P(9)}. Thus 1 — (¢ )P (pA10) = max{l—(g-l )P(9),1— (¢T3 )P(0)}. Similarly, A, and A3 cases.
Hence, (¢N)P is a IVNCVSBS of =.

Definition 3.11. Let (=1, 01,0y, V3) and (Zg, ¢1, $2, $3) be the bisemirings. Let T : =3 — E5 and N be

an IVNCVSBS in Z;, T be an IVNCVSBS in T(E;) = Eq, the i > image of VS is defined as ﬁm(v) (l2) =
[Ty (£2), 1 @R(V)(ﬁz)] BN )3$(V( 2)l; [y (f2), 1 - Ty (£2)] where T 1) (62) = Ty R(£a),
37 ([2) = JT%(EQ) (62) = J+§R(€2) and :I;E(V)(eg) = _‘I»r%(gg) and jﬁR(V)(‘€2) = [—I;Q(V)(£2)7 1
j_( (2)], [ ( 2), j+ V)(KQ)] [jg}_e(v)(&)al - —I;e(v)(@)} where —Ig;e(v)(£2) = 7}%([2), ji(v)(@) =
J;%(fz), J?R(V) (62) J+§R(€2) and j%(v)(gg) = j}%(ﬁg)
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any function. Let T be a VS in ?R(:l) Z5. Then the inverse image of Y, R~! is the VS in Z; by
:%—1(V)(€1) = ﬁ%,l(v)(ﬁl),l )]a [ji 1(\/)@1) :l+ 1(V (61)] [ ( ) 1_ﬁ§;e—1(v)(£1)]’
where Ty, (61) = SR e). 5 pr iy () = T R)), T () = o ) 3poa iy () =
3“}(%71(61)) and:l?R—l(V)(gl) = [—[ ,l(v)(ﬁl),l _‘17 1(\/)( )] [Ji 1(V)( )J+ 1(v)( )] [—‘Q—l(v)wl)al_
Ti1 vy ()]s where T ) (01) = T (RH(4)) I 1y (G) = Ix (RH(0), Ty (1) = Tx (RTH(0)),
—'lé—l(v)(gl) = j;(mil(él))

Theorem 3.13. Every homomorphic image of IVNCVSBS of =1 is a IVNCVSBS of =,.

Definition 3.12. Let (21,01, Vg, V3) and (Zz, 1, $2,<O3) be the bisemirings. Let ® : =1 — Z3 be
vy (€

Proof. Let R : =; — =5 be a homomorphism. Now, 3‘%(6 O1ls) = R(l1) 1R (L), R(£1DVle) = R(£1)O2R(42)
and %(61@3[2) = gﬁ(fﬂo;ﬂ?(fz) for all £17€2 € =Z1. LetV = §R(?‘E\, N is a IVNCVSBS of :1 Let
R(61), §R(52) S, Ty (R(L1) 01 R ( 2)) 2 Ty (101l2) 2 mm{-‘ (¢ ) 7;:( 2)} = min{ Ty R(), Ty R(£2)})
and 1 — 4 (R(€1)O1R(L2)) 2 1 — I3 (6O 62) Z min{l — 4 (61),1 — 45 (f2)} = min{l — 4R (41), 1 -

3L R(£)}. Thus Zl-‘( (0)O1R(4s)) = mm{:l-lER(él) Jj%(ﬁg)}: -
Similarly, 3/ (R(£1)O2R(4s)) = mln{J-‘?R(él) 3-'%(62)} and 34 (R(41) Q3R (L)) = mm{J-'é)‘E(fl) JIR(62)}.
Now Iz (R(0)01R(1y) 2 35 (10uty) 2 () 3ROSR ang THR()01R()) 2

:l (61@ ly) 2 (EI)JFT( 2) jﬂR(leﬁ%(b) . Thus 3 ( (6)O1 R ( 2)) = M Similarly,

T3 (R(41)02R( ))>mm{1J R(£1), D%f%(fz)}andﬂj( (£1)OsR(L ))zmn{l%?ﬁ(&) 3 R(£2)}. Now,
(R (41)<>1 (£2)) £ 33 (10165) < max{ T (01), Iy (£2)} = max{j éR( 1), 37 §)‘%(ﬁz)}and

1 =T (R(1)01R(L2)) = ES TR (6iQ1ks) = max{l = T (), 1= T3 (f2)} = max{1 — TyR(f1),1 -
-ITSR(EQ)} Thus :lj( (61)01R(Le)) < rnax{:lj R(4y), o3 ¥R(l2)}. Similarly,

23 (R(41)0aR (1)) < max{IFR(41), TAR(£2) } and I3 (R(£1)05 ( 2)) < max{IR(61), A R(La)}.
Let V = %(N), N is a IVNCVSBS of =;. Let %(61) %(ﬁg) EQ ( (£1)<>1 ( )) z 7§(€1®1€2)
mln{j;(fl),—ig(eg)} = mln{j}%(fﬁ,j}%(ﬂg)} and 1 — 45 ( (61)01 ( )) E 1-— _‘I;t(fl@lég)
min{1 — 33 (1), 1 — 35 (f2)} = min{l — 4 R(41), 1 iTWz)}

Thus 37 (R(41)O1R(£2)) = min{IFR(41), TFR(L)}.
Similarly, 3y (R(£1)02R(¢2)) = min{I{R(£1), TYR(62)} and TL(R(41)OsR(£2)) = min{T{R(41), TR (L)}
Now, Ty (R(t1)01R(62)) 2 Iy (6 0ite) > bt ) B RO gng TER(G)O1R(L)) =

VIV

15 (60142) = £ (él)H (f2) _ 3R()HIR() Thus D3 (R(1) ( 2)) = M Similarly,

S (R(0) OaR(12)) = mm{zﬂ R(E1), BR(6)) and T (R(E) S5 R(1) 2 mm{:%wl) J3R(L2) }. Now.

S (R )OIR()) < 35 (6:0165) < max{ 5 (61), 5 (¢ 2)} = max{3R(0), SR(0a)) ng

1-— -[—}(%(61)01%(62)) § 1-— j§(€1@1£2) § max{l - ( ),1 - -[1; (62)} = max{l — -l'}%(€1)71 —

Ty R(42)}. Thus, 3%(%(61)01%(82)) < max{:l%%(ﬁl),:l%%(ég)}.

Similarly, 3%(%(61)02%(62)) < max{ﬂ%?ﬁ(ﬂﬂ,ﬂ%%(&)} and:-jr(%(é1)<>3§)%(€2)) < max{ﬂ%?fﬁ(éﬁ,ﬂ%%(ﬁg)}.
Hence, Y is a IVNCVSBS of =s.

Theorem 3.14. Every homomorphic pre-image of IVNCVSBS of 25 is a IVNCVSBS of Z1.

Proof. Let R : 51 — E3 and R(p010) = R(p)O1R(0), R(pV20) = R(p)O2R(9) and R(pV30) =
R(p)OsR(0) for all p,d € Z1. Let V = R(R), where T is any IVNCVSBS of =5. Let p,d € =;. Now,
T (9010) = Ty (R(9©10)) = Ty (R(p)O1R(9)) 2 min{Ty R(p), Ty R(9)} = min{Ty (p), Ty (9)}.
Thus Ty (9910) 2 min{Ty; (), Ty (9)}and 1 Fy (99019) — 1 Fy (R(p91)) = 1-Fy (R{p)01R(9)) 2
min{1- Fy R(p), 1- Fy R(9)} = min{1-Fy (), 1- Fy (9)}. Thus 1— Fy (9910) 2 min{1-Fy (p),1-
Fy (0)}. Hence, T3(6910) = min{I3(0),32(D)}. Similarly, T (6020) 2 min{I3 (), 37(0)} and
T} (p030) = min{T (), IL(D)}. S

Now, Iy (9910) = Iy (R(6010)) = Iy (R(p) 01 R(9)) Z FHGHRE = SlPL D, Ths I (99,0) 2
L@ @) and 1 (p010) = I (R(p010)) = If (R(p)O1R(9)) = DROTLERO) _ L@ 0) gy

(p@l ) 2 M Hence, :ljr(p@la) = w. Similarly, :@(p%a) > w and
F(99020) 2 7+3T< :
Now, Fy (9010) = Fy (R(p©10)) = Fy (R(p)01R(9)) = max{Fy R(p), Fy R(0)} = max{Fy (p), Fyy (9)}.
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Thus £y (9010) = max{Fy (p), F}y (0)}and 1 T§(@@1 ) = 1=-Ty (R(p019)) = 1-Ty (R(p)01R(9)) =
max{1-Tr R(p), {—T{?R(@)} = max{l Ty (?) 1-T; (0)}. Thus 1-T (p©010) < mAaX{l—Tg(p), 1

Ty (9)}. Hence, I3 (p010) = max{J3 (p), 32 ()} Slmllarly, 22 (p020) < max{I(p),3(9)} and

23 (pV30) < max{I7(p),I3(0)}.
o Iy (#919) = T (R10) — T (Rl
Thus 75 (9p010) = min{ 75 (p), Tz (0)} and 1— 43
min{l — 43R(p),1 - :I}?R((‘))} mm{l i (),
345(9)}. Hence, 3} (p©10) = min{I](p), I(
T4 (p930) 2 min{Iy(p), 37 (9)}.

R(9)) 2 min{ T R(p), TrR(0)} = mln{_‘ (), Tk (0)}
(9010) = 13y (R (K)@l ) = 1=37(R(p) 01 R(0 )) 2
1—45(9)}. Thus 1 — 45 (p©1 8)>mm{1 _-I (p),1—
)} 1m11arly, 3;(9@2 ) = min{3}(p),3 (3)} and

Now, I3 (9919) = 17 (R(p919)) = I3 (R(p)01R(0)) 2 DD — Lulol2eO) hys I3 (0, 0) 2
Mandj+(p@1 )_J+( (9010)) _J+( (9)O1R(O )) IER(e)+ Jm?( ) 3+(@)+3+(5) Thus
I (910) = M Hence, 2% (p0,0) > M. Similarly, 3%(@@2 ) = w and

2 (p030) 2 w Now, 4 (p019) = 35 (R(p019)) = Fr (R(p)01R(9)) = max{rR(p), #rRD)} =
max{f( ); 35 (9)}. Thus 3y (9910) = max{4(p), I (0 )}andl—"i’(@@ 9) =1="Tr(R(p©10)) =
Tr(R(p)O1R(0)) = max{l — Ty R(p),1 — T,xR(9)} = max{1l — Ty (p),1 - Q(a)}' Thus 1 —
(Wl ) < max{l - Tx(p),1 = T5(0)} Hence 2 (p010) < max{:lj( ), 33(0)}. Similarly,
Jr(p@g ) < max{J3(p),37(9)} and I3 (pV39) < max{]%(p),ﬂ%(@)}. Hence, X is a IVNCVSBS
Of_q

Theorem 3.15. [f R : =y — =j is a homomorphism, then R(X(y, o, )) is a level SBS of IVNCVSBS T of Za.

Proof. Let R : =1 — Zy bea homomorphism and R(p019) = R(p)O1R(9), R(pV20) = R(p)O2R(9)
and R(pV30) = R(p)OsR(9) for all p,d € =;. Let V= R(N), N is a IVNCVSBS of =;. By Theorem
B.13] T is a IVNCVSBS of E3. Let Ry, 4, <) be any level SBS of X. Suppose that p,d € N(@l ¢5,5)- Then
%(p@ 9), R(pV20) and %(9038) € Ry, 4,,4)- Now, TrR(p) = T lp ) >0, (§R(8)) T1(8) = 01
Thus Ty (R(p)01R(9)) Z Ty (9910) Z £ and 1= 33 (R(p)) = 1 = 35 (p) Z s, 1 — I, (R(9)) =

1-
35(0) Z 5. Thus 1 — Iy (R(p )09?( )) Z 1= 35 (p919) Z s. Now, Ip (R ( ) =3 (p )>€z I (R) =
32 (0) Z fo. Thus Ir (R()01R(9)) 2 I3 (9910 )>€2and3+( (¢ ))A—T( ©) 2 L2, 11 (R(9)) =I5 (0) 2
fz. Thus TH(R(p)01R(9)) 2 (o 3) Z 65, Now, Iy (R(p)) = i&( ) S 5, 3¢ (R(9 )) =3 (9) = s
Thus 35 (R(p)01R(9)) = I (p019) < sand 1 - Ty(R(p) = 1 - Ti(p) < 4, — W(RO) =

1-95(0) £ 4. Thusl—"I* R(p)OR@)) < 1 — Ty (p010) §€1,forall éR( ). R(0) <

(
Now, Ty r(R(p)) = Tx(p )>f1,'l}(?ﬁ(a))= x (0) 2 £1. Thus Tr (R(p)01R(9)) = 7 ( 10) 2

b
andl—j}(%( ) =1—4d5(p) =2 5,1 —4:(RD)) =1—35(0) = s. Thus 1 — 43 (R ( YOR(D)) =
1 35 (6910) 2 5. Now, Tp(R(0) = Iy (0) 2 Lo, J5 (R(D)) = I (9) = fo. Thus Ty (R(p)O1R(0)) =
T (9910) 2 € and Ti(R(p) = H(p) 2 b, TERD) = K (D) 2 b, Thus T (R(p)O1R(O)) >
(0010 2 £y Now, £ (R(p)) = % (0) < 5 5 (R(D)) = K (0) < 5. Thus Hr(R(p)01R()) <
S (610) < sand 1 - Tr(R(p)) = 1~ Talp) < f,1— To(RD)) = 1 - (D) < 1. Thus 1 -
TrR(p)OR(0)) = 1 = TR (9p010) = ¢4, for all R(p), R(J) € Z,. Similarly to prove other operations.

Hence proved.

Theorem 3.16. If R : =1 — =y is any homomorphism, then Ry, o, ) is a level SBS of IVNCVSBS X of =.

Proof. Let R : £; — =2 be a homomorphism and R(p019) = R(p)O1R(9), R(pV20) = R(p)H2R(I) and
R(pV30) = R(p)OsR(0) for all p,d € Z;. Let V = R(N), T is a IVNCVSBS of E,. By Theorem [3.14] X
is a IVNCVSBS of Z;. Let (X, ¢,,5)) be a level SBS of T. Suppose that R(p), R(9) € RN, 0,.5))-

Then R(p©10), R(pV20) and R(pDV30) € R(R, py,5)). Now, T (o) = Ci_( R(p)) fﬁg(@
Tr(R(9) 2 4. Thus T (9910) 2 min{T5(p), TN (@)} 2 6 and 1 - 35(p) = 1 - I (R(p))
5,1 —33(8) = 1 — 35 (m(a)) > s. Thus 1 — d (p@lﬁ) > min{l — 35 (p ) 1—-35(0)} = s. Now,
R =3—<%<m> > 0,350 ( ) = T5(R)) 2 fo. Thus I (p910) = B > 4, ana T ()
(0) = F(RO) 2 . Thus I (p010) = BDEHO > 4, Now, I (p)
a)zﬁg(ma)) < 5. Thus Iy (p919) = . (R(p)01R(9)) £ max{3; (p), 35 (9)}
Tr(R(p) < 01,1 =T5(0) = 1 = TL(R(D)) £ £4. Thus 1 — Ty (p010)
max{1 — Ty Te(p), 1 fﬁg(a)} <4y, forall p,d € Zy.
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