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Abstract

The study of geometric properties within the subclass of analytic functions has garnered significant attention
in recent years due to its complex and intricate interplay between geometric function theory and complex
analysis. This area of study provides deep insights into both mathematical theory and its practical applications.
The exploration of these properties is not only of theoretical interest but also offers valuable implications for
various applications in mathematical and engineering disciplines. In particular, this paper focuses on a detailed
examination of the inclusion, neighborhood, and partial sums properties within a broad and general subclass of
analytic functions. This class of functions is defined through a generalized multiplier transformation operator,
which adds a layer of complexity to their analysis. By investigating these specific properties, this study aims
to validate and build upon many existing findings documented in the literature, offering new perspectives and
contributing to a deeper understanding of the field.
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1 Introduction

Let A represent the set of analytic functions f defined on the open unit disk U, which are normalized by the
conditions f(0) = 0 and f’(0) = 1. Consequently, every function f € A can be expressed as a Taylor-
Maclaurin series of the form:

fw)y=v+ Zaﬁv'{, vel. (1
K=2

In 1975, Silverman! introduced and analyzed a specific subset of .4 comprised of functions where the coeffi-
cients, starting from the second term, are negative. In other words, the analytic functions f within this subset

can be represented as
e}

f(v):v—z:a,{v“, velU. a,=0 2)

K=2
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This subclass is known as the class of analytic functions with negative coefficients and is denoted as .A*. Fol-
lowing Silverman’s contribution, there has been considerable interest in studying functions with negative co-
efficients. Building on Silverman’s work, many additional subclasses of A have been investigated in academic
literature. For functions f € A, Cho and Srivastava? introduced the generalized multiplier transformation
operator as follows:

Ly f(v) =v+ Z (Tiz) /aﬂv“, (me Ny =Nu {0} and ¢ > 0). 3)
K=2

It is worth noting that for ¢) = 1, the multiplier transformation I;* was introduced and examined by Urale-

gaddi and Somanatha® whereas for v = 0, the multiplier transformation I, . was introduced and analyzed by

Salagean*

Yousef et al. in initially introduced the class B (¢, d, «). In subsequent work,® Illafe et al. incorporated
the operator ;)" f(v) to define a new subclass, By, (¢, 0, ), and established the necessary and sufficient
conditions for a function f(v) to belong to this subclass B}, (¢, d, @), as outlined in the following definition
and theorem. For more work related to the class B (¢, 8, o), we refer the reader to’-%?

Definition 1.1. For ¢ > 1,6 = 0and 0 < « < 1, an analytic function f represented by (1)) is in B;‘%w(gp, 0, )
if for all v e U.

I$f(v) m / m "
Re{ (1 )2 (1 f(0) + 001 f0) | > o @)
Theorem 1.2. A function f € A* defined by (2) belong to the class By, (10,0, @) if and only if
[e¢] m
HZQ[(1*¢)+H@+H(H*1)5] <Ti:ﬁ> a, <1-—a. (5)

2 Inclusion Relations

This section investigates the inclusion properties of the subclass B;’;}w(gp, d, ). By examining various inclu-
sion relations, we aim to understand how different subclasses relate to each other within this framework. The
results presented offer insights into how certain classes are contained within others, contributing to a broader
understanding of the hierarchical structure within the class of analytic functions under consideration.

Theorem 2.1. let 0 < o < ag < 1. Then

::1,11) (Qov d, 041) = B;l;z,w (507 J, 042) . (6)

Proof. Consider the function f(v) defined by equation (2) to belong to the class By, , (¢, d,az). Then, by
Theorem [1.2] we have

1—p)+rp+k(k—1)0 a, <1—«
D109+ wo-t - 18] (F5) :
< ]. — Q7.

Thus, f € By, , (¢, 0,1).
Therefore, the inclusion relation shown by @ holds. O
Theorem 2.2. let 1 < @1 < o. Then

B:’L,d) (901357 Oé) =2 B;I:L,w (@2757 OZ). (7)
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Proof. Consider the function f(v) defined by equation (2) to belong to the class By, , (#2,d,«). Then, by
Theorem [1.2] we have

& k+9P\" = k+P\"
H=2[(1 — 1) + ko1 + k(K — 1)0] <1 " 1/’) ay < ,;2[(1 — @2) + kpa + k(K — 1)d] <1 - w) Qs
<1l-—aqa.
Thus, f € B, , (¢1,6, ).
Therefore, the inclusion relation shown by (7)) holds. [
Theorem 2.3. let 0 < 61 < 9. Then
B:Ld; ((,0,(51,04) = B:uw ((,0,(52,04). 3

Proof. Consider the function f(v) defined by equation (2) to belong to the class B}, ; (¢, 2, ). Then, by
Theorem[I.2] we have

:[(1 — @) + ke + Kk — 1)0] <H+¢>maﬁ < :O (1= ) + rp + mlx — )] (Ii+1/))ma’$

- 1+ = 1+
<1l-a.
Thus, f € By, , (¢, 01, ).
Therefore, the inclusion relation shown by @) holds. O
Theorem 2.4. let 0 < my < mo. Then
:;Ll,z/) (90557 Oé) = B;I;LQ,IZJ (9036504)' (9)

Proof. Consider the function f(v) defined by equation (2) to belong to the class B};, s (¢,d, ). Then, by
Theorem[T.2] we have

© my © ma
K:Q[(l — @)+ kp + Kk(k—1)0] <TIZ> a, < §2[(1 — )+ ke + Kk(k —1)d] (TIZ) ay
<l-oa
Thus, f € B;knl,é (p, 0, ).
Therefore, the inclusion relation shown by (9) holds. O
Theorem 2.5. let 0 < ¢y < 2. Then
B, g (0,0,0) 2 By, 4 (9,0,0). (10)

Proof. Consider the function f(v) defined by equation (2) to belong to the class B, ,, (¢, 0, ). Then, by
Theorem[I.2] we have

:[(1 — ) + K + Rk — 1)4] <K+w1>ma,€ < i[u — ) + K + K(k — 1)6] (”%)m%

. 1+ = 14+ 1
<1l-a.
Thus, f € By, . (¢,0, ).
Therefore, the inclusion relation shown by (I0) holds. O
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3 Neighborhoods

In the study of analytic functions, neighborhoods play a crucial role in understanding the behavior of functions
within certain bounds. Specifically, this section explores neighborhoods defined around a given function f in
terms of the coefficients of its series expansion.

Consider the neighborhood N;(f) defined by

NA(f) = {geA*. _U_Zb"”vv and Zna,ﬁ—bﬁgg},

K=2

Here, A* denote the class of analytic functions with negative coefficients, and a, and b, are the positive
coefficients of the series expansion of f and g, respectively.

For the identity function e(v) = v, the neighborhood is given by

Ne(e) = {geA*' = i and inbmés}.
K=2

K=2

This section will investigate the neighborhood property, focusing on N (e), and will prove several important
results concerning the relationship between different function classes and their neighborhoods.

- 20=a) *
Theorem 3.1. If ¢ > 20+ 1 and ¢ = Troe20) (D)™ then By, (i, 0,a) = Nc(e).

Proof. Let f(v) € B, ,(#,d,a). Then, by Theorem we have

which implies

& 11—«
Dlan < , (11
k=2

Now, from (3)) and we have

2+ ) " &
<1+w> Enan l—a—(1—¢+26) <1+¢> g (12)

g (1ma)-p+2)

1+9+26
Hence,
i 2(1 — )
Ka, < (250 =g,
K=2 (1+§0+2) T+
and f(v) € N:(e). O

A function f € A* is said to be in the subclass B, w(g@, d, av) if there exists a function g € B, w(ga, d, a) such

that
f(v)—l‘él—ﬂ, (0<B<1,vel).
g9(v)
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Theorem 3.2. If g € B}, (.0, ) and

then N¢(g) = B, (0,6, ).

Proof. Let f(v) € Nz(g). Then

o] [e] €
Diklan —bel <e= ) law — bl < 5.
K=2 k=2 2
Since g € By, (¢, 6, a), then
& 11—«
Db < o
+
Letting |v| — 1, we have
0]
f(v) 1l < D2 ‘aog b (13)
g U) 1- 2572 br@
2 m
e (1+¢+25 117
) 24y \™
(14 ¢+ 26) (W) +a-—1
< 1- Ba
Thus, f € B}, w(gp, J, ). O

4 Partial Sums

Silverman®* sharp bounds on the real part of the ratios between normalized convex or starlike functions and
their corresponding partial sum sequences. In this section, we build upon Silverman’s work?* and the studies
mentioned in®’ concerning partial sums of the analytic functions to examine the proportion of real parts of a
function of the form (2)) and its corresponding partial sum sequences, which is defined by:

N
fn(@w)=v-— 2 a0, N eN\{l}anda, > 0. (14)

K=2

Let

[1]

[{+’l/})7n

=S80 = [0 ) 4ol — 18] (50

where m € Ny, > 1,0 > 0and ¢ > 0.

Theorem 4.1. If f € A™* in the form of equation (2)) satisfies the condition (El), then

Re{ ) }>:N+infa1, (15)
In(v) EN+1
and o
Re{fN(U)}Z — —N+1 ) (16)
f(v) EX —a+1
The results are sharp for every N € N\{1}, with the extremal functions given by
1—
f) =v— =LV, (17)
=N+1
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Proof. To prove (I3), it is sufficient to prove that

=m =m +a—1 1
N+1 < f(U) _ N+im > < + U, (U c U)
1—a \ fnv(v) ER 1 1-wv

Define the function w(v) by

E%J’_l (1 — Zf=2 G/KUK’_l Er](/l-‘rl +a-— 1) _ 1+ w(v) (U c U)

o \1-y a0t Ei T—w()’

which implies
EEJA ] Kk—1
( T—a ) ZK=N+1 agv

N _ ENi1 0 1
242 savsl ¢ (—1_a D N1 ARVRT

w(v) =

Obviously, w(0) = 0, and

(352 ) 2y a
w(v)] <

~x N =m 0 N
_ _ [ =N+1 )
2 22:{:2 Ak ( 11—« ) ZK:N+1 Ak

Now, |w(v)| < 1 if and only if

2(?“) i a,{<2—2iam
-« Kr=2

k=N+1
or, equivalently,

i i ’:‘X;l

=N+
a, + ( )amgl,
= 11—«

K=N+1

In view of (3), it is sufficient to show that
N 0 —m o —m
Sat Y <1N+1> o < <1n> o
r=2 k=N+1 - 3 o

which is equivalent to to showing that
N —_ 0 —_m —m
Elrt+a—1 = T EN11
= )a. —— ) a, =0. 18
;2 < 11—« > O + Z ( 1—a “ (18)

We observe that the first term of the first series in is positive and, since =}" is a non-decreasing sequence,
all the subsequent terms in the first series are also positive. Additionally, the first term of the second series in
(I8) is zero, and all the remaining terms in this series are positive as well. Consequently, the inequality (I8)
holds true. Therefore, the proof of (I35) is complete.

The proof of follows by showing that

E?Vl-kl_a_'—l fN(U) E]mV+1 < 1+07 (UEU),
l1-«a 1—-wv

f) B —a+1

using similar arguments to those in (I5), and is hence omitted.

Finally, it can be verified that the function given by gives the sharp result in and (I6), when, v =
re? ™ Nandr — 17, O
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Theorem 4.2. If f € A* in the form of equation (2)) satisfies the condition (@) then

Re{ f(v) } L FRa = (V- a) "
In() =N+
and @) =
N EN+1
Re {f’( >}> (Nt D)(1-a) 20)

The results are sharp for every N € N\{1}, with the extremal functions given by .

Proof. To prove (19), it is sufficient to prove that

=Nt (f’(v)_Eﬁ+1—(N+1)(1—a)><1+v

N+ D1 —a) =y (EUk

lev(v) EWH

Define the function w(v) by

=5 -3 okau™ ! B, - (N+ DI -a))  1+w(v)
N+ —a) \ 1=V kagos-1 EN 41

which implies

=m

SN+41 e k—1
(Mﬁ) k=N 41KV

—2+2% ) Kkaxosl + ((N:f\;al a)) YN RV

w(v) =

Obviously, w(0) = 0, and

E’Vn 1 w
(Mﬁ) Dik=N-1 K

N ER © ’
223 o Kan — ((N+1]§(+11—a)> Dn=N+1

w(v)| <

Now, |w(v)| < 1 if and only if

N
2((NJ:1NH> Z KO, < 2—2’;2/1%,

K=N+1

or, equivalently,

N —=m
2 Kag + i <N:N+1> Kay, < 1,
= (N +1)(1-a)

k=N-+1

In view of (3), it is sufficient to show that

o0 —_
=% =
Em“Jr Z (N+1+11—a)> <K:2(1—

k=N+1

which is equivalent to to showing that

i (W) ay + i ((N(jvllag(l_fi?“> ax = 0. @1

K=2 K=N+1

We observe that the first term of the first series in (21) is positive and, since =]’ is a non-decreasing sequence,
all the subsequent terms in the first series are also positive. Additionally, the first term of the second series in
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(21) is zero, and all the remaining terms in this series are positive as well. Consequently, the inequality (2]
holds true. Therefore, the proof of is complete.

The proof of (20) follows by showing that

Efg +(N+1)(1 —a) (fj’v(u) EX ) 1+wv

N+ -a) fo)  Epg N+ -a)

using similar arguments to those in (I9), and is hence omitted.

Finally, it can be verified that the function given by gives the sharp result in and (20), when, v =
re?™ Nandr — 17, O

5 Concluding Remarks

In this work, we thoroughly investigate the geometric properties of a general subclass of analytic functions
with negative coefficients, denoted as B*m, ¥ (y, 0, ), which is defined by the application of a generalized
multiplier transformation operator ™). This class of functions plays a significant role in complex analy-
sis, particularly in understanding the behavior of various function families in terms of their starlikeness and
convexity.

Our analysis focuses on several important aspects, including the inclusion relations between this subclass and
other well-known classes of analytic functions. We also examine the neighborhood properties of functions
within this subclass, which provides insight into how these functions relate to others in terms of proximity
and structural similarity in the complex plane. Furthermore, we delve into the partial sums of these functions,
which is a crucial area of study in determining the approximation properties and convergence behaviors.

The results we have obtained not only generalize certain known theorems but also provide new insights into the
structure of these analytic functions. Our findings have the potential to verify and extend numerous existing
results in the literature, thereby contributing to a deeper understanding of the interplay between geometric
function theory and operator theory. Through this work, we aim to offer a comprehensive exploration of the
subject, paving the way for future research in this area.
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