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Abstract

A hyperfunction maps each input to a subset of outputs, generalizing classical functions to represent multi-
valued or uncertain outcomes. A superhyperfunction extends this idea further by mapping sets (or sets of sets)
to higher-order powerset values, thereby capturing complex hierarchical or layered uncertainties. In this paper,
we explore the use of hyperfunctions and superhyperfunctions in linear programming. Specifically, we ex-
amine the Linear Objective (Profit/Cost) n-SuperHyperfunction and the Linear Utility n-SuperHyperfunction.
We hope these concepts will advance both hyperfunction theory and the study of linear programming under
uncertainty.

Keywords: Hyperfunction; Superhyperfunction; Linear Programming; Linear Utility Function; Linear Objec-
tive (Profit/Cost) Function

1 Introduction

1.1 Linear Programming

Operations research is a modern applied science capable of mathematically modeling concepts such as effi-
ciency and scarcity in practical decision-making contexts.® It employs scientific methods to solve complex
problems associated with the management of large-scale systems in factories, institutions, and corporations.
A mathematical model is a simplified abstraction of a real-world system and typically consists of an objective
function along with a set of constraints. When both the objective function and the constraints are linear, the
resulting model is known as a linear mathematical model

Linear programming is a foundational topic in operations research due to its broad applicability across many
fields. Given its importance and the need for more precise modeling under real-world uncertainty, previous
studies have reformulated linear programming models using neutrosophic logic'¥ Neutrosophic logic intro-
duces a novel perspective in modeling by effectively handling indeterminacy and vagueness in real-world
decision systems (cf.?).
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1.2 Our Contributions: Hyperfunction and n-SuperHyperfunction

In this paper, we investigate the application of hyperfunctions and n-SuperHyperFunctions within the con-
text of linear programming. In particular, we examine the construction of the Linear Objective (Profit/Cost)
n-SuperHyperFunction and the Linear Utility n-SuperHyperFunction. These constructs aim to extend hyper-
function theory and contribute to the study of linear programming models under conditions of uncertainty.

2 Preliminaries and Definitions

This section presents the key concepts and definitions required for the discussions in this paper. Unless other-
wise stated, all sets and structures considered here are assumed to be finite.

2.1 Hyperfunction and n-Superhyperfunction

In the context of Hyperstructure and n-Superhyperstructure in functions, the concepts of Hyperfunction and
n-Superhyperfunction were introduced by Smarandache in 2016 2 Several related notions—such as the su-
perhypergraph—are also known and have been actively explored! In particular, superhyperfunctions have
been extensively studied with various theoretical developments and applications.® The relevant definitions and
theorems are presented below.

Definition 2.1 (Base Set). A base set S is the foundational set from which complex structures such as power-
sets and hyperstructures are derived. It is formally defined as:

S = {z | x is an element within a specified domain}.

All elements in constructs like P(.S) or P, (S) originate from the elements of S.

Definition 2.2 (Powerset). The powerset of a set S, denoted P(.5), is the collection of all possible subsets of
S, including both the empty set and S itself. Formally, it is expressed as:

P(S) = {A| AC S).
Definition 2.3 (n-th Powerset). (cf.Smarandache )

The n-th powerset of a set H, denoted P, (H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

P(H)=P(H), P,+1(H)=P(P,(H)), forn>1.
Similarly, the n-th non-empty powerset, denoted P;f(H), is defined recursively as:
P{(H) = P*(H), Ppy(H)=P*(P;(H)).
Here, P*(H) represents the powerset of H with the empty set removed.

Definition 2.4 (Hyperoperation). (cf2l') A hyperoperation is a generalization of a binary operation where the
result of combining two elements is a set, not a single element. Formally, for a set S, a hyperoperation o is
defined as:

0: S xS —=P(9),

where P(.5) is the powerset of S.

Definition 2.5 (Hyperfunction). "2 A Hyperfunction is a function where the domain remains a classical set .S,
but the codomain is extended to the powerset of S, denoted P(.S). Formally, a Hyperfunction f is defined as:

f:S—P(S).

For any « € S, f(z) C S is a subset of S. This allows the function to map an element of .S to multiple
elements, enabling greater flexibility compared to classical functions.
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Example 2.6 (University Course Prerequisites as a Hyperfunction). Let

S = {Calculus, LinearAlgebra, DiscreteMath, DataStructures, Algorithms, Databases}.

Define the hyperfunction
f:8—P(9)
by assigning to each course the set of its direct prerequisites:
f(Calculus) = 0,
f(LinearAlgebra) = {Calculus},
f(DiscreteMath) = {Calculus},
f(DataStructures) = {DiscreteMath},
f(Algorithms) = {DataStructures, DiscreteMath},
f(Databases) = {DataStructures}.

Here, for example, Algorithms maps to the set {DataStructures, DiscreteMath}, meaning a student must
have completed both Data Structures and Discrete Mathematics before enrolling in Algorithms. This hyper-
function captures the “many-to-many” relationship between courses and their prerequisites, which cannot be
represented by an ordinary single-valued function.

Definition 2.7 (SuperHyperOperations). Let H be a non-empty set, and let P(H) be the powerset of H.
Define the n-th powerset P™(H ) recursively:

P°(H)=H, PFY(H)= P(P*(H))fork >0.

A SuperHyperOperation of order (m,n) is an m-ary operation:
O(m,n) CH™ P*n(H)

where P]*(H) denotes the n-th powerset of H possibly excluding the empty set (for a classical-type SuperHy-
perOperation) or including it (for a Neutrosophic-type SuperHyperOperation).

If the codomain is P (H) without the empty set, we call it a classical-type (m,n)-SuperHyperOperation. If
the codomain is P™(H) including the empty set, we call it a Neutrosophic (m,n)-SuperHyperOperation.

In either case, these SuperHyperOperations are higher-order generalizations of hyperoperations, capturing
multi-level complexity through n-th powerset constructions.

Definition 2.8 (n-Superhyperfunction). (cf.Smarandache®) An n-Superhyperfunction generalizes the con-
cept of a Hyperfunction by using the n-th powerset P,,(S) as the codomain. Formally, for n > 2, an n-
Superhyperfunction f is defined as:

f:P(S) = Pu(9),

where 0 < 7 < n, and P,,(5) is the n-th powerset of S. This definition allows f to map subsets of S (from
P,(S)) to elements in the n-th powerset P, (S).

Example 2.9 (Ingredient—Recipe Mapping as a 2—Superhyperfunction). Let
S = {Eggs, Flour, Sugar, Milk}.

Then
P1(S) =P(5), P25 = P(P(S)).

Define
f:Pi(S) — P2(S), A~ {RCS|ACR}.

That is, for each ingredient-set A, f(A) is the set of all “recipes” (subsets of S) that include every ingredient
in A. For example,

f({Eggs, Flour}) = {{Eggs, Flour}, {Eggs, Flour, Sugar}, {Eggs, Flour, Milk}, {Eggs, Flour, Sugar, Milk}}.
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Since each f(A) is a subset of P(S), we have f(A) € Pa(S). Thus f is a 2-Superhyperfunction.

More generally, for any n > 2, one can define an n—Superhyperfunction
F:Pe(S) — Pp(S) (0<r<n)

by
f(A) ={BCP,1(5)| AC B},

mapping each r-subset of S to the family of (n — 1)-subsets that contain it.

2.2 Linear Function

Linear programming optimizes a linear objective function subject to linear equality and inequality constraints,
modeling resource allocation and planning problems #1823 Among the functions applicable in linear pro-
gramming, the most fundamental is the linear function. We present several examples of commonly used linear
functions.

Definition 2.10 (Linear Objective (Profit/Cost) Function). (cfX) Let x = (z1,.-., xn)T be the decision vector
and ¢ = (c1,...,¢,)T the coefficient vector. A linear objective function is

n
fobj(x) = CT.T = ZC] Zj,
j=1

which one seeks to maximize (profit) or minimize (cost).

Definition 2.11 (Linear Utility Function). (cf2) In a resource allocation problem, a linear utility function
might be

U(IE) = Zuj Lj,
j=1

where each u; represents the marginal utility per unit of x ;.

3 Result of This Paper

This section presents the main results of this paper.

3.1 Linear Objective (Profit/Cost) Hyperfunction

The definition of the Linear Objective (Profit/Cost) Hyperfunction is provided below.
Definition 3.1 (Linear Objective Hyperfunction). Let S = R" be the decision space, and let
C CR"
be a nonempty compact set of possible coefficient vectors. The Linear Objective Hyperfunction is the mapping
Hypj: S — PR), Hopj(z) = {Tx|ceCy,

T

which assigns to each decision vector x the set of all possible objective values c¢* x as c varies over C.
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Example 3.2 (Furniture Production with Price Uncertainty). Let

S = {(1‘1,332) € R2 | T1,To > O}

represent weekly production quantities of chairs (x1) and tables (z2). Due to market fluctuations, the per-unit

profit vector lies in the compact set
C =110,12] x [8,9] C R?.
Then the Linear Objective Hyperfunction
Hopj(z) = {c"z | ce C} = { c1w1 + cama | e1 € [10,12], ¢z € [8,9]}
is the interval
Hobj(x) = [ 1021 + 8z2, 121 + 972).
The production plan must satisfy resource constraints:

2x1 4+ 322 < 200, (labor hours)
4xq1 + xo < 160, (material units)

x1, T2 > 0.

A robust optimization formulation uses the hyperfunction’s extremal values:
Z(x) = 10z + 82, Z(x) = 1221 + 9x5.
Thus the robust—optimistic linear program is
max (Z(), Z(z)),

x1,T2

s.t. 2x1 + 3x2 < 200,
4z + x9 < 160,

1,72 > 0.
This example illustrates how H,; models profit uncertainty in linear programming.

Theorem 3.3. H,y; is a Hyperfunction on S.

Proof. By construction, for each x € S,
Hopi(z)={c"z|ce C} CR
is a nonempty (since C' # (J) and compact subset of R (continuous image of a compact set). Therefore
Hopj: S — P(R)
satisfies the definition of a Hyperfunction, mapping each element of S to a subset of R.
Theorem 3.4. The classical Linear Objective Function
fovi() = cgu

is recovered as a special case of Hoy; by choosing C = {co}

Proof. If C = {cp}, then for each z € S,

Hopj(w) = {c"x | c € {co}} = { g o}

Identifying the singleton set {cZ =} with its unique element c z recovers the classical objective value. Hence

H,y,; generalizes the linear objective function.
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3.2 Linear Objective (Profit/Cost) n-SuperHyperfunction

The definition of the Linear Objective (Profit/Cost) n-SuperHyperfunction is provided below.

Definition 3.5 (Linear Objective n-SuperHyperfunction). Let S = R™ be the decision space and C C R" a
nonempty compact set of coefficient vectors. Define for each z € S:

HWY

obj (@ z)={clz|ceC} CR,

and recursively for k = 2,... n:

H (x) = P(HGTD (2)) \ {0},

obj obj

the family of all nonempty subsets of H C()ﬁ ; 1)( ). Then

H™ .

WS — Pu(R), = 7" ()

obj
is called the Linear Objective n-SuperHyperfunction.
Example 3.6 (Three-Level Profit Uncertainty in Production Planning). Let
S ={x=(x1,12) €R?| 21,29 > 0}
be the decision space for producing two products. Suppose profit per unit is uncertain under three scenarios:
C = { Y =(15,10), c? = (12,8), ¥ = (10,6)}.

Define the first-level objective values

7O

oot (@) = {2 | i=1,2,3} = {1521 + 1025, 122, + 85, 10z + 625}

Then the second and third levels are
H) (@) = P(H) (@) \ {0},
H (@) = P(HG) (@) \ {0}

Concretely,

H () = {{ri}, {ri,rs}, {ri,rams} |1 <i<j <3},

where 1 = 1521 + 10z, 1o = 1221 + 82, 73 = 1021 + 622.
Consider the linear programming model
(3)
max Hoy (@),
s.t. 1+ zo <100,
2x1 + 329 <120.

Here, maximizing the third-level SuperHyperfunction H (b) captures hierarchical profit uncertainty across all

single-scenario, two-scenario, and three-scenario comblnatlons

Example 3.7 (Two-Product Production Planning with Hierarchical Profit Uncertainty). A factory manufac-
tures two products: chairs (P;) and tables (P,). Let

T1,z2 >0
be the quantities of chairs and tables produced. There are two market scenarios with per-unit profits
M =(10,8), 2 =(12,9).
Resource constraints (per week) are:
2x1 + 3z < 240 (labor hours),
4x1 + 229 < 160 (material units).
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First-Level Hyperfunction Define the Linear Objective Hyperfunction
HS)(2) = { 102, + 85, 1221 + 922},

which gives the profit in each scenario.

Second-Level SuperHyperfunction The 2-SuperHyperfunction
2 1
HPj(x) = P(Hg)() \ {0}
yields the family of nonempty subsets:
{{10%1 + 8$2}, {121’1 + 9SU2}, {101’1 + 81’2, 121’1 + 91’2}},

capturing single-scenario and combined-scenario profits.

Production Planning Model The set-valued objective can be interpreted via its extremal elements:

Z(x) = min Hc()ll)z(m) = min{10z; + 8x2, 1221 + 9z},

Z(z) = max H' () = max{10z, + 822, 1221 + 972 }.

obj
A robust—optimistic linear program is
max (Z(x), Z(z)),
T1,T2
s.t. 21 4+ 3z < 240,
41 + 222 < 160,
T1,T2 >0

Here the interval [Z, Z] summarizes hierarchical profit uncertainty across both scenarios.

Theorem 3.8. Foreachn > 1, H é&) is an n-SuperHyperfunction.

Proof. By induction on k. For k = 1, H 51133 () C R is nonempty (since C' # ) and compact (continuous

image of compact C), so H éllji : S — P(R) is a Hyperfunction. Assume H éﬁ;l) (z) is nonempty and compact
for all z. Then P(H(Eﬁj_l) (z)) \ {0} is a nonempty family of nonempty compact subsets of R. Hence H, (glk)z :
S — Pi(R) satisfies the definition of an k-SuperHyperfunction. By induction, the result holds for k = n. O

Theorem 3.9. H éTbLJ) generalizes the Linear Objective Hyperfunction H éii

Proof. By definition, the first-level mapping H )

obj 18 exactly the Linear Objective Hyperfunction. For n > 1,

o C(,EJ) builds on H (51133 by taking successive powersets. Thus I c(),z) reduces to H, éll)i
level, and extends it through higher-order subset embeddings, showing that H (ESJ) is indeed a proper general-
ization. O

when restricted to its first

3.3 Linear Utility HyperFunction

The definition of the Linear Utility HyperFunction is provided below.
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Definition 3.10 (Linear Utility HyperFunction). Let S = R" be the allocation space, and let
U C R"

be a nonempty compact set of possible marginal-utility vectors. The Linear Utility HyperFunction is the

mapping
Hym: S — PR), Hya(z) = {u'z|ueUg},

T

which assigns to each allocation z the set of all possible utility values u* = as u varies over Uc.

Example 3.11 (Resource Allocation with Utility Uncertainty). Consider an organization allocating resources
to two activities, x1 and xo. The allocation vector is

T = (xl,arg)T, x1, T2 > 0.
Due to stakeholder disagreement, the marginal-utility vector lies in
Uc=12,3] x[1,2] = {u = (u,u)T | uy €[2,3], uz € [1,2]}.
By definition, the Linear Utility HyperFunction is
Hyi(z) = {u"z|ueUc} = {wizy +uoms | uy € [2,3], up € [1,2]} = [221 + 1xa, 321 + 222 ].

Resource constraints are:
1 + 2z < 80, (labor capacity)

3z1 + x5 < 90, (material capacity)

1, 2 > 0.

A robust-optimistic linear program uses the extremal values of the hyperfunction:
U(z) = 2z1 + lxo, U(z) = 3x1 + 222.
We then solve

max (U(x), U(z)),

T1,T2

s.t. x1 + 2z < 80,
3r1 + 29 <90,
x1, w2 > 0.

This formulation captures both the worst-case and best-case utility outcomes, reflecting hierarchical stake-
holder preferences.

Theorem 3.12. H,; is a Hyperfunction on S.

Proof. Since Uc is nonempty and compact, its continuous image under the map u + u? 2 is nonempty and
compact for each fixed € S. Hence

Hy(z) = {ulz |u e Ug}

is a nonempty compact subset of R. Therefore H.; satisfies the definition of a Hyperfunction, mapping each
x € Sinto P(R). O

Theorem 3.13. The classical Linear Utility Function
Uz) =ulx

is recovered as a special case of Hyi by choosing Ue = {ug}.

Proof. If Uc = {ug}, then for every x € S,
Hutil(x) - {uTx | S {UO}} = {UEJZ}

Identifying the singleton {ul'z} with its unique element ul'z recovers the classical utility value. Thus H;
generalizes the linear utility function. O
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3.4 Linear Utility n-SuperHyperFunction

The definition of the Linear Utility n-SuperHyperFunction is provided below.

Definition 3.14 (Linear Utility n-SuperHyperfunction). Let S = R™ be the allocation space and Uc € R™ a
nonempty compact set of possible marginal-utility vectors. Define for each = € S:

H)(2) = {uv"z|ueUs} C R,

and recursively for k =2,...,n:
High (@) = PG (@) \ {0} € Pu(R),
where Pj(R) denotes the kth powerset of R. Then the mapping

H™: 5 — P,(R), 2 — H™(z),

util util
is called the Linear Utility n-SuperHyperfunction.

Example 3.15 (Resource Allocation with Two-Level Utility Uncertainty). Consider allocating resources x =
(z1,22) > 0 to two projects. Due to stakeholder disagreement, their marginal-utility vector lies in the compact
set

Uc = {uM =(2,1), u» = (3,2)} c R%.

First-Level Utility Hyperfunction For each allocation x, the first-level mapping is

Hl(él)l(x) ={ulz |uecUg} = {2z + lag, 321 + 212}

Second-Level SuperHyperfunction The 2-SuperHyperfunction then is

Hﬁfl)l(x) = P(Hﬁil)l(x)) \ {0} = {{22z1 + 122}, {321 + 222}, {221 + 122, 321 + 232} }.

Linear Programming Model Suppose resources satisfy:

x1 + 2x9 < 100, (labor capacity)
41 + 22 < 80, (material capacity)

x1, 2 > 0.
We interpret the 2-level utility set via its extremal values:
U(z) = 2x1 + 1o, U(x) = 321 + 215.

A robust—optimistic formulation is -
max (U(z), U(z)),

1,22
s.t.  x1 + 229 < 100,
4(L’1 + X9 < 80,

z1, 2 2 0.

This example demonstrates how H )

w1 captures both single-scenario and combined-scenario utility outcomes
in a linear program.

n)

Theorem 3.16. For each integer n > 1, the mapping H. 1(1ti1 is an n-SuperHyperfunction.
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. . _ 1)
Proof. We proceed by induction on k. For k = 1, H ;)

tinuous map u — u” z, hence is a nonempty compact subset of R. Thus H&)l : S — P(R) is a hyperfunction.

(x) is the image of the compact set Uc under the con-

Assume H. 1(1151171) (z) is a nonempty compact subset of R for all 2. Then its powerset minus the empty set,
2 k—1
Hig(x) = P(Hyg V(@) \ {0},
is a nonempty family of nonempty compact subsets of R. Therefore H (k)

el - S — Pr(R) satisfies the definition

of a k-SuperHyperfunction. By induction, H 5?1)1 is an n-SuperHyperfunction. O

Theorem 3.17. The classical Linear Utility Hyperfunction H (1)

uti 18 recovered as the first-level case of H, 1(1?1)1

Proof. By definition, the first-level mapping of H, M i

util
Hi (@) = {uTx | ue Uch,

which exactly coincides with the Linear Utility Hyperfunction. Hence Hé:l)l extends and generalizes Hl(lil)l

through higher-order subset constructions. O

4 Conclusion and Future Tasks

In this paper, we explored the application of hyperfunctions and SuperHyperFunctions in the context of linear
programming. Specifically, we examined the construction and application of the Linear Objective (Profit/Cost)
n-SuperHyperFunction and the Linear Utility n-SuperHyperFunction.

As a direction for future research, we plan to extend the function models introduced in this paper by incorpo-
rating the frameworks of Fuzzy Sets,'22 Hyperfuzzy Sets '3 Soft Sets® Intuitionistic Fuzzy Sets,™ Vague
Sets,” Hesitant Fuzzy Sets,” and Plithogenic Sets* These advanced uncertainty-based structures are expected
to enrich the expressive and computational capacity of SuperHyperFunction-based linear programming mod-
els.
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