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Abstract

The BE-Algebra was presented by Kim in 2007. After that, several authors studied this type of logic concept in
algebra. In this paper, we introduce more properties and remarks of BE-Algebra. Note that (4,*,1) is called BE-
algebra if Vv a €A, b, ¢ €A: collect a *x a = 1, a*1=1, 1*a=a and a*(b*c)=b*(a*c). In addition, a Neutrosophic
BE-filter FI subset of the Neutrosophic BE-algebra is Neutrosophic BE-algebra Al is Neutrosophic BE-subalgebra
Al. Some new results and the criterion to determine some properties of BE-algebra and several relationships with
another algebra namely Hibert algebras (H-algebra).
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1. Introduction

In 1965, Zadeh [1] discussed the fuzzy theorem upon realizing the inability of fragile sets to deal with fully
algebraic structures. Zadeh presented in his work everything related to this theory out of his desire to develop the
mathematical structures at that time. At the end of this study, Zadeh recommended that this theory could be
developed by exploiting its prominent weaknesses. In 1998, Samarandaj [2] took advantage of these points and
developed this theory by introducing a new, interesting theory known as the Neutrosophic Theory as an extension
of the Fuzziness Theory. Through this theory, Samarandaj addressed all the failures that occurred with Zadeh and
highlighted the important strengths of this theory. This theory has gained the approval of a large number of
researchers around the world by linking it with other branches of mathematics such as algebra [3, 4] topology
[5,6], complex analysis [7,8], statistics [9,10] , and many other branches [11,12]. Among these works, Agboola
[13] presented the idea of the neutrosophic algebra. Al-Quran et al [14] presented the idea of the complex
neutrosophic agebra theory. Romdhini et al [15, 16] hand over the idea of the neutrosophic ring theory. Zail et al
[17] established neutrosophic Q-BCK-algebra, BCK-algebra. Jun et al. [18] discovered neutrosophic V-structures
used to BCK/BCl-algebras. Al-Sharqi et al. [19, 20] used the idea of neutrosophic to relate to different algebraic
structures. Abed et al. [21-24] mixes the idea of the netrosophic with many algebraic concepts. As mentioned
above we conclude from what was mentioned above that this idea applies to many algebraic concepts and is
applicable to solving many problems of daily life [25-26].

In other side, some types of algebras have been studied by Isieki [27]. In 2007, Kim introduced BE-algebra as a
generalization of BCK-algebra [28]. In addition, filter concept by details can find it in [29]. Note that several
authors studied filter as a type of algebra by [30]. In [31], the authors studied commutative with bounded property
of BE-algebras but in [32] Ciungu presented commutative pseudo-BE-algebras in details. More results of filter
inside BE-algebras introduced by Meng [33]. Note that commutative ideals were studied in BE-algebras by Rezaci
[34] sucth that let A be a BE-algebra, So, A is a commutative if (x*y)*y=(y*x)*x, xand y in A.

In this work, we will work on merging the concept of neutrosophic with a new type of algebra to generate a new

idea called Neutrosophic of BE-Algebra. Based on previous algebraic ideas mentioned in the second part of this

work, we will work to present a large number of results about this idea presented in the third part of this work.
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2. Preliminaries with some Tools

Definition (2.1). [10] Let U be an initial universe. Fuzzy set means S: U — [0,1]. Therefore, we have a degree of
membership of d in FU, d in U.

Example (2.2). Let U = {3, 5, 7, 8, 10}, so the FS H={(3,0), (5, 0.1), (7, 0.2), ( 8, 0.8) , (10, 1)}. Therefore, the
number 2 is not maximum, but 2 has the membership equal 0.

Remark (2.3): By Example (2.2), we explain the neutrosophic concept by the following L(1)=K+2I: K, 2€R or,
K is a specified part on L(I) and ZI defined with Z11+Z,1=(Z1+Z5) .

Definition (2.3). We say N is a neutrosophic submodule of neutrosophic module M. Also, N is a neutrosophic
small submodule of M.

Definition (2.4). [7] Let $£D be a set. A fuzzy set H= {<d, un(d)>| d belong to D} is named membership function
and denoted by the following:

Mu: D — [0, 1], pu(d) is the degree of membership of d in the fuzzy subset H with d in D.
Definition (2.5). [6, 7] Let H be a universal set. The neutrosophic H, in short Neu (H) is
B={(s0, Tk(), Ik(), Fk(¢) : g in H} 3 Tk, Ik, Fx : H—[0, 1].

such that T refer to True, | refer to Indeterminacy and F refer to False.

Let (A, * ©) be an algebra. So, it is called neutrosophic BCK-algebra if{[T((x*y) *(x*z))] *T(z*y)=0,

[1(x*y)*(x*2)]*1(z*y)=0, [FOxFy)*(x*2)]*F(z*y)=0}, {Tx*(x*y)*T(y)]=0, I[Oc*(x*y))*1(y)]=0,
FI(Ox*(x*y))*F(y)]=0}, {T[(x*x) =0, I(x*x) *=0, F(x*x) =0}, {T[(0*x) =0, I(0*x) =0, F(0*x)=0} and

{TI((x*y)=(y*x))=0, so x=y), I[((x*y)=(y*x))=0, s0 x=y), F[((x*y)=(y*x))=0, so x=y} for all x, y, z in A.
3. Neutrosophic BE-algebra

In this section we focus of Neutrosophic BE-algebra when any element x belongs to BE-algebra is called
neutrosophic Hilbert algebra and neutrosophic Quasi-algebra. However, before that we must present several
concepts related to BE-algebra.

Definition 3.1. Note that (4,+,1) is called BE-algebra if Vv a €A, b,c €A: collectl-axa =1
2-a*1=1

3-1*a=a

4-a*(b*c) =b*(a*c).

Remark 3.2. (A,*,1) of type (2,0) and a relation (<) on A defined by a < b«—a*b =1«<a+b=1
Example 3.3. Let Al= {11, al,cl,dl,el}define with binary operation by :

U*1=11 al*1li=1l bI*11=11 cl*1I=1l dI*11=11 el*1I=1I

1l*al=al al*al=11 bl*al=1l cl*al=1l dI*lal=1l el*al=1I

1I*bl=bl al*bl=al bl*bl=1l cl*bl=bl dI*bl=al el*bl=1I

1I*dI=bl al*di=cl bl*dl=cl cl*dl=al dI*dI=1l el*dI=1I

1l*el=el al*el=dl bl*el=cl cl*el=bl dl*el=al el*el=1l

Therefore we say (Al, *,1) is Neutrosophic BE-algebra.

Remark 3.3. Al Neutrosophic BE-algebra is (a BE-algebra) if V el, bl € Al and (al*bl=11 and bI*al=11—al=bl).
But Neutrosophic BE-algebra (BE-algebra) if

V &, b,c €A, ( bI*cI=11)—((al*bl).(al.c)=11).
Example 3.4. Let Al= {11, al, cI} with * and defined by :
1*1I=11 al*1li=1l  bl*11=1l cI*1I=1l
llI*al=al al*al=1l bl*al=al cl*al=1I
1I*bl=bl al*bl=bl bI*bI=1l cI*bI=1I

1li*cl=cl al*cl=bl bl*cl=1l cl*cl=1I
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Then (Al, *,11) is a Neutrosophic BE-algebra.

Note (Al, *,11) in Example 3.5 is not (BE-algebra) and not (BE-algebra).

Definition 3.5. By A% ICAI (BE-algebra) is called Neutrosophic BE-subalgebra if :
Val,bl € Al;al € AYI,bl € AYI - al,bl € AYI

11 € A1, so BE-subalgebra of BE-algebra is not zero.

Definition 3.6. [6] Any Neutrosophic BE-algebra Al is called Neutrosophic self- distributive (N-S-distributive) if
1V al,bl,c € Al*al*(bl*cl)=(al*bl)*(al*cl).

Frome (1) and (2) in Definition 3.1, we get the following:
Va€Al —al<al

VaeAl —wal <11

Also, from (3), (4) in Definition 3.1, we get:

Val € Al —»al <al

v al,dl AT —al < (al*bl)*bl).

On the other hand, when Al is (N-S-Distributive) BE-algebra, this means
V al, bl, cl €Al —al < bl <cl— al <cl

Remark 3.7. Any Neutrosophic BE-algebra Al is cslled Neitrosophictransitive if

v al, bl, cl €Al — (bI*cI) < (al*bl)*(al*cl).

Therefore, if Al is (N-S-Distributive) BE-algebra, Al is a Neutrosophic transitive and hence if:

V al,bl,cleAlLal <bl —(cI*al<cl*bl" A" bl*cl <al*cl).

Then Al is called transitive Neutrosophic BE-algebra.

Definition 3.8. Let @ = Fc Al such that AI = (Al,+,1) is BE-algebra. Then FI is BE-filter in Al:
1)1leF

2) v al, ble

Al:1)1 € F  2)Val,bl € Al;al € Fl nal xbl € FI — bl € FI.

Example 3.9. .F, = {11} € AI (Neutrosophic BE-algebra) is Neutrosophic BE-filter.

Remark 3.10. A Neutrosophic FI is structure in Neutrosophic BE-algebra Al is also has the following:
1)V al,bl € Al; al € FI nal < bl — bl € FI.
2)Val,bl € Al; al € FI Anbl €EFI — al xbl € FI

Note that Neutrosophic BE-filter FI subset of the Neutrosophic BE-algebra is Neutrosophic BE-algebra Al is
Neutrosophic BE-subalgebra Al.

Example 3.11. Let Al = {11, al, bl, cl,dl, el}.
Let F, = {11} < AI Neutrosophic BE-algebra with filter property.
Lt F, = {11,al}c Al is a filter.
Lt F, = {11, cI}c Al is afilter.
Lt F; = {11,al, bI}c Al is a filter.
Lt F, = {11, cl,dI}c Al is afilter.
Lt Fs = {11,al,bl, cI}c Al is a filter.
Lt F, = {11, cl,dl,el}c Al is a filter.
It is clear that according to Remark 3.10 F.I is a Neutrosophic BE-filter because:
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F, 1 is not a Neutrosophic BE-filter, because:
al € FyI and al * bl = al € F,1 but bl £ F, 1.
F,1,F;1. and F,I. are Neutrosophic BE-filters in Al.
Fgl. and F4l. are Neutrosophic BE-filters in Al.
Example 3.12. Let Al={1l,al,bl,cl,dl,el} be a set with an operation * and determined by :
1*11=11  al*1li=1l  bI*11=11  cl*1I=11 dI*1I=1l
ll1*al=al al*al=11 bl*al=al cl*al=al dl*al=1l
1I*bl=bl al*bl=bl bl*bl=1l cl*bl=bl dI*bI=1I
1I*cl=cl al*cl=cl bl*cl=cl cl*cl=1I di*cl=1I
1I*dl=dl al*dl=dl bl*dl=cl cl*dl=bl dI*dI=1I
Then Al is N-S distributive BE-algebra. Note that (<) is given by:
{(11,11),(al,11),(al,al),(bl,11),((bl,bl),(cl,11),
(cl,al),(cl,cl),(dl,11),(dl,al),(dl,bl),(dl,cl),(dl,dI).
and let the following Neutrosophic subset of Al:
Fy={113}, F, = { 11,al},F, = {11 bI},F; = {11, al,cl}.

are Neutrosophic BE-filters. But F, = {11,bl,dI} and F; = {11, al, cI, dl} are not BE-filters. Now we present a
definition of Neutrosophic atoin Neutrosophic BE-algebra.

Definition 3.13. Anelement al = 11 € Al iscalled atomif bl € Al,al < bl thenbl =al orbl =11 .
Note: O(AI) refer to the set of all atoms in Al.
Proposition 3.14. 0 (AI) is anti-chain.

Proof : Suppose that al, bI € O(A) 3 al # bl. Assume that bl = al or bl = 11. clear tis that all the above cases
is not possible. So al, bI are not comparable.

Theorem 3.15. Let Al be a Neutrosophic BE-algebra; al € AI 3 11 # al . So al an atom if 3 {1/,al} is a
Neutrosophic filter inside Al.

Theorem 3.16. Let Al be a neutrosophic BE-algebra and let al € O(AI) . Then
1)bl € Al - (al *bl) = bl = al\(al = bl) bl = 11.
2)bl € Al » bl xal =alvbl *al =11.

Theorem 3.17. Let Al be a N-S-distributive(aBE)-algebra and with al € Al. If al satisfies (2) in Theorem 3.17,
so al is a Neutrosophic in Al.

Proof: Let bl € Al € bl lest than and equal al.So 1I = bl * bl < (bI) * (al) < 11.Then albl = 11.Al. So
al < bl.Hence al = bl.Thus bl is an Al.

be any set with operation = and defined by:

U*1=11  al*11=11  bi*1li=1l  cI*11=11  dI*11=1l
llI*al=al al*al=1l bl*al=al cl*al=al dl*al=1l
1I*bl=bl al*bl=bl bl*bl=1l cl*bl=bl dI*bi=1I
1l*cl=cl al*cl=cl bl*cl=cl cl*cl=11  dI*cl=1I
1I*dl=dl al*dl=dl bl*dl=cl cl*dl=bl dI*dI=1I

Then (Al ,1I) is aEB-algebra and < {11,113}, (al, 11),al,al), (bI, 11), (cI, 1I), (cI, bl), (cI,cI)}. Note that
{11,al} and {11, bI} are subsets of BE-filter of Al.

Corollary 3.18. 0(AI) v {11} < Neutrosophic BE_algebra Al is Neutrosophic BE-subalgebra.

Example 3.19. Let AI = {11,al, bI, cl, dl, eI} be a set with an operation * and:
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U*1I=11 al*11=11  bI*1li=1l  cI*11=11 dI*11=1l
ll1*al=al al*al=11 bl*al=al cl*al=al dl*al=1l
1I*bl=bl al*bl=bl bl*bl=1l cl*bl=bl dI*bI=1I
1l*cl=cl al*cl=cl bl*cl=cl cl*cl=1l  dl*cl=1l
1I*dl=dl al*dl=dl bl*di=cl cl*dI=bl dI*dI=1I
so, (Al,x,11I) is a Neutrosophic BE-algebra. (<) Note that defined by:
< {(11,1D), (al, al), (al, 11), (bI, bI), (bI, 11), (cI, cI), (cI, 11), (cl, bI), (dI, dI),

(dl,11)}. Also F, F, ,F;,F, and Fs; are Neutrosophic subset of AI 3 F, I = {11}, F,I={1l,al}, F;1 =
{11,b1},F, 1 = {11, cI} and Fs I = {11, cI} are Neutrosophic BE-filter inside Al. Therefore, by theorem 3.16, every
element without 11 is Neutrosophic atoms inside Neutrosophic BE-algebra.

4. Conclusion and final Remarks

The concept of Neutrosophic BE-algebra can be considered, as a generalization and extension of Neutrosophic
BCK-algebra are a BE-algebra and Neutrosophic BE-algebra. Our report presented of Neutrosophic atoms inside
Neutrosophic BE-algebra. In Theorem 3.15, we satisfied an important property which say if Al is a Neutrosophic
BE-algebra; al €Al such that 11 not equal al is atom if {11, al} is a Neutrosophic filter inside Al. Also, we proved
that if Al is a Neutrosophic BE-algebra; al € Al 3 11 # al . So al an atom if 3 {1], al} is a Neutrosophic filter
inside AI. In addition, several different of extends, aNeutrosophic BE-algebra were studied. Some important new
results discussed in this report.

References

[1] L.A. Zadeh,Fuzzy sets, Information and Control, vol 8, pp. 338-353.1965.

[2] F. Smarandache, Neutrosophic probability, set, and logic, American Research Press: Rehoboth, IL,
USA, 1998.

[3] Jamiatun Nadwa Ismail et al. The Integrated Novel Framework: Linguistic Variables in Pythagorean
Neutrosophic Set with DEMATEL for Enhanced Decision Support. Int. J. Neutrosophic Sci., vol. 21,
no. 2, pp. 129-141, 2023.

[4] Abed, M. M., Al-Jumaili, A. F., Al-shargi, F. G. Some mathematical structures in a topological group.
Journal of Algebra and Applied Mathematics. 2018, 16(2), 99-117.

[5] Al-Shargi, F. G., Abed, M. M., & Mhassin, A. A. (2018). On polish groups and their
applications. Journal of Engineering and Applied Sciences, 13(18), 7533-7536.

[6] Al-Omeri, W., & Jafari, S. (2018). On generalized closed sets and generalized pre-closed sets in
neutrosophic topological spaces. Mathematics, 7(1), 1.

[7]  Al-Sharqi, F., & Al-Quran, A. (2022). Similarity measures on interval-complex neutrosophic soft sets
with applications to decision-making and medical diagnosis under uncertainty. Neutrosophic Sets and
Systems, 51, 495-515.

[8] Abed, M. M. (2022). On Indeterminacy (Neutrosophic) of Hollow Modules. Iraqi Journal of Science,
2650-2655.

[91 F. Al-Sharqi, Y. Al-Qudah and N. Alotaibi, Decision-making techniques based on similarity measures
of possibility neutrosophic soft expert sets. Neutrosophic Sets and Systems, 55(1) (2023), 358-382.

[10] F. Al-Shargi, A. Ahmad, A. Al-Quran, Fuzzy parameterized-interval complex neutrosophic soft sets
and their applications under uncertainty, J. Intell. Fuzzy Syst. 44, (2023), 1453-1477.

[11] F. Al-Shargi, A. Al-Quran, M. U. Romdhini, Decision-making techniques based on similarity measures
of possibility interval fuzzy soft environment, Iragi Journal for Computer Science and Mathematics,
vol. 4, pp.18-29, 2023.

[12] Talak, A. F., & Abed, M. M. (2022, January). Injective module and C1-module. In AIP Conference
Proceedings (Vol. 2386, No. 1). AIP Publishing.

[13] Agboola, A. A. A. (2015). On refined neutrosophic algebraic structures. Neutrosophic sets and systems,
10, 99-101

[14] Al-Quran, A., Al-Sharqi, F., Rodzi, Z. M., Aladil, M., Romdhini, M. U., Tahat, M. K., & Solaiman, O.
S. (2023). The Algebraic Structures of Q-Complex Neutrosophic Soft Sets Associated with Groups and
Subgroups. International Journal of Neutrosophic Science, 22(1), 60-77.

210
DOIL: https://doi.org/10.54216/1]NS.250218
Received: February 17, 2024 Revised: May 09, 2024 Accepted: August 18, 2024



https://doi.org/10.54216/IJNS.250218

International Journal of Neutrosophic Sciences (IINS) Vol 25, No. 02, PP. 206-211, 2025

[15]

[16]
[17]
[18]

[19]

[20]

[21]
[22]
[23]
[24]

[25]

[26]

[27]
[28]
[29]
[30]
[31]
[32]
[33]

M U Romdhini, a Al-Quran, F Al-Shargi, M K Tahat, and A Lutfi. Exploring the Algebraic Structures
of Q-Complex Neutrosophic Soft Fields. International Journal of Neutrosophic Science, 22(04):93—
105, 2023.

M U Romdhini, F Al-Shargi, a Nawawi, A Al-Quran, and H Rashmanlou. Signless Laplacian energy
of interval-valued fuzzy graph and its applications. Sains Malaysiana, 52(7):2127-2137, 2023.

Zail, S. H., Abed, M. M., & Faisal, A. S. (2022). Neutrosophic BCK-algebra and Q-BCK-algebra.

International Journal of Neutrosophic Science, 19(3), 8-15.

Jun, Y. B., Smarandache, F., & Bordbar, H. (2017). Neutrosophic NV -structures applied to BCK/BCI-
algebras. Information, 8(4), 128.

F. Al-Shargi, A. Al-Quran and Z. M. Rodzi, Multi-Attribute Group Decision-Making Based on
Aggregation Operator and Score Function of Bipolar Neutrosophic Hypersoft Environment,
Neutrosophic Sets and Systems, 61(1), 465-492, 2023.

A. Al-Quran, F. Al-Shargi, A. U. Rahman and Z. M. Rodzi, The g-rung orthopair fuzzy-valued
neutrosophic sets: Axiomatic properties, aggregation operators and applications. AIMS Mathematics,
9(2), 5038-5070, 2024.

Talak, A. F., & Abed, M. M. (2021, February). P-(S. P) Submodules and C1 (Extending) Modules.

In Journal of Physics: Conference Series (Vol. 1804, No. 1, p. 012083). IOP Publishing.

Abed, M. M. (2020). A new view of closed-CS-module. Italian Journal of Pure and Applied

Mathematics, 43, 65-72.

Hammad, F. N., & Abed, M. M. (2021, March). New results of injective module with divisible property.
In Journal of Physics: Conference Series (Vol. 1818, No. 1, p. 012168). IOP Publishing.

Kareem, F. F., & Abed, M. M. (2021, May). Generalizations of Fuzzy k-ideals in a KU-algebra with
Semigroup. In Journal of Physics: Conference Series (\Vol. 1879, No. 2, p. 022108). IOP Publishing.
Z.bin M. Rodzi et al., “Integrated Single-Valued Neutrosophic Normalized Weighted Bonferroni Mean
(SVNNWBM)-DEMATEL for Analyzing the Key Barriers to Halal Certification Adoption in
Malaysia,” Int. J. Neutrosophic Sci., vol. 21, no. 3, pp. 106-114, 2023.

Abdallah, M.., Alawi, D.., Mohammed, M.. N-Refined Indeterminacy of Some Modules. Journal of

International Journal of Neutrosophic Science, vol. 20, no. 2, 2023, pp. 20-26.

K. Iseki, S. Tanaka, An introduction to theory of BCK-algebras, Math. Japon. 23 (1978), 1-26.

H. S. Kim, Y. H. Kim, On BE-algebras, Sci. Math. Jpn. 66 (2007), 113-116.

S. S. Ahn, K.S. So, on ideals and upper sets in BE-algebras, Sci. Math. Jpn. 68 (2008), 279-285.
A. Walendziak, on implicative BE-algebras, Ann. Uni. Mar. Cur-Sklod. Sect, A, 76 (2022), 45-54.
Z. Cilogu, Y. Ceven, Commutative and bounded BE-algebras, Algebra, 2013 (2013), 1-6.

L. C. Ciungu, Commutative pseudo BE-algebras, Iran. J. Fuzzy Syst., 13 (2016), 131-144.

N. Olgan and A. Khatib, "Neutrosophic Modules," Journal of Biometric Applications. Vol. 3, No.2,
2018.

211

DOI: https://doi.org/10.54216/1]INS.250218

Received: February 17, 2024 Revised: May 09, 2024 Accepted: August 18, 2024


https://doi.org/10.54216/IJNS.250218

