International Journal of Neutrosophic Science (IINS) V0l 25, No. 04, PP. 10-17, 2025

ASPG

American Scientific Publishing Graup

The Runge-Kutta Numerical Method of Rank Seven for the
Solutions of Some Refined Neutrosophic Differential Problems

Belal Batiha®”
!Department of Mathematics, Faculty of Science, Jadara University, Irbid, Jordan
Email: B.bateha@jadara.edu.jo

Abstract

In this paper, we present a numerical approach to the seventh rank refined neutrosophic Runge-Kutta numerical
method, where we provide the theoretical basis of this formula to be applicable on refined neutrosophic differential
equations. In addition, we provide numerical tables to compare the validity of this new method with other methods,
as well as a clear computation of absolute errors in terms of refined neutrosophic numbers.
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1. Introduction

Neutrosophic logic presented by Smarandache [6] is considered as a new generalization of fuzzy logic that takes
into account the idea of indeterminacy and uncertainty in measurements resulting from natural phenomena.

It has been used to study many traditional mathematical concepts, such as algebraic structures, analysis, and even
in computer science [10-13].

The Runge-Kutta method is one of the reference methods in numerical analysis that has been dealt with and
developed by many researchers around the world. Different ranks of this method have been used in order to find
numerical solutions and approximate errors for various problems in applied mathematics [4-9].

The applications of neutrosophic methods in numerical analysis have been studied by many authors see [14-18].
Where, we can see neutrosophic modelled problems with their approximate solutions and absolute errors were
presented numerically [19-25].

The main goal of numerical analysis is to study the numerical approximations of solutions for many different
problems (algebraic or differential) with a clear computation of errors that emerge from the approximation process
[1-3].

This has motivated us to we present a numerical approach to the seventh rank refined neutrosophic Runge-Kutta
numerical method, where we provide the theoretical basis of this formula to be applicable on refined neutrosophic
differential equations. In addition, we provide numerical tables to compare the validity of this new method with
other methods, as well as a clear computation of absolute errors in terms of refined neutrosophic numbers.

2. Main Discussion

The Refined neutrosophic Runge-Kutta method of rank 7:

tner tinsil +enpily
] m+nl + 1,
=t, +j. i + el + 19—2(32(51 + 5.0 + 511,) +80(s, + 5,14 + s,1,) + 48(s;

+ 5317 + 5315) + 24(S4 + 541y + S41,) + 4(Ss + S5l + S51,) + 2(Sg + Sgly + Sgl) + (s
+ s;1; + 5515) + (sg + sgly + sgly))
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Where:
Sy + sily + 510y = f(hy + gnly + 10y, 6y + jnly + ex]5)

m+nly+il,

Sy + Sply + 5,0, = f(hy + gy + 1,15 + Jtn + il +eply + %(m +nl + ) (s; + s11; + 5115))

m+nly+l,

s34+ 530y + 531, = f(h, + gply + 1,0, + Jta + il eyl + %(m +nly + 1L,) (s, + 5,14 + s315))

Sy + Suly + 5,05 = f(hy + gy + 1, +m4nly + Uy, ¢, + j, 0 + e, + (m+nly + U,)(s3 + s31; + s315))
Ss+sgly +ssl, = f(hy, + gpnly + 1L +m+nly + 1L, t, + ju Ly + e, + (m 4+ nly + UL) (s, + 5,07 + 5415))
Se +Sgly + s¢l, = f(hy + gy + 1, + m+nly + 1L, t, + j, 1y + e, I, + (m+nly + U,)(sg + S5l + s515))
Sy + 57l + 570, = f(hy, + gudy + 1, +m+nly + 1L, t, + j, 0 + e, + (m+nly + 1,)(sg + Sgly + S615))
sg+ sgly +sgl, = f(h, + gy + 1l + m+nl + 1L, t, + j, 0, + e, l, + (m +nly + 1,)(s; + s71, + s715))
The stability analysis for refined variables:

the1 tineih +enly =

tn +jnly + ey + (m +nly + 1) S(h, + gl + 100, t, + july + ey, A1l + 11,) D
The general is :

(tn +jn11 + enlz)(hn + gnll + rnlz) - (tn+1 +jn+111 + en+112) = 0((m + nll + l]z)p+1) (2)
we get the following:

(tn +jn11 + enIZ)(hn + gnll + rnIZ) = E(A(m + nll + 112))(tn +jn11 + enIZ) (3)
we get :

(tn +jn11 + enlz), = l(tn +jn11 + enlz): (tn +jn[1 + enlz)(ho + 9011 + TOIZ) = (t +j11 + 612)0 (4)
Thus:

E(n+nl +1L)) = 1+ (m+nk + L) + - (m+nl + ) +........ +$(m ol + 1L)P +
O((m + nl, + I,)P*™Y) (5)

RK stability period

— (m+nl +1)?
1+ (m+nl +11) +—2'
(m+nl; +10,)3
3!
(m + nl, + 11,)*
. e (—2.12265 + 1.19371,
m + nl, + 1) +0.00121,)
+ 5!
(m + nl; + 1,)°
6!
(m + nl, + 11,)7
o

Numerical applications:

Example.

Solve the following system of neutrosophic differential equations:
(t+jL +el)] = +jL +ely),, (t+jl +el,);(0) =1+ 1+,

ely),(I) = =1—1L1-1,

We will take the value of the step length h = 0.001(1 + I, +1;)
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Example:

Solve the following system of differential equations:

(t +jL +ely)} = (600 + 3001)(t +jI, + ely),* ((t +jI + ely), — (t +jI, + ely), %), (¢ + jI, + ely); (1)

=01+1

(t +jL + ely)y = (=200 — 100(L+L)) ((t + jI; + el), — (¢t + jl; + el);>) + 2(1 — (¢t +jI; +
ely);), (t +jl +ely),(I; + 1) = —0.1 — (I3 +1,)

Table 1: the results of solving the problem in the first example

Refined method of Seventh rank

error values

Truth values

refined
Seventh values

method-Kutta of

the

First variable | Second variabl{ First variabll Second variabl¢ First variable | Second variabl¢

error values error values Values Values Values Values

(I1+15) (I1+1) (L +h) -1-(Lh ) I+ +0) -1-(I+15)

2.16675e- 3.2213e- 8638+0 928 -0. 0638- | 0. 0638+0. | -0. 0638-0.

14+1,+1, 14+1,+1, dAL 0.928(I, +1,) 0638((1,+1,)) 0638(1,+1,)

5.23639%e- 0.93311+L;+ | - -

14+1,+1, 6.3le-1a++l, | | (0.93311+1,+1,) | 094470+ (0.90637+1, +1,)

0.11de-14+1,+1, | 23492€ 0-90632+L* | _0.9332+1,+1,) | 0.9332+1,+1, -(0.9332+1,+1,)

14+1, +1, L,

1.20063e- 1.22173e- 0.9673913+ |, )

11441, 114l 41, L+1, 50).9739143+11+ 0.9739143+1,+1, 50).9739143+11+
2 2

1.10342e- 1.10342e- 0.9115+1,+ -(0.

L1441, L14L 41, L 09115+, +L) | 0973915+ +], | 739115,y 11 )

- -(0.

1.309049113e- 1.27391913e- 0.60904807 (

1144, 114141, L4, 50;6[5)70904107+ 0.65739107+1, +1, )73090407+11+12
1 2

2.11295e- 2.11295e- 0.9443861+ | 0.9443861+I;+ 0.9443861+1, +

1141, +1, 11+1+1, I+1, I, 0.9443861+1+1, |

i.l3319(-)l_£1187e— iiﬂ +§)90487e- 8.19(1?041293 (0.909041293+ 5).909041293+11+ (0.909041293+

112 142 112 11+12) 2 11+12)

2.20904876e- 2. 09048876e- | 0.9088+1;+

1144, 114141, L (0.9088+1,+1,) | 0.9088+I,+1, -(0.9088+1,+1,)

3.0904145e- 3. 090445e- | 0.709042+1; | - .

11+1,+1, 11+1,+1, +1, (0.77602+1,+1,) | 07709042+ *z 50)'7709042+11+

2

Table 2: results of solving the problem in the second example

Refined method of Seventh rank

error values

Truth values

refined method-Kutta of

Seventh values

the

First variable
error values

Second variabl¢
error values

First variabl
Values

Second variabl¢
Values

First variable
Values

Second variabl¢
Values

L+l L+, 0.1+1,+1, -0.1-1,+1, 0.1+, +1, -0.1-1,+1,

5.46645e-9+1,+1, | 1.212e-T+[,+1, 2‘1092237”1 -0.073498-1,+I, | 0.092234+[,+I, | -0.073498-I,+1,
2

1.221376e- 0.0911369+ | -0.0379445- -0.0379444-

Bl il 4.2437e-THls+ly | " L+, 0.0911366+1+1, | |,

1.0087e-8+1,+I, | 5.7787e-T+[,+I, 2‘1094696”1 -0.046064-1,+I, | 0.094693+L,+I, | -0.049621-I,+1,
2
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2.311209€- 6.52014¢- 0.092064+1, -0.0333913-
ey To o 0.022398-1;+l; | 0.092080+1+1; | |

6.66783¢- 0.095833+I, | - -0.011690133-
23320 0+1,+l, | g7y o 0231008+, +1, | 0095830++l; |}

6.11038e- 0.094155+1, | -0.0100078- -0.0017110-
20002 9+1,+1, | g " 141, 0.004152+1,+1, | |

6.1167¢- 0.097964+1,
25137569+ +l; | oo P o -0.01437-1,+, | 0.097961+I -0.01433-1,+1,
2.256248¢- 6.2334e- 0.03326+1,+
Sritl, 0tT 41, L -0.01125-1,+, | 0.03323+I,+L, -0.01121+1,+1,
2.3143¢-9+1,+, | >:573108¢- 0.08873*0h+ | 008514-1,+1, | 0.08870+I,+, | -0.008510-I,+1,

05+1, +1, I,
2.100123e- 5.4431e- 0.0897664+ | -0.0023638- -0.0023634-
9+, +1, 05+1,+1, I,+1, I,+1, 0.0897661+L+l, 1)\ p
Refined Implicit RK Method of the seventh rank:

thyr tinsih + e s
m+nl; + 1,

Where:

=ty + july +enly —

192

(32(sy + 5113 + s11,) +80(s, + 5517 + s,1,) + 48(s;

+ 530 + 530,) + 24(s, + sS4l + 541,) + 4(Ss + 551y + 5515) + 2(s¢ + Sgly + Sl5) + (S5
+ 571 + s;1,) + (sg + sgly + sgl))

Sy + sily + 510y = f(hy + gnly + 10y, 8, + jnly + e,]5)

Sy + 80 + 5505, = f(hy + gy + 1005 —

S3 + 530 + 530, = f(hy + gnly + 115 —

m+nly+il;

m+nly+l,

) tn +jn11 + enlz - ;(m + n11 + ”2)(51 + 5111 + 5112))

Jtn il +enly — %(m +nly + 1) (s + 521 + 5315))

54 + 54_11 + 54_12 = f(hn + gnll + rnlz - (m + n11 + llz), tTl +jTl11 + enlz - (m + n11 + llz)(53 + 5311 +

s3l3))

Ss+sgly +ssl, = f(hy + gnly + 1, — (m+nly + L), t, + ju s + ey, — (m+nly + Uy) (s, + 5,15 +

)

Se +Sgly + S¢l, = f(hy + gnly + 1,1, — (m+nly +UL),t, + j. 1y + e ], — (m+nly + U,)(ss + ssl; +

ssl,))

Sy + 5711 + 5712 =

Sel2))

f(hn + gnll + rnlz - (m + n[1 + l[z), tTl +jn11 + enlz - (m + Tl11 + lIZ)(SG + 5611 +

58 + 5811 + 58]2 = f(hn + gnll + rnlz - (m + n[1 + l[z), tTl +jn11 + enlz - (m + Tl11 + ”2)(57 + 5711 +

S713))

Stability of Seventh Order refined neutrosophic RK method:

Consider the general formula:

thet T el + enpily = Yy + (M A0l + ) O(hpr + Gnerhy + Tvalos tr + jnails + epplp, m +nly +

)

The refined neutrosophic IRK formula (6) of phase R is said to be of rank P if:

(t+jI + el)(hyyr + Gnialy + Tnalz) = (b + jnaals + enialn) = 0((m + nly + 11,)P*)

So that:

(6)

()

(t+jl +el) = At + jl; +ely), (t +jl; + el)((hy + gnli + 1012)0) =t + jI; + ely), (8)
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We get:

E(m+n11+l12)=1+I+m+n11+112+%(m+n11+112)2+ ......... +

O((m + nl, + )P

1
(p+1)!

(m+nl, +UL,)P* +

©)

Where m + nl; + U, = A(m + nl, + lI,) are polynomials of degree R in m + nl, + I,

RK T, stability period
. m+nhL+U, mtnL+l,
1+m+nl +1, +
2! 3!
m+nl, +1, m+nl+I, i
; 4! ] 5! . 4.112809+1,,0.2213 I, +
m+nl +1I, m+nl+1, 0.557151,)
6! 7!
m+nk + 10,
TR
Example:

Solve the system of equations in the first example using the neutrosophic IRK method of the seventh rank.
We will take the step length value h=0.002+0.001/; + 0.0011,.

Example:

Solve the system of equations in the second example using the neutrosophic IRK method of the seventh rank.
We will take the step length value h=0.001+ 0.001/; + 0.0011,.

Table 3: results of neutrosophic IRK of seventh order for the first example

Refined method of Seventh rank | Truthvalues refined method-Kutta of the Seventh
error values values
First variable | Second variablq First variabl| First variable| Second variable | First variable
error values error values Values error values error values Values
-1-
+0.00151/;+ +00151/,+ 1+001521, +
+[1+12 '[1+12 0015211+
0.0016611, 0.0016611, 0.0016631, 0.0016631,
3.108872¢- 3.108877¢- 0.90887+I,+ | - .
15+, +1, 15+ +1, I (0.90887+1,+1,) | 090887+t 50)'908870887+11+
2
6.7233486e- 6.7233482e- 0.923345+1, .
154141, 154141, o, 50).923345+11+ 0.923345+1,+1, | -(0.923345+1,+1,)
2
1.02334551e- 1.02334531e- 0.9348344+ .
154141, 154141, I+, 50).923344+11+ 0.923344+1,+1, | -(0.923344+1,+1,)
2
1.32219e- 1.32216e- 0.93482+1; +
V4AT 41, VAT 4, L -(0.93482+1,+I, | 0.93482+I,+1, -(0.93482+1, +1,)
1.649304e- 1.649301e-
14+11+12 14+11+12 O.991+11+12 '(0.991+11+12 0.991+11+12 '(0.991+11+12)
2.0808879e- 2.0808875e- 0.9808871+ . -
14++1,+1, 14+1 +1, L+, 50)'9808871+11+ 0.9808871+1,+1, (0.9088731+1,+1,
2
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2 312334e- 0.98571534 |
2323301441 | P o 50).982334+11+ 0.92334+L,+1, | -(0.92334+],+1,)
2
2.6492- 0.9833+,,+ | -
2649761411+, | Ty oy " (0.93483+1, 41y | 093483+l | -0.934833+1+1,)
3. 0887558e- | 2. 0571572 | oo . | (0. 0. 0.
14+1,+1, 14+1,+1, 3 1| 083482141, +1,) | 08348721 +1,+1, | 0834821+1,+1,)
3.32185¢- 335715180e- | 0.01611+], | | :
14+1,+1, 14+1,+1, +, ;0' 01611+ 4L, | 0.01621+0+, | 10016141, +1,)

Table 4: results of neutrosophic IRK of seventh order for the second example

Truth values

Refined method of Seventh rank refined method-Kutta of the
error values Seventh values
First variable | Second variablq First variabl| First variable| Second variable | First variable
error values error values Values error values error values Values
-1-
+0.001511,+ +001511;+ 1+001521; +
+1,+1, -1+, 001521, +

0.0016611, 0.0016611, 0.0016631, 0.0016631,

8.95715476e- 0.0562421+
2.2231e-07+1,+1, 06+, +1, 1+, -0.0797-1,+1, 0.092111,+I, -0.079715-1,+1,
9.15624634e- |5 poponse g5l | UOMOALY | neats.r 4, | 00985141+, | 0.063142-1,+1,
07+1,+1, L
1.3562465€- 3.585624395¢- 0.0986675+
06+1,+1, 05+1,+1, I+, -0.049564-1,+I, | 0.098101+I;+I, -0.049602-1, +1,
1.773654e- 4,95715e- 0.092316+1;
06+1,+1, 05+, +1, 4L, -0.033798-1,+I, | 0.09793+,+I, -0.03284-1,+I,

4.10496e- 0.0989886+ | -0.016901369-
1.4895e-06+1, +1, 05+1,+1, I+, I+, 0.016901234 -0.029302-1, +1,
1.5856375e- 368485e- 0.09847364 | -0.0211988- 0.091657150141 | -0.0221784-
07+1,+1, 06+1,+1, +1,+1, I+1, +1,+1, L+,
1.11690124e- 3.156244e- 0.09562411 -0.01422313-
074141, 064141, 4, -0.017769-1,+I, | 0.0169016+I,+1, I+,
1.01690185e- 2.856246¢- 0.097332+1, -
07+1,+1, 06+1,+1, +L, -0.010015-1,+I, | 0.01690165+1,+I, (I).0110017311+

2
1. 169013e- | 2.10038e- 0.0969984+
07+I,+I, 06+1;+1, I+, -0.00563151;+I, | 0.0965543+I,+I, | -0.005567-1,+I,
1.0169010285e- 1.93562494e- 0.05715453 | -0.0057152486- | 0.057159014+I,+ | -0.005624101-
07+, +1, 06+1,+1, +1,+1, I+1, L L+1,
15
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3. Conclusion

In This paper, we presented a numerical approach to the seventh rank refined neutrosophic Runge-Kutta numerical
method, where we provided the theoretical basis of this formula to be applicable on refined neutrosophic
differential equations. In addition, we provided numerical tables to compare the validity of this new method with
other methods, as well as a clear computation of absolute errors in terms of refined neutrosophic numbers.
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