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Abstract

Let Sy, denote the class of functions f = h + g which are harmonic univalent and sense-preserving in the
unite disk U = {z : |2| < 1} where h(z) = 2z + Y po,ar2®, g(z) = 3 bpz® (|b1] < 1). In this paper we
k=1

establish connections between various subclasses of harmonic univalent functions by applying certain integral
operator involving the Touchard Polynomials.
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1 Introduction and preliminary results

A continuous functions f = wu + v is a complex valued harmonic function in a complex domain C if both u
and v are real harmonic in C. In any simply connected domain D C C we can write f(z) = h + g, where h
and g are analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary and sufficient
condition for f to be locally univalent and sense-preserving in D is that |h/(z)| > |¢’(%)| in D. See Clunie and
Sheil-Small (sec?).

Denote by Sy the class of functions f = h + g that are harmonic univalent and sense-preserving in the unit
disk U = {z : |z| < 1} for which f(0) = h(0) = f.(0) —1 = 0. For f = h + g € Sy we may express the
analytic functions h and g as

h(z) =z + Zakzk, g(z) = Zbkzk |b1] < 1. (D)
k=2 k=1

Note that Sy reduce to class of S of normalized analytic univalent functions if the co-analytic part of its
member is zero. Let the subclass SY, of Sy, defined by

Sy ={f=h+7€8u:g(0)=b =0}

Analogous to well-known subclasses of the family S, one can define various subclasses of the family Sy;. A
sense-preserving harmonic mapping f € Sy is in the class S3; if the range f(U) is starlike with respect to the
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origin. A function f € Sj,(«) is called a harmonic starlike of order ¢, (0 < o < 1) mapping in U. Likewise
a function f defined in U belongs to the class Cy if f € Sy and if f(U) is a convex domain. A function
f € Cy /() is called harmonic convex of order v, (0 < o < 1)U. Analytically, we have

zh (2) — z¢'(2)
h(z) +9(2)

feCyla) & Re{zh”(Z) * }Z,(( )) _zg/(z()) 29z )} > a, zeU.

These classes have been extensively studied by Jahangiri’ and

For o = 0, these classes S3,(a) and Cy («) were denoted by S, and Cy, respectively were studied by Avci
and Zlotkiewicz® Silverman® and Silvia® Further, we let 57*_[0, C% and IC% denote the subclasses of S% of
harmonic function which are, respectively, starlike, convex and close-to-convex.

feSyla) < Re{ }>a7 zeU.

Recently, the author? introduce a series with Touchard polynomials coefficients after the second force as fol-
lowing:

= mkil(k — 1)n —m k
k=2
It can be easily by ratio test showed that the above series is convergent ant the radius of convergence is infinity.

For harmonic functions f(2) = z+ > arz*+ 3. brzkand Q(2) = 2+ Y. ¥pz¥+ Y. ¢r2* the convolution
k=2 k=1 k=2 k=1
of f and 2 is given by

(f *Q)(2) = f(2) * Q= —z+2awkz +mezk 3)

k=2 k=1

Now, we introduce the integral operator I : Sy — Sy as following:

Ln(f) = In(my,m2) f(2) = H(2) + G(2),

where

) =) [ ) = gty [T,

t

or equivalently

m¥ —1 _ ZomF k-1
_Z+Z my (k= D7 )" e ™agzk, G(z) =b1z+z%e g2k 4)

In this paper we will apply the integral operator I for the various subclasses of harmonic univalent function.
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2 Preliminary Lemmas

To prove our results, we need the following Lemmas:
Lemma 2.1. (Y)If f = h+ g € C3, where h and g are given by (1.1) with by = 0, then

k+1 k-1
| < —, || < ——
|a'k|_ 2 7|k|_ 9

Lemma 2.2. (%) If f = h + g where h and g are given by (1.1). If for some a(0 < o < 1) and the inequality

S (k- a)ar + > (k+a)be <1-a, (5)

k=2 k=1

is satisfied, then [ is harmonic, sense-preserving, univalent function in U and f € S5, («).

Define 7S%,(a) = S5, (a) N'T, where T consists of the function f = h + G in Sy so that h and g are of the
form

h(z) =2 — Z a2, g(z) = Z lbe|z®  |by] < 1. (6)
k=2 k=1

Lemma 2.3. In (%), it is also show that f = h + g where h and g are given by (2.2) is in the class T Sy (), if
and only if the coefficient conation (2.3) holds. Moreover, if f € TS3,(), then

11—« l1—«
|an|§m7k’22 |bk|§m7k21-

Lemma 2.4. (%) If f = h + g where h and g are given by (1.1). If for some a(0 < o < 1) and the inequality

D k(k—a)ar+ Y k(k+a)b, <1-a, 7)
k=2 k=1

is satisfied, then f is harmonic, sense-preserving, univalent function in U and f € Cy(«).

Lemma 2.5. In (%), it is also show that f = h + G where h and g are given by (2.2) is in the class T Cy (), if
and only if the coefficient conation (2.3) holds. Moreover, if f € TCy (), then

l-—«a l-—a
<—— k22 |bg| < ———, k> 1.
ol <y F22 el s oy 2
Lemma 2.6. (])Letf:h—i—geS;iU orC%, where h and g are given by (1.1), then

(2k + 1)(k +1) (2k —1)(k — 1)
6 6

lag| < s k] < , k> 2.

3 Main Results

In our first result, we determine conditions which guarantee that the integral operator [ is a harmonic starlike
in U.

Theorem 3.1. If0 < o < 1, my, mg > 0. Also, suppose f = h+G € Sy is given by (1.1). If the inequalities

(@) ) larl + D lal <1, [ba] <1,
k=2 k=1

(i)Y (Z) EnTi(2 —em™ —emm2) < 1 |y

i=0
are satisfied, then the integral operator 1 is sense-preserving, harmonic univalent function and maps Sy in to
S35,

H
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Proof. Note that
I(my,ma) f(2) = H(z) + G(2),

where H(z) and G(z) are given by (1.4). In order to show that I(f) is locally univalent and sense-preserving
it suffices to show that |H'(z)| — |G’(z)| > 0 in U. Using the condition (i), we have

[H' ()| = 1G'(2))|

e miph 1 — L emmemb Tl (E - 1)n
> 1=k 1k| Zk 2 ( ) — |by|
k=2 ’
o i 67m1mk+1(k+ 1) B i €7m2m§+1(/€ + 1)n B |b |
B (k+ 1) e (k+1)! !
n k+1 n o k+1
n) —-m ml n n—1i — m2
_ Z k,nz e 1 _bl_z(>k,L zze mao
| |
(k — (k+1)! —\k P (k+1)!
" /n " /n .
— kn— z —e ™M) _ || — L] — e M2
-y (k) LY (})ria=em)

SRS (Z)k “i(2— e )

i=0
> 0, from(ii).

To show that I(f) is univalent in U, we follow the method of Theorem 1 in”? That is, for z; # 2 in U, it
suffices to prove that

_ 1
Rl CLIE) - [ i aie) - 6 Glopar ®)
Z2 — 21 0
Since from the given condition (i), we have
o _ k—1 e o] — k—1
, ( (k- 1) e~ (k — 1)
RH'(2(t)) — |G (2(1))]) > 1—Zk o —kzﬂk o — 1),

it follows from the given hypothesis that the last inequality is positive.

Therefore, from the inequality (3.1) we have

g/ (22) — f(21)

22 — 21

> 0.

This proves the univalence of I(f).

In order to prove that I(f) € S5, = S3;(0), by using Lemma 2.2 it suffices to show that

PN —1)n > mapk=l(f — 1)
Sk lk'( P gl + o] + 3k 2k|( ) bl < 1.
! = !

Since |ax| < 1, |bg| < 1, Yk > 2, because of given condition (i), we obtain that

2 emmmb TN (k- 1) > mamE=t (ke — 1)
Zk 1k' |ak|+|b1|+2k 2k' b
= ! !
L emmb TN (k- 1) > ’mzmk Yk —1)n

< 1

< Z & — 1) +\b1‘+z —)

Eod
Il
N

|
INgE

o

Z (Z)knl(l_ *m1 +b1+Z( >kn 2 _67M2)
< 1, from(ii).
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This completes the proof of Theorem 3.1.

We next find a sufficient condition for which the integral operator I maps C% into &5, ().

Theorem 3.2. If0 < a < 1, my, mo > 0 and the inequality

Z <n> g {ml +mo+2—a)l—e™)+a(l—em2)— i(1 —e ™ —mpe ™)
pr i\ m

(07

_ Y eme —’”2}<21—
m2( e mae )| < 2( @)

is satisfied, then 1(CY,) C Sj,(«).

Proof. Let f = h+g € CY, where h and g are given (1.1) with b; = 0. We need to prove that I (f) = H+G €
S/ (o) where h and G are given by (1.4) with b; = 0 are analytic function in U. In view of Lemma 2.2, it is
enough to show that

oo _ k—1 ) - k-1
e~"™m E—1)" e~"™m, kE—1)"
Z(k—a) 1k'( ) ak —|—Z(k‘+o¢) 2k'( ) b| <1-—a. )
k=2 ’ k=2 ’
Applying Lemma 2.1, we have
[e%s) _ k—1 1 [e e} — k—1
e 77L1m k _ 1 n e mgm k/, _ 1 n
k=2 ) k=2 ’
1| & emmb k-1 & e~memE (k- 1)"
< 2[;(lﬂa)(k+1) o +I;(k+a)(k71) o

iy (k- 1)

=§l2{k<k—n+k<2—a>—a}e i

> e_m2mk71(k -1
+> {k(k—1) + ka — a} e
k=2
I e’mlmlffl(k - 1) e mmb T (k- 1) e mmb Tk — 1)
= — 2 1 _ 1
2[2 oo 20 & 1) o) i
k=2 k=2 k=2
o k—1 oo k—1 oo k—1
e Mmg (k- 1)" e""mg (k- 1)" e mg (k= 1)"
LD e T T ) i
k=2 k=2 k=2
1<~ (/n i _ _
= 3 (k)k‘" Z[ml—i—mg—l—(2—a)(1—e ™Y+ a(l—e"™2)
i=0
@ e
fm—l(l —e ™ —mye ™) — m—Q(l —e ™ — mge*mz)]
The last expression is bounded above by 1 — « by the given hypothesis.
Thus the proof of Theorem 3.2 is established.
Theorem 3.3. If0 < o < 1, m1,mo > 0 and if the inequality
n
N\ n—i 2 —m « —m —m
Z (k)k {le +m(9—2a)my + (6 —5a)(1 —e ™) — m—(l —e ™ —mye ™)
i=0 1

2m3 + m(2a + 3)my — a(l — e ™) — &(1 —e ™ —mge” ™) <6(1 —a)
ma

is satisfied, then 1(S};°) C S3,(a) and I(CY,) C S3,(c).

https://doi.org/10.54216/PAMDA.010102 27
Received: June 02, 2022 Accepted: December 19, 2022



Prospects for Applied Mathematics and data Analysis (PAMDA) Vol. 01, No. 01, PP. 23-30, 2023

Proof. Let f = h+7 € 87*_[’0 where h and g are given (1.1) with by = 0. We need to prove that I(f) =
H + G € §;,/(a) where h and G are given by (1.4) with b; = 0 are analytic function in U. In view of Lemma
2.2, it is enough to show that

e} _ k—1 [e e} — k—1
e"™Mmi{ H(k—1)" e mmg (k= 1)"
Z(k:—a) o aj +Z(kz+a) A bi| <1—a. (10
k=2 k=2
Applying Lemma 2.4, we have
[e’e) _ k—1 o] — k—1
e~"™m E—1)" e~"™m, k-1
Z(k—a) 1k!( ) ak +Z(k+a) zk!( ) by
k=2 k=2
< 1 i(k )2k 4 1)k + 1) (k= 1) +§:(k:+ ok — 1)k 1y ma (k1)
=6 “ K1 “ K|
k=2 k=2
1| & —my k=101, _ 1)n
= 32Kk — 1)(k —2) + (9 — 2a)k(k — 1) + (6 — 5a)k — a} 1 (k=1)
6| = k!
> e~mmb (k- 1)"
+ > {2k(k = 1)(k — 2) + (2a + 3)k(k — 1) — ko + a} 2k,
k=2 ’
1< /n 2 mht 0 mkt 0 mkt > m
- n—i ) 1 9 1 1 _ 1
GZ(k)k [ { S - a>z(k_2>,+<6 ) DI it
i=0 k=2 k=2 k=2 =2
00 e} _ 0 k—1 oo k—1
9 2 my my
{ D GO T
k=2 k=2 k=2 k=2
i 1 n n n—i 9 —ma « —ma —my
= 3 ; (k)k {2m1 +(9—2a)m; + (6 —5a)(1 —e” ™) o~ (I—e mye )}
2 —-m o —-m —-m
—{2m2+(2a—|—3)m2—a(1—e D4+ —(1—e™ —mge 2)}
ma
S 1- a,
by the given hypothesis.

This completes the proof of Theorem 3.3.

Theorem 3.4. [f0 < o < 1, my,mg > 0, then I(TS3,(c)) C TS%, (), if and only if the inequality

n
1 1 1
Z (n) K"t [—(1 —eT™ —mye ™)+ —(1—e ™ — mge*m?)} <1- L|l)1| 11
i=0 k mi ma 1-—
is satisfied.

Proof. Let f = h+g € TS5, (), where h and g are given by (2.2), we need to prove that the integral operator

L L) R e R D
= kZ:z o a2 +|b1|z+kZ:2 o |be| 2

is in 7S%, (), if and only if,

e*mzmg 1(k -1n"
k!

00 _ k—1 %)
k(s — 1)n
Z(k—a lk'( ) |ak|+(1+a)\bl\+2(k+a

k=2 k=2
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By using Lemma 2.3, we obtain

o0

— k—1 oo — k—1
e"™m k—1)" e~ M2m k—1)"
(k—a) 1k!( ) jar] + (1+ a)[br| + Y (k+ ) Qk!< " o
k=2 k=2
fe%s) _ k—1 e o] — k—1
e ™m kE—1)" e~ "m k—1)"
k=2 k=2
- n n—1u m —m 1 —-m —m
~ (1—a) ()k [7(1% D mpem™) 4+ (1 — ™ —mge™2)| 4+ (14 a)|b]
i=0 mi m2
S 1_a7

by the given condition and this completes the proof of the theorem.

We next explore a sufficient condition which ensure that I maps C3, into C ().

Theorem 3.5. If0 < o < 1, my, mo > 0, then I(CY,) C Cy(av), if the inequality

; (k:) kol {m% +mi4+(4—a)m +(2— a)mQ} <2(1-a).

is satisfied.

Proof. Let f =h+g € C£ , where h and g are given by (2.2)with b; = 0, we need to prove that the integral
operator I(f(z)) = H + G € Cy(«), where H and G are given by (1.4) with by = 0 are analytic function in
U. In view of Lemma 2.4, it is enough to show that

k—1

- e~™mi (k-1 > e~m2mb (k- 1)"
S k(k—a)| L ak’Jer(kJra)‘ 2 bl <1-a.
k=2 k=2

By applying Lemma 2.1, we have

0 —mi k=177, 1\n e —mg k=1 —_1\"
Zk(k—a)‘e mi (k—1) ak‘+2k(kj+a)’e ka!(k 1) bk‘

k=2 -
_ % [}i {(k=1)(k—2) + @A —a)(k—1)+2(1 - a)}emng_lil;_ D

+ i {(k—2)+(2+a)} emQTEjg!_ Dn]
- ;Z:; (Z) i [m% +(d—a)m +2(1—a)(1—e ™) +mi+ (2 a)my
< l-a

by the given hypothesis. Thus the proof of Theorem 3.5 is established.

The proof of the following theorems ar similar to previous theorems so we state only the results.

Theorem 3.6. If0 < o < 1, my,mg > 0, then I(TS53,(c)) C TCx(wv), if and only if the inequality

n

n n—i[_—mq —mo 1+Oé
Z(k)k 7™ +emm ) <14 Tl

=0

is satisfied.
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Theorem 3.7. If0 < o < 1, my,ma > 0, then I(TCy () C TCx(w), if and only if the inequality (3.4) is
satisfied.

Theorem 3.8. If0 < o < 1, m1, mo > 0 and if the inequality

Z (Z) Eniem [Q(m? +m3) + (15 — 2a)m? 4 3(8 — 3a)m;
i=0

+(20 4 9)m2 + 3(2 + a)mz} <6(1 — a),

is satisfied, then I(S;L’O) C Cy(a) and I(CY)) C Ky (a).
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