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Abstract

In this study, we introduce the concepts of MBJ-Neutrosophic WI-ideal and MBJ-Neutrosophic lattice ideal of
lattice Wajsberg algebras. We demonstrate that every MBJ-Neutrosophic WI-ideal of lattice Wajsberg algebra
is an MBJ-Neutrosophic lattice ideal of lattice Wajsberg algebra. Additionally, we talk about its opposite.
Furthermore, we discover that in lattice H-Wajsberg algebra, every MBJ-Neutrosophic lattice ideal is an MBJ-
Neutrosophic Wi-ideal.

Keywords: Wajsberg algebra (WA); Lattice Wajsberg algebra(LWA); WI-ideal, MBJ-Neutrosophic WI-ideal;
MBJ-Neutrosophic lattice ideal.

1. Introduction

Different kinds of uncertainties are faced in a wide variety of real-world circumstances and in many complex
systems, including biological, behavioral, and chemical ones. The fuzzy set was first presented by L.A. Zadeh
[4] in 1965 to handle uncertainties in various practical applications, and K. Atanassov introduced the
intuitionistic fuzzy set on a universe X in 1983 as a generalization of the fuzzy set. By extending the concepts of
classic set, (intuitionistic) fuzzy set, and interval valued (intuitionistic) fuzzy set, Smarandache ([14], [15], and
[16]) created the concept of neutrosophic set. The membership functions for truth, falsehood, and indeterminacy
in the neutrosophic set are fuzzy sets. We use the interval valued fuzzy set as a basis for thinking about a
generalization of neutrosophic set.

The idea of Wajsberg algebra was first put out by Mordchaj Wajsberg [1] in 1935.Lattice valued logic is
developing as a study area that has a significant impact on the advancement of algebraic logic, computer science,
and artificial intelligence technologies. In 1984, Font etal.[3] proposed Wajsberg algebra's lattice structure,
examined its features, and expanded Wajsberg algebra as a substitute model for the infinite-valued Lukasiewicz
logic.

Lattice Wajsberg algebras are an algebraic structure that are created by combining a lattice with a Wajsberg
algebra. Font, Rodriguez, and Torrens [3] presented the idea of lattice Wajsberg algebras in 1984 and analyzed
some of its features. Filter theory is crucial for the overall advancement of lattice Wajsberg algebras. In a lattice
Wajsberg algebra, they presented the idea of implicative filters and looked into their characteristics. The concepts
of fuzzy implicative and anti-fuzzy implicative filters of lattice Wajsberg algebras were proposed by Basheer
Ahamed and lbrahim [7,18], who also established several properties using examples. Another significant
advancement in lattice Wajsberg algebras is the theory of ideals. The Wajsberg implicative ideal (WI-ideal) of
lattice Wajsberg algebra was presented by the authors [8], who also deduced various features.
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In this paper, we introduce the notions of MBJ-Neutrosophic WI-ideal and MBJ-Neutrosophic lattice ideal of
lattice Wajsberg algebras. We show that every MBJ-Neutrosophic WI-ideal of lattice Wajsberg algebra is a MBJ-
Neutrosophic latttice ideal of lattice Wajsberg algebra. Also, we discuss its converse part. Further, we obtain

every MBJ-Neutrosophic lattice ideal is an MBJ-Neutrosophic WI-ideal in lattice H-Wajsberg algebra.

2. Preliminaries

2.1. Definition [3]: Let (L, —,*, 1) be an algebra with an unary operation *, and a binary operation — is called

a Wajsberg algebra (W-algebra) if and only if it satisfies the following axioms for all x,y, z € L

W) 1 —-x=x
W2))x—>y—-oy—ozox—z=1
(W)X —y—=y=(y—x)—x
(W4) (xx =y x) >y —x=1

2.2. Proposition [3]: The W-algebra (L, —, *, 1) satisfies the following equations and implications for all x, y,

zelL

(Hx—>x=1

Q) Ifx >y=y—>x=1,thenx=y
BG)x—>1=1

@x—>y—>x=1

(5)Ifx >y=y—>z=1thenx >z=1
()x>y—ozox—ozoy=1
Nx—y—z=y—(x—2)
(8)x > 0=x — 1*=x*

Q) (x)*=x

(10) x* = y* =y —x

(A Ifx<ytheny »z<x—>z
(12) (xvy)*= (x*A y*)

(13) (xAy)#= (x*v y*)

(14) (xvy) —»z=( x—>2) A(Yy— 2)
(15) x—>( yAZ)= (X>Y) A(X— 2)
(16) (x=y) v(y—x)=1

(17) x=>(yvz)= (X2Y) v (x> 2)
(18) (xAy) »z=(x—>Z) v (y— 2)
(19) (xAy) vz =(xvz) A(YV 2)

(20) (xry) =z=(x-Y) v (x> 2)
(21) x<y—> zif and only if y< x— z

(22) If x<ythen z>x < z—y
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2.3. Definition [3]: The W-algebra L is called a Lattice W-algebra if it satisfies the following conditions for all
X,y €L,

(1) A partial ordering “<” on L such that x <y ifand only if x - y =1

(@) xvy=(x—y)—>y

@) XAy =((X"—y*) = y*)*

Thus (L, v,A , *,—,0,1) is a Lattice W-algebra with lower bound 0 and an upper bound 1.

2.4. Definition [17]: Let X be a non-empty set. A MBJ-neutrosophic set of the form A =

{(c; M4(5), B4(5),]J4(5)/s € X})} where M, and ], are fuzzy sets in X, which are called a truth membership
function and a false membership function, respectively and B, is an IVF set in X which is called an
indeterminate interval valued membership function. For the sake of simplicity, we shall use the symbol A =
(My, By, 4) for the MBJ-Neutrosophic set A = {{g; Ma(s), B4 ($),Ja(5)/s € X})}.

In an MBJ-Neutrosophic setA = (My, B,,],) in X we take B,: X — [I],¢ — [B1 (¢), Bf (¢)] with By (¢) =
Bf (¢) then A = (My, B, ],) is a neutrosophic set in X.

2.5. Definition [3]. Let L be a lattice. An ideal I of L is a nonempty subset of L is called a lattice ideal, if it
satisfies the following axioms for all x, ye |

(i) xel,yelL and y<x imply ye |

(i) x, yel implies xvye |

2.6. Definition [7]. Let A be a lattice Wajsberg algebra. Let | be a nonempty subset of A, then I is called WI
ideal of lattice Wajsberg algebra A satisfies,

i 0el
(i) (x—>y)*elandyel imply xel for all x,ye A.

3. MBJ-Neutrosophic WI-ideals in Lattice Wajsberg algebra:

3.1. Definition: A MBJ-N set A = (MaB,, Ja) in a LWA Lis called a MBJ-N WIl-ideal of‘L if
the following attributes are true.

(V61 EL) (Ma(0) =Ma(51),B4(0)=B,(51), Ia(0)<Ja(1) ) 1)
M4 (61) = min{Ma ((61 = 62)"), Ma(S2)}
And (VS1,62 €LY Ba(S1) = rmin{B,((S1 = $2)"), B4(S2)} (2)

Ja(S1) < max{Ja((S1 — $2)"),Ja(S2)}

The set of all MBJ-NWI-ideals of L is denoted by MBJ-NWI(L)

3.2. Example:

Let A={0,4a,b,c,d,r,s,t 1} be a set with Figure (1) as a partial ordering. Define a quasi-complement ““ *
and a binary operation “ — ” on A as in Table (1) and Table(2).

Figure (1)
:

- - . r
he . -
6. .-.

-
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Table 1:

X*

o1 6"

0 1

a t

b b

c r

d d

r c

S b

t a

1 0

Table 2:

X 00 0 A a B C ¢ d r s t 1
0 1 1 1 1 1 1 1 1 1
a t 1 1 t 1 1 t 1 1
b b t 1 S t 1 S t 1
c r r r 1 1 1 1 1 1
d d r r t 1 1 t 1 1
r c d r S t 1 S t 1
S b b b r r r 1 1 1
t a b b d r r t 1 1
1 0 a b d r S t 1

Define v and A operations on A as follows,

(S1V62) = (61 — G2) — G2,

(S1 A G2) = ((S1*— G2*)—G2*)*forall 61,62 € A.

Then (A, vV, A, * 0, 1) is a lattice Wajsberg algebra.
Consider an MBJ-neutrosophic set S = (MaB,, Ja) on A as

1if ¢; €{0,b}forevery¢, €A

MaCe1) = { 0.6 otherwise for all ¢, € A

B,(c,) = {[0-5,0-6] if ¢; € {0,b}for everyg, €A
al81) = [0.3,0.4] otherwise for all ¢, € A

Ja(cy) = {0 if ¢; €{0,b}foreveryg, €A

481) =1 0.4 otherwise for all ¢, € A

Then S is an MBJ-neutrosophic WI-ideal.

In the same Example 3.2, let us consider an MBJ-neutrosophic set S = (MaB,, Ja) on A as

1if ¢, €{a,b}forevery¢, €A

Male1) = { 0.42 otherwise for all ¢, € A

Bu(c)) = {[0-8:0-9] if ¢; € {a,b}foreveryg, € A
al81) = [0.3,0.4] otherwise for all ¢, € A
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0if ¢; €{a,b}foreveryg¢, €A
0.46 otherwise for all¢; € A

Ja(s) = {
Then S is not a MBJ-neutrosophic WI-ideal of A for
M (D) <min{Ma((t — b)*),Ma(b)}
By(t) < rmin{B,((t — b)"), By(b)}
Ja(®) > max{]Jo((t > b)"),Ja(b)}
3.3. Proposition:
Every MBJ-NWiI-ideal A=(Ma,B,,Ja) of L accomplish the following assertions.
Ma (1) = Ma(s2)

(V61,52 €L)| ¢ < g, =>{ Ba(S1) = B,(S2) 3)
Ja(s1) =< Ja(S2)

Proof: Let AeNWI(L)and 61,52 €L such that 61<62.Since(S1—62)'=0,

We have, Ma(S1)=min{MAa((51—52)"),Ma(52)}=min{MAa(0),Ma(S2)}=MAa(Sz2),
B4(51) = rmin{B,((51—52)"),B4(S2)}=rmin{B,(0),B,(S2)}=B,(S2),
Ja(S1)<max {Ja((S1—62)"),Ja(S2) }=max{Ja(0),Ja(S2)}=IA(S2).

3.4. Proposition: Every MBJ-N WI-ideal A = (Ma,B,,Ja) of L accomplish the following assertions.

Ma (61) = min{Ma(52), Ma(s3)}
(¥61,62,63 €L) G <G >G> { B,(61) = r min{B,(S2),B,(S3)} Q)
Ja(s1) < max{Ja(S2), Ja(S3)D)

Proof: Let A ENWI(L) such that for all61,62,63 €L,51=<62"—G3.
Thenl=61—(S2'—63)=63'—(S1—G2)=(S1—G2)'—G3,
And so (61—62)'—G3)'=0.

By(2),we get that

Ma(S1)=min {Ma((S1—52)"),Ma(S2)}

>min {min{Ma(((S1—52)'—$3)"),Ma(53)},Ma(S2)}
=min{min{MAa(0),Ma(S3)},Ma(S2)}
=min{Ma(S3),Ma(52)}

B, (S1)=r min{B,((S1—62)),Ba(S2)}
=rmin{rmin{B,(((S1—S2)'—53)),Ba(S3)}B4(S2)}
=rmin{rmin{B,(0),B4(53)}Ba(52)}
=rmin{B,(S3),B,(S2)},and
Ja(S1)<max{JIa((S1—52)"),Ja(S2)}

<max {max {Ja(((S1—52)'—63)),Ja(S3)}.JA(S2)}
=max{max{Ja(0),Ja(S3)}.Ja(S2)}
=max{Ja(53),Ja(52)}.

Hence the proof.
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3.5. Definition: A MBJ-Nset A=(Ma,B,,Ja) in L is called a MBJ-Lattice ideal of L if it satisfies(3)

Ma (61V6S2) = min{Ma (1), Ma(52)}
and (V61,62 €L) B,(S1VS2) = rmin{B,(S1), B,(S2)} ®)
JAa(61VS2) < max{Ja($1),Ja(S2)

3.6. Example: Let L be the Lattice implication algebra as in Example 3.2 and A=(Ma,B,,Ja) be a

MBJ-N set in L which is defined by

1if 61 €{0,d}for everyG, € A

MA(gl):{ 0.6 otherwise for allG; € A

B )_{[0.5,0.6] if ¢, €{0,d}for everyg, €A
40171 10.3,0.4] otherwise forall g, € A

0if ¢; €{0,d}for everyg, €A
0.4 otherwise forallg, € A

In(sa)=]
Then A= (Ma,B,,Ja) is an MBJ-neutrosophic lattice ideal of A.

We discuss the relationship between a MBJ-NLI-ideal and a MBJ-N Lattice ideal.
3.7. Theorem: Every MBJ-NLI-ideal is a MBJ-N Lattice ideal.

Proof: Let A = (Ma,B,,Ja)ENLI(L). The condition (3) is valid.
Since((61VS2)—62)’

= (((61—>62)—62)—>G2)’

=(61—62)’

<(61") 'for allSy, G2 € L,

by(3) and(2),we have

Ma(51VS2)=min {Ma(((51V$2)—62)"), MA (S2)} =min{Ma(51),Ma(S2)},
B4(S1VS2)=rmin{B,(($1VS2)—S2)"),B4(S2)} = rmin {B,(51),B4(S2)}
Ja(S1V6Sz)=max {Ia(((51VS2)—62)), JA(S2)} <max{Ia(51).Ja(S2)}

Hence, A=(Ma,B,,Ja) is a MBJ-N Latticeideal.

By the example given below, we observed the falsity of the converse of the Theorem 3.7.

3.8. Example:

Let A={0, a, b, p, q,c,d,1} be a set with Figure(2) as a partial ordering.Define a quasi complement “ * ” and a

binary operation “ — ” on A as in Table (3) and Table (4).
Figure (2)

Define v and A operations on A as follows

o
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(S1VS2) = (61—62) —G2 ,
(S1AS2) = ((S1"—62* )—G2*)* for all 61,52€ A

Table 1:

X*

G1 G

0 1

a b

b a

p 0

q 0

o 0

d 0

1 0

Table 2:

1 00 0 A a b q C d 1
0 1 1 1 1 1 1 1 1
a b 1 b 1 1 1 1 1
b a a 1 1 1 1 1 1
p 0 a b 1 1 1 1 1
q 0 a b p 1 1 1 1
c 0 a b p d 1 d 1
d 0 a b p c C 1 1
1 0 a b p q C d 1

Let A=(Ma,B4,Ja) be a MBJ-N set in L which is defined by

1if 64 €{0,b,d}for every 61 € A

|\/|A(§1)={ 0.7 otherwise for all 61 € A

[0.5,0.6] if ¢, € {0,b,d}for every g, €E A

BA(§1)={ [0.3,0.4] otherwise forall g, € A

0if ¢, €{0,b,d}for everyg, € A
0.3 otherwise forallg; € A

InGsa)=]

Thus we have A=(Ma,B,,Ja) is a MBJ-neutrosophic lattice ideal of A, but not a MBJ-neutrosophic WI-

ideal of A for

Ma (p) < min{Ma((p = d)*),Ma(d)}
Ba(p) < rmin{B,((p — d)"), B4(d)}
Ja(p) > max{J,((p — d)*),Ja(d)}

Now we investigate that under which condition, a MBJ-N Lattice ideal can be aMBJ-NLI-ideal.

3.9. Theorem:

In a LatticeH-implication algebra L, every MBJ-N Lattice ideal is a MBJ-NLI-ideal.

Proof: Let A= (Ma,B,,Ja) be a MBJ-N Lattice ideal of a Lattice H-implication algebra L.

Moreover, since 0<6Gifor all1 €L, it follows from(1) that

MAa(0)=MAa(S1),B4(0)>B,(S1)andIa(0)<Ia(S1).
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Also, fromG1<61VGzfor allG1,52 €L, by(3)and(5)we get that,
Ma(S1)= Ma($1VG2)=MAa(52V(61'VG2)")
=Ma(S2V (61—62)")

>min {MAa(Sz2), Ma((S1—52))}.
B4(51)=B4(51V 62)=B4(S2 V (S1'V S2))
=B,(S2 V (51—62)")
>rmin{B,(52),Ba((S1—52))},

And Ja(51)<Ja(51V6S2)= Ja(S2V(61'VGS2)'
=Ja (62V(61—62))

<max {Ja(S2),Ja((S1—62))}.

Therefore, A=(Ma,B,,Ja)€ MBJ-NLI(L).
4. Conclusion:

In this paper, we have introduced the definitions of MBJ-neutrosophic WI-ideal and MBJ-neutrosophic lattice
ideal of lattice Wajsberg algebra. We have discussed some of their properties with illustrations. Also, we have
shown that every MBJ-neutrosophic WI-ideal of lattice Wajsberg algebra is an MBJ-neutrosophic lattice ideal
of lattice Wajsberg algebra. But the converse part is true only in the lattice H-Wajsberg algebras. We hope that
more links of logics emerge by the stipulating of this work.
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