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Abstract

In this paper, we derive the Bessel's equation of complex order (n + i) from the classical well-known Bessel's
equation. In addition, we generalize that recurrence relation from Bessel's equation of order (n) to Bessel equation
of complex order (n + i). On the other hand, we present an algorithm to solve the novel complex order equation
with many illustrated examples that explain the validity of our approach.
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1. Introduction

The linear differential equation of the second order and the following variable coefficients:

2d%y dy 2 _ 2y, —
xdx2+xdx+(x n“)y=0 , n=0 (1.1

(1.1) is known as the Bessel's equation of order n and this equation appears a lot in Applied Mathematics, Physics
and engineering problems. Any solution that achieves this equation is called the Bessel functions of rank n. When
solving this equation, if the value of n is an integer, the general solution is as follows:

y(x) = cfn(x) + 2y (%) -(1.2)

Since y,, (x), ] (x) are Bessel functions of the first and second types, respectively, and c,, c; are optional constants,
and:

Jn(x) = Z?‘;oﬂ[(%:m Glat ..(1.3)
Yn(®) = ——[Jn () cos nt — J_y(x)]  ...(1.4)

sin nw

If nis not an integer, the general solution is as follows:

y(x) = ciJn(x) + c2f (%)

Since J_,(x),J.(x) are Bessel functions of the first kind of rank -n , n, respectively, and c,, c; are optional
constants, and if:

w _ 1T
Jn(x) = Zr:om Gl -.-(L.5)
w _ (DT _
J-n(x) = X% r![(£n3r+1) (g) n+ar ...(1.6)

Bernoulli was the first to give the concept of the Bessel function in 1732, using the zero-order function as a solution
to the problem of oscillation of a one-sided suspended chain, and later the French scientist Willem Bessel (1784-
1846) introduced a generalization of this equation used by other mathematicians such as Euler and Lord
Rayleigh....... Etc.
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Bessel's equation was discussed in many cases, for example, of zero rank, %rank, 1 rank, integral rank, and
solutions were obtained for these cases ([3], [4], [7], [8], [9], [11])

Our study will be summarized in this research on the case where n is a non integer, as the study is carried out on
the Bessel equation of nodal rank (n+ i) and the study of some of its properties.

Definition (1.1): Regular singular point [2].
If we have the following differential equation:
d’y dy
Tzt P1(x)a+ p2(x)y =0

If both p, (x) and p, (x) are functions that are not analytic at point x,, then this point is called the Singular point
of the differential equation. If the functions (x — x,)p; (x) and (x — x,)2p, (x) are analytic functions at point x,,
then this point is called a regular singular point.

For a differential equation, if one or both of them is not an analytical function at the point x,, this point is called
an irregular singular point.

Definition (1.2): Gamma Function [1]:

defined as:

[(n) = foox"‘le‘x dx
0
Which approaches when n > 0. There is also another Formula:
[(n+1) =n[n)
It is also known as the factorial function, thus:
[(n+1) =n!
Definition (1.3): Wronskian determinant. [8]

If y,(x), y; (x) are real-valued or nodal functions, the wronskian determinant is equal to:

Y Y2 N .
AGRACH B M ES AP A
If w(y,(x),y.(x)) = 0,then the two solutions are linearly dependent, and if w(y, (x), y,(x)) # 0, then the two
solutions are linearly independent.

2. Solve the Bessel equation of nodal rank by the method of power sequences

Let be a linear differential equation of the second order and the following variable coefficients:

2 4%y
dx?

x +x2—i+(x2—(n+i)2)y=0 , nz0 ~(2.1)

Bessel equation of rank (n + ). Point x = 0 regular singular point we begin solving equation (2.1) by the Frobenus
method by assuming that:

y = x"(ag + a1 x + azx® + azx3+...... ), m>0 ...(22)
y:Zar‘xm+r , ar + 0
r=0
4y _ yoo m+r—1
— = Zreo @r(m+1)x ..(2.3)
@y _ oo m+r—2
— = Zrsoar(m+r)(m+r—1Dx .24

We substitute equation (2.2) and equation (2.4) into equation (2.1) and get:
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[oe] [oe]

x? Z a,(m+7r)(m+r—Dx™72 4 xz a,(m+r)x™" 4+ (x2—(n+0)?) ) ax™" =0
r=0 r=0 =0

(oo} [oe]

z a,(m+r)(m+r—Dx™" + Z a(m+r)x™ + Z ax™""2 — (n +i)? Z a,x™" =0
r=0 r=0 r=0 r=0

[ee) [ee]

Z a,(m+r)((m+r—Dx™" + Z a,(m+r)x™" + Z Ar_ox™ — (n+10)2 Z ax™" =0
r=0 r=2

r=0 r=0

m(m — Dagx™ + m(m + Da; x™ ! + magx™ + (m + Dayx™™ — (n+ i)?agx™ — (n + i)2a, x™*?

* Z[[(m +r)m+r -1+ m+1) - (n+?la, +a,,]x™" =0

r=2
Equating the coefficient x™,we get:
mm—1D+m—-m+i)?laa=0 , ay#0
m2—(n+i)?=0>m?=(n+1i)?
Eitherm=n+iorm=—(n+i).
Equating the coefficient x™*1, we get:
mm+1D)+m+1—n+i)?la, =0

The first case: when m = n + i we get:

[2m + 1]a; =0
Since 2m + 1 # 0 because m > 0.
So,a, =0
Equating the coefficient x™*", we get:
[(m+r)(m+r—-D+m+r)—(n+i?a,+a,_,=0 , Gy #0
[m? +2mr +r2 — (n+i)?a, = —a,_,

Since m = n + i, we get:
[(n+D?+2(n+Dr+12—(n+i)?a, = —a,_,
r[2n+i) +rla, = —a,_,

a, = m ) r>2 ...(2.35)
) —Qo
“T e n+2 T 2 o+ 1]

a,

a3=mx-a1=02a3=0

—-a, -1 —a

T2+ 4] M T AR ) 1 4] 2[(n+ D) + 1]
— ao
T2+ ) + 4] 22[(n+ 0) + 1]

—a,

= =0 =0
TSRt +s5 BT T

Then:

a,=a3=as=a,=...=0
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And therefore:

[ 0 » n= 1,2,3, .......

This means that the coefficients of equation (2.1) are only even coefficients. So, we substitute r in the iterative

formula (2.5) by 2k, we get:

_ —0k—2 _
= e K= 1A
_ —Qog—2
D2k = 2k [(n + 1) + K]
k=1>a,=— 0
T TR T mr D+ 1]
k=2>=a —_—aZ=>a— 1 —%
B YT 42[m+ ) +2] 7 T 42[(n+ i) +2] 4[(n+ i) + 1]
Qo
M T oAt D+ 2+ D)+ 1]
a,
k=324 = o lm+ ) +3]
_ -1 a
T T I3[t i)+ 3] #2.21[(n+ D)+ 2][(n+ D) + 1]
T % T2 321+ D+ 3][(n+ D) + 2+ D)+ 1]
Therefore:
_ (-1)"
Dok T R+ D)+ K] [(n+0)+1]
We substitute the coefficients in equation (2.2) with m= n+ i, and get:
= x""(a, — %o x?* + %o x*
y T4+ 0 + 1] 221+ ) + 2]+ D) +1]
—Wo
DR D DR
— n+i 1 1 2 1 4
y =X A= T Y e At DL At D £ 1
1
DR D DR

...(2.6)

If we choose the value of the constant a, in the form [3]:

1
% = on+in + )1
We substitute equation (2.7) into equation (2.6), and get:
1 . 1 1
y = .—,x"“(l - " x2 + 3 . x4
2nti(n + 0)! 4[(n+ i) + 1] 4221[(n+ i)+ 2][(n+ i) + 1]
1

R R DD CEDE S AR

1 1 1 1

4 Sx0+..]

X +i _ 2 _ —
Y= e T D1 B 2Amr D2 B 32A[n+ D) +3]
..(28)
Since [(n+ i+ 1) = (n+i)![12], thus:
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y = Gy . - : x? + ! x* — ! x0+...]
2 [(m+i+1) 4[(n+i+2) 4221[(n+i+3) 43.321n+i+ 4

1 X 1 X 1 X

(FirD Ha+i+D 2 Tnrir9) 2 d2imrivd 2 ]

X .
y =™

0 -1)" i
Vst = Jnri(®) = Do — L — G (2.9)

rl[(n+i+r+1)

Jnti(x) is called a Bessel function of the first type and rank n + i. to find the other solution of Bessel's equation

we take m = -(n + i) the iterative formula (2.5) becomes:

— —Qyr_3
rlr—=2(n+1)]

Using the same steps that we performed to obtain J,,,;(x), we get the other solution to Bessel's equation, which
takes the following form:

o) (_1)r XN\ — i
J-m+iy(x) ZZ”OW@ (td+2r(2.10)

a, r=2 , r#2n+i

This function is called a Bessel function of the first type and rank -(n + i) and therefore the general solution of the
Bessel equation of nodal rank n + i has the following form:

Y(x) = ciJni(X) + c2) sy (%)
Example (1): Find the general solution of the following Bessel equation:

d%y dy

2 2 _ N\2Ya, —
xdx2+xdx+(x B+d))y=0
Solution:

Bessel equation of Rank 3 + i and the general solution of this equation is:

y(x) = cJ34:(x) + o) _3_;(x)
Since ¢; and c, are optional constants, thus:

— N o’ X 3+it2r
Ja4i(x) = Zr! [G+i+tr+1) 2

=0
X o 1 1 X, 1 X, 1 X o
J3:(0) =) [0![(3+i+1)_1![(3+i+2)(i) +2![(3+i+3)(§) _3![(3+i+4)(5) o]
_ X L 1 2 1 . 1 .
S = gy T a0 te2aern”  Bazag ot
X 34 1 1 2 1 4 1 6
Ji = QD Gy T a@r o TRz B32iGrol ]
X 3+i 1 1 2 1 4
J3i) = Q™ 55 081 _14(1.22 T21470) " T 32(-1537 + 108570)
6+.....]

~384(—20079 + 636.05()

X .
Js+1(x) = ()**1[0.0569 — 0.18306i — (0.00065 — 0.01160)% — (0.00003 + 0.00020)x* + (0.000001
+0.000003)x5+...]
_ N -1" X —3-it2r
Jos-i(0) = Zr! (B—i+r+D 2

r=0
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X -3-i 1 X2 1 X 4
J-i0) = QG [(-3—i+1) 1[(-3—-i+2) @ *3 [(-3—i+3) @
X
S 3I[(-3—-i+4) @]
X . 1 1 1
S0 = oy T ac ot Tz #szna—pt b
X 1 1 1
J5i) = Qi m Ty T w iz — ot TR zicion”  wazacnt T
X, 10 1 , 1 \
J-3-i0) = Q) 11339 1 09631 ~ 2(=0.343 = 0.6530) © T 32(0.155 + 0.4980)

1
— 6
384(0498 + 0.1550) % 1]

X .
Jos_i(x) = (E)_S_L[4'9224 —3.5401i + (0.3152 — 0.6001)x% — (0.0178 + 0.0572i)x* — (0.0047
—0.0014i)x%+..... ]
Case (2.1):

If J_n+iy(X), Jn+:(x)are Bessel functions of the first and second types, respectively, then these functions are
linearly independent of equation (2.1) when x # 0. And that the general solution of equation (2.1) has the form:

Y(x) = ciJpri(@) + €2)_nsiy (%)
Since ¢, and ¢, are optional constants.
Proof:

To prove that Bessel functions J_, ) (x), Jn+: () are linearly independent functions it suffices to show that the
Wronskian is not equal to zero.

Jusi() J=urn ()
WOt -0 0D =170 100

Since J_(n44) (%), Jnsi (%) satisfies equation (2.1)
X2 04 () + X i (0) + (02 = (04 D)) g (x) = 0
X2 iy () + X iy () + (02 — (0 + D))y (x) = 0

We multiply these two equations by [, ,; (%), J_ .+ (x) respectively and subtract them from each other and divide
the result by x, we get:

XUn+i O] iy ) = Jo iy COJ i () + i O —(naiy () = J—(nriy (O i () = 0
This is equivalent to:

= QUi O =t ) = =iy QO i () = 2= (X W (i (), Sy () = 0

W@ J-e) == x#0

W (n+i (), J-n+py(x)) # 0
So, the Bessel functions J_ .y (x), Jn+i(x) are linearly independent.

Theorem (2.2):
If

— N (_1)7‘ x n+i+2r
]n+i(x)_Z)r![(n+i+r+1)(E) , o n>-1
r=
Then:
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li ]n+i(x) _ 1
im — = -
x>0 xMHL 2nH[(n 4+ i+ 1)

Proof: from the equation (2.8):
1 1

X n+i 1 2
Jusi (@) = Q™|

(n+itD) 4ntit2)” " ®21[m+it3)  Bi2intitH: T

]n+i(x) _ 1 1 2

— = - 1
xmtt 2nH(n+i+1) [

TImrit D) e zimritomrir D
1

TEBZAmF i Dt it)m it

(x 1 1
tim 2253 [1 2

x=0 X" xsox™[(n+i4 1)

_ : : _ x6+...
43.321(n+i+3)(n+i+2)(n+i+1)

. ]n+i(x) _ 1
lim — = . -
x-0 xMH 2Mi(n+i4+1)

case (2.2): the following relationship connects Bessel functions of the first type.

Jemany @) = (D)™ ()
Proof:

(Z)—(n+i)+2r
2

; _yo DT xmaiyzr _ g1 CDT YT
]—(n+1) (X) = Zr:u =) +r+1) (2) = Zr:o Tt ereD)
Z?:nﬂ'

D" (g)—(n+i)+2r
rI[(-(n+i)+r+1)
Now, we put instead of r = (n+i) + k, we get:

o (_1)(n+i)+k (JZ_C)(n+i)+2k

TImrit D) e zimritomrir D
1

-1" (92_5)—(11+i)+27‘

TENHL L[~ (D) +r+1)

© (_1)k (%)n+i+2k

-y () = L+ D+ k+1) =D

Jeany () = (D)™ 4 (%)
3. Resatioler neceerrcu

' -
k:ok' [(m+i+k+1)

]

Resatioler neceerrcu are mentioned in [3]. In the case of n is an integer. We will consider these relations in the

nodal case (n+i)

Case (3.1):
If:
— N (_1)T x n+i+2r
Jnsi _Z]r![(n+i+r+1)(2)
Then:

1. x]:n+i =M+ Dnsi — Xns1+i
2. Xy =M+ Dy + X 14

Proof of relation 1:

X i = M+ Dfnsi — Xnsri

It is known that:

— N (_1)T X n+i+2r
Jnsi _Zr![(n+i+r+1)(§)

r=0
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. (—D"(n+i+2r) xn+i+r_1
]"”_Zr'[(n+1+r+1)() i 12

rifn+i+r+1) 2

N =Dr2r X privzr—1 1
+Zr'[ ( ) o 2

=n+ L)Z D" ( )n+z+2r 1;

n+i+r+1)2
N — (_1)7" xn+1+2r
x]"”_x(n+1)2r'[(n+l+r+1)() 2
( 1)T n+i+2r— 1
+x2(r—1)' (n+1+r+1)() i 12
= [ (_ )T n+i+2r— 11
—x(n+1)Zr' (n+l+r+1)() 2
( 1)T n+i+2r-1
+x2(r—1)' (n+l+r+1)()
( 1)T n+i+2r—
_("“)]"“”Z(r DI (n+l+7”+1)() o
We assume that s = r — 1.
(_1)s+1

( )n+l+25+1

X nei = M+ D/ngi +XZS' [(n+i+s+2)2

. _ . N -1’ n+i+2s
X i = (04 Dt — % ZS'[(n+l+s+z)( st

X i = M+ Dfnvi — Xnt1+i
Proof of relation 2:

x]\n+i = (Tl + i)]n+i + X 14
It is known that:

— N Sl n+i+2r
]"+i_Zr'[(n+L+r+1)() ’

N —D"(n+i+2r) xn+l+2r11
]"+I_Zr'[(n+l+r+1)() 2

D2+ D) +2r—m+ D] x o 11
Z riff[m+i+r+1) () 2

( D'2n+ i)+ 2r—(n+1i)] X privar
rlf[n+i+r+1) ()

XJ nti

Do( DT[2(n+1i) + 2r] X rivar
riff[(n+i+r+1) ()

r=
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i N (_1)7‘ X n+i+2r
_(n+l);r![(n+i+r+1)(§) i

(1) 2[(n + Q) + 7]
rlffn+i+r+1)

X .
x] n+i — (E)n+l+2r - (Tl + i)]n+i

v D2[(+ i) +7]
x]n+i_zr!(n+i+r)[(n+i+7')

r=0

G = (0 Dl

R S GO T NP
x]n+i—2m(§)++ (m+ Dfpti

=0

N — N (_1)r x n+i+2r— P
X i —XZW(E) Tl — (4 )

r=0

N — N (_1)r x n—1+i+2r P
X pei = XZW(E) THE2T — (4 D)4

r=0

X nai = Xno14i — M+ Dny

Result (3.2):
If
N (_1)T X n+i+2r
Jusi =) . G
_Or![(n+l+r+1) 2
Then:

3. 2[4 '= Jn-14i = Jns1+i
4. 2+ 1) Jnyi = XUn—14i + Jn+1+1)

Proof of relation 3:

2 nsi = Jn-14i — Jne1+i

From case (3.1), we get:
X e = M+ D) Jnpi — Xnpr+i .(3.1)
x]\n+i = _(n + i)]n+i + xJn_14i (32)
Adding (3.1) and (3.2), we get:
2% [ ngi = =X Jp1ei + X141

By dividingon x, x # 0

2f nsi = — Jnsrei T -1+

2[ n4i = Jns1+i — Jne1+i

Proof of relation 4:

2+ 1) Jnyi = xUn-14i T Jns140)
From case (3.1), we get:

X i = M+ 1) Jnri — Xnsrsi +(3.3)
X i = —(M+0) Jnpi + X140 ~(3.4)
Substituting equation (3.4) into equation (3.3),

—(M+ D) Jnsi + Xno1ei = M+ Dl — Xnars
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2+ 1) Jawi — XJns14i — Xn-14i =0
2+ 1) Jngi = Xnarei T X n-14i
2+ 1) Jnsi = XUnsr4i + Xn—141)

Case (3.3):
If:
N (_1)?" X n+i+2r
Jsi= ) . G
_Or![(n+l+r+1) 2
Then:
5. :_x(x_(n+i)]n+i) = —x " 1

d . .
6. E(x(nﬂ)]nﬂ') = x(nﬂ)]n—lﬂ'
Proof of relation 5:
d —(n+i) —(n+i)
E(x Jn+i) = =X T+ 1+

It is known that:

N (_1)T X n+i+2r
Jusi= . @)
0r![(n+l+r+1) 2
r=
i 2
x—(n+i)] = Z ' (—1)Tx r
i 4! 202 [+ i+ 1 + 1)
r=

d (x~H+D] ) = Z (1) 2r x*
dx T L 2ntir [+ i+ r + 1)

r=0

3 i (_1)r 2 x2r—1
B s (r— D12 (n+ i+ 7+ 1)
r=
We assume thatr = k + 1.

(_1)k+1 2 x2k+1
- LK1 2R [(n 4 i+ K+ 2)

had (_1)k+1 2 A2+ —(nti)

- Lk 2R 2[4 i+ k4 2)

i k +it2k+1
) z D" (D) x"7
i kl2n+ie2k+1 [(n + i + k + 2)

(_1)]( xn+i+2k+1

Lk 2RI [+ i+ k +2)

= =X

— _x—(n+i) —

Proof of relation 6:

d ) .
a (x(nﬂ)]nﬂ') = x(n+l)]n—1+i

It is known that:
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— N (_1)7‘ X n+i+2r
]"”_Zr![(n+i+r+1)(§) ’

r=0

it _ 2(n+i)+2
XD = (L 2T
s ! 22 (4 i+ 1 + 1)

r=
a X" ] ] = i (=1)" n+i)+2r) x2eFd+er-1
dx n+i . I 2ne [t i+ 7+ 1)
r=

] ] had -1 2(n+i xn+i+21‘—1
b ] =ty S AR D

dx ! 20 [(nt+ i+ 1+ 1)
gt i (_1)r 2r  xhtit2r-1
x . rl 2nHE2T [((n4 i+ 71+ 1)
r=
a [xn+i J ] _ nt (_1)1” (Tl + l) yxnrit2r-1
dx s 4l 2L [(n+ i+ 7+ 1)

r=

N e i (_1)r r xn+i+2r—1
X -
rl 2m+it2r=1 [(n4+i+7r+1)

r=0

- © (_1)r (%)n+i+2r—1 (Tl+i+7")
= Z r [(n+itr+1)

r=0
(o]

_ xn_H-Z (_1)r (%)n+i+2r—1 (Tl +i+ T')

Or! n+i+r) [(n+i+r+1)
r=

" o (_1)r (%)n+i+2r—1
z rl [((n+i+7r)

=X

=0
d (n+0) — (n+D)
@(x ]n+i) =X ]n—1+i
4. lllustrative examples as an application of previous relations

Example (1): Write the Bessel function J<; in the function of both Bessel functions J, ,;, Jo+:

Solution: the fourth relation of the result (3.2)

2+ DJnsi = XUnca4i + nsr) -(3.5)
Whenn=4

244 D)Jasi = xUz4i + Js40)

8+ 2i
( p Vatvi = Us+i +Js540)
Jsei = ) ani = Jaai (3.6)

When n = 3 in equation (3.5), we get:

24 )34 = xUz4i + Javi)

6+ 2i
( X Vi = Uzsi +Javi)
Javi = OV sai = Joni (37)
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When n = 2 in equation (3.5), we get:

2@+ Do4i = xUri + J340)
4+ 2i
(T)]zn = (J14i +J3+0)

4421

Js+i = (T)]2+i — Ji+i ....(3.3)

We substitute equation (3.7) and equation (3.8) into equation (3.6) and get:

8+2i 6+2i 4+2i 4+ 2i
Jswi = I CNEw =il = Jowd) = [(—
44 +28i 4+ 2i 8+ 2i 4+ 2i
e =) =~ Jori = s ~ s

)]2+i - ]1+i]

Js4i =

X X

_ 120 + 200¢ 44 + 28i 8+ 2i 4+ 2i

, = . — . — . — ] . +] .
5+i x3 2+i 2 1+i x 2+i x 2+i 1+i

120 + 200i 44 + 28i 12 + 4i
5+i = 240 T X2 Jivi — X J2+i +J14i

x3
44 + 28i 1204+ 2000 12+ 4i
Jsvi=[1— T]Jm + -

x3 x 2+i

Example (2): prove that:

n+ n+1+10)

) .
U2 + TR = 22 () — Sl

X

Proof: from case (3.1), we get:

X nsi(x) = (M + i (0) = Xfpp14: (%) --(3.9)
X nsi(x) = =0+ g () + X 14:(x) ..-(3.10)
We put the formula (3.10) instead of every n a (n+1), we get:

X pp14i(x) ==+ 1+ D 4(X) + )54 (x) ...(3.11)

:—inﬂ-(X) +]£+1+i(x)] = 254 (0) J i () + 2 54140 [ ngr4:(x) ...(3.12)

The values of J*,,,;(x) and J*,+14:(x) in the formula (3.11), (3.9), respectively, we substitute them in (3.12) and
we get:

d +i
U200 + JE1i(] = Ui [ i) — S @)

[—(n+ 1+10)

+2/ 414 (X) Jne14+i(x) +]n+i(x)]

d 2
a Urzz+i(x) +]rzz+1+i(x)] = ;]n+i(x)[(n + DJn4i () = X414 (0]
2
+;]n+1+i(x)[_(n + 1+ Dns14i(0) + xJp4:(x)]

+1+i
g]ﬁﬂﬂ-(}c) + 2J 4141 () Jn4i (%)

n+i )
= ZT]n+i(x) = 2Jn4i () Jrg4i () — 2
n+1+10)

X ]rzl+1+i(x)

n+i
2 [712+i(x) -
Example (3): if n > -1, prove that:
1

Ve ¢ ) ) A
2+ [(n+ i+ 1) x Jnsi(X)

X
f XxTOH idx =
0

Proof: the fifth relation of case (3.3), we get:
23
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d . .
dx (D) = —x" L

X
f x4 (0) dx = =[x O] L (018
0

]n+i(x)

xn+i

= —x" "], + lim

By theorem (2.2) we obtain:

=it gy v D

1

- - Dy
2 [(n+i+1) X Jn+i(X)
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