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Abstract

This paper explores the fundamental concepts of sub-level subgroups, element orders, normalizers, and cen-
tralizers within the framework of neutrosophic group theory. Additionally, it examines quotient groups and the
index of a subgroup, extending classical algebraic structures to a neutrosophic setting. Finally, a generalized
formulation of Lagrange’s theorem is presented, demonstrating its applicability in the neutrosophic environ-
ment and highlighting its implications for uncertain and indeterminate group structures.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965 as a means of handling uncertainty in real-world
problems.15 Since then, various generalizations have been proposed, including intuitionistic fuzzy sets,3

Pythagorean fuzzy sets,14 and neutrosophic sets.12 Neutrosophic sets, introduced by Smarandache, extend
classical fuzzy set theory by incorporating three membership degrees: truth, indeterminacy, and falsehood.
This framework has been widely applied in decision-making, artificial intelligence, and algebraic structures.

In group theory, the study of uncertainty-based algebraic structures has gained significant attention. Rosen-
feld10 was among the first to investigate fuzzy subgroups, laying the foundation for subsequent studies on
fuzzy algebraic structures. Ajmal and Prajapati1 expanded this concept by introducing fuzzy cosets and nor-
mal subgroups, further enhancing the applicability of fuzzy logic in abstract algebra. More recently, Bhunia
et al.4 explored the properties of neutrosophic subgroups, while Cetkin and Aygun7 developed fundamen-
tal theorems for neutrosophic algebraic structures. Thiruveni and Solairaju13 studied neutrosophic Q-fuzzy
subgroups. Al-Odhari2 introduced the characteristics of neutrosophic subgroups.

Lagrange’s theorem, one of the cornerstone results in classical group theory, states that the order of a sub-
group must divide the order of the group. This theorem has been extensively studied in various algebraic
settings, including fuzzy subgroups,9 Pythagorean fuzzy subgroups,6 and (α, β)-Pythagorean fuzzy environ-
ment.5 However, its generalization to neutrosophic subgroups remains an active area of research. Iampan et
al.8 recently explored neutrosophic subgroups and their normal properties, laying the groundwork for further
theoretical development.
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This study extends classical group-theoretic concepts to the neutrosophic setting, examining sub-level sub-
groups, the order of elements, normalizers, centralizers, quotient groups, and subgroup indices. By integrating
these structures within neutrosophic group theory, we provide a broader perspective on algebraic uncertainty
and indeterminacy. Furthermore, we establish a neutrosophic extension of Lagrange’s theorem, demonstrating
its relevance in handling group structures characterized by imprecise and incomplete information.

2 Preliminaries

In this section, we present fundamental definitions and key concepts related to neutrosophic sets and neu-
trosophic subgroups, which serve as the foundation for our study. We begin by recalling the definition of a
neutrosophic set, characterized by three membership functions representing truth, indeterminacy, and false-
hood. Building on this, we introduce the notion of neutrosophic subgroups within a group structure, extending
classical subgroup properties to the neutrosophic framework. Furthermore, we explore essential properties
such as neutrosophic cosets, normality conditions, and related algebraic structures. These preliminaries pro-
vide the necessary groundwork for our subsequent analysis of neutrosophic subgroups and their role in the
generalization of Lagrange’s theorem.

Definition 2.1. 12 Let X be a nonempty set. The neutrosophic set on X is defined to be a structure

A := {⟨x, µ(x), γ(x), ψ(x)⟩ : x ∈ X}, (2.1)

where µ : X → [0, 1] is a truth membership function, γ : X → [0, 1] is an indeterminate membership function,
and ψ : X → [0, 1] is a false membership function. The neutrosophic fuzzy set in (2.1) is simply denoted by
A = (µA, γA, ψA).

Definition 2.2. 7 Let A = (µA, γA, ψA) be a neutrosophic set on a group (C, ◦). Then A is a neutrosophic
subgroup of C if

(1) µA(x ◦ y) ≥ µA(x) ∧ µA(y), γA(x ◦ y) ≥ γA(x) ∧ γA(y), and γA(x ◦ y) ≤ γA(x) ∨ γA(y) for all
x, y ∈ C,

(2) µA(x
−1) ≥ µA(x), γA(x−1) ≥ γA(x), and γA(x−1) ≤ γA(x) for all x ∈ C.

Proposition 2.3. 7 Let A = (µA, γA, ψA) be a neutrosophic set on a group (C, ◦). Then A is a neutrosophic
subgroup ofC if and only if µA(x◦y−1) ≥ µA(x)∧µA(y), γA(x◦y−1) ≥ γA(x)∧γA(y), and γA(x◦y−1) ≤
γA(x) ∨ γA(y) for all x, y ∈ C.

Definition 2.4. 7 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then for x ∈ C,
the neutrosophic left coset of A is the neutrosophic set xA = (xµA, xγA, xψA), defined by (xµA)(u) =
µA(x

−1 ◦u), (xγA)(u) = γA(x
−1 ◦u), and (xψA)(u) = ψA(x

−1 ◦u) and the neutrosophic right coset ofA is
the neutrosophic setAx = (µAx, γAx, ψAx), defined by (µAx)(u) = µA(u◦x−1), (γAx)(u) = γA(u◦x−1),
and (ψAx)(u) = ψA(u ◦ x−1) for all u ∈ C.

Definition 2.5. 7 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then A is a neutro-
sophic normal subgroup on C if every neutrosophic left coset of A is a neutrosophic right coset of A on C.
Equivalently, xA = Ax for all x ∈ C.

Proposition 2.6. 7 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then A is a
neutrosophic normal subgroup on C if and only if µA(x ◦ y) = µA(y ◦ x), γA(x ◦ y) = γA(y ◦ x), and
ψA(x ◦ y) = ψA(y ◦ x) for all x, y ∈ C.

Proposition 2.7. 7 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then A is a neu-
trosophic normal subgroup of C if and only if µA(k ◦ u ◦ k−1) = µA(u), γA(k ◦ u ◦ k−1) = γA(u), and
ψA(k ◦ u ◦ k−1) = ψA(u) for all u, k ∈ C.
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3 Properties of neutrosophic subgroups

In this section, we define neutrosophic subgroups as extensions of fuzzy subgroups and traditional neutrosophic
subgroups. Next, we investigate whether the union and intersection of two neutrosophic subgroups of a group
(C, ◦) are themselves neutrosophic subgroups of C.

Theorem 3.1. 8 The intersection of a family of neutrosophic subgroups of a group (C, ◦) is also a neutrosophic
subgroup of C.

Proposition 3.2. 8 If A = (µA, γA, ψA) is a neutrosophic subgroup of a group (C, ◦), then µA(x
k) ≥ µA(x),

γA(x
k) ≥ γA(x), and ψA(x

k) ≤ ψA(x) for all x ∈ C and k ∈ N. Here xk = x ◦ x ◦ · · · ◦ x (k times).

Proposition 3.3. 8 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). If µ(x) ̸= µ(y),
γ(x) ̸= γ(y), and ψ(x) ̸= ψ(y), then µA(x ◦ y) = µA(x) ∧ µA(y), γA(x ◦ y) = γA(x) ∧ γA(y), and
ψA(x ◦ y) = ψA(x) ∨ ∧A(y), respectively, for all x, y ∈ C.

Proposition 3.4. 8 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦) with e as the identity
element and x ∈ C. Then

(∀y ∈ C)

 µA(x) = µA(e) ⇒ µA(x ◦ y) = µA(y),
γA(x) = γA(e) ⇒ γA(x ◦ y) = γA(y),
ψA(x) = ψA(e) ⇒ ψA(x ◦ y) = ψA(y)

 .

Theorem 3.5. 8 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then the set N = {x ∈
C : µA(e) = µA(x), γA(e) = γA(x), ψA(e) = ψA(x)} forms a subgroup of C, where e is the identity element
of C.

Definition 3.6. 8 Let C be a crisp set. Let A = (µA, γA, ψA) be a neutrosophic set on the set C. For
α, β, δ ∈ [0, 1], the set ψ(α,β,δ) = {x ∈ C : µA(x) ≥ α, γA(x) ≥ β, ψA(x) ≤ δ} is called a neutrosophic
level subset of the neutrosophic set A of C, where 0 ≤ α+ β + δ ≤ 1.

Proposition 3.7. 8 Let A = (µA, γA, ψA) and B = (µB , γB , ψB) be two neutrosophic sets on the universal
set C. Then

(1) A(α,β,δ) ⊆ A(ϵ,ω,σ) if ϵ ≤ α, ω ≤ β and δ ≤ σ for ϵ, β, α, ω, δ, σ ∈ [0, 1],

(2) A ⊆ B ⇒ A(α,β,δ) ⊆ B(α,β,δ) for α, β, δ ∈ [0, 1].

Proposition 3.8. 8 Let A = (µA, γA, ψA) be a neutrosophic subgroup of a group (C, ◦). Then, the neutro-
sophic level subset A(α,β,δ) forms a subgroup of C, where α ≤ µA(e), β ≤ γA(e), and δ ≥ ψA(e), and e is
the identity element of C.

Definition 3.9. 8 The subgroup A(α,β,δ) of the group (C, ◦) is called the neutrosophic level subgroup of the
neutrosophic subgroup A = (µA, γA, ψA).

Proposition 3.10. 8 Let A = (µA, γA, ψA) be a neutrosophic set on a group (C, ◦). If the neutrosophic level
subgroup A(α,β,δ) is a subgroup of C, where α ≤ µA(e), β ≤ γA(e), and δ ≥ ψA(e), then A = (µA, γA, ψA)
is a neutrosophic subgroup of C.

Proposition 3.11. 8 Let A = (µA, γA, ψA) be a neutrosophic normal subgroup of a group (C, ◦). Then,
the neutrosophic level subset A(α,β,δ) forms a normal subgroup of C, where α ≤ µA(e), β ≤ γA(e) and
δ ≥ ψA(e), and e is the identity element in C.

Theorem 3.12. 8 Let (C1, ◦1) and (C2, ◦2) be two groups. Let f : C1 → C2 be a surjective homomor-
phism and A = (µA, γA, ψA) be a neutrosophic subgroup of C1. Then f(A) = (f(µA), f(γA), f(ψA)) is a
neutrosophic subgroup of C2.

Theorem 3.13. 8 Let (C1, ◦1) and (C2, ◦2) be two groups. Let f be a bijective homomorphism from C1 to C2

and A = (µA, γA, ψA) be a neutrosophic subgroup of C2. Then f−1(A) = (f−1(µA), f
−1(γA), f

−1(ψA))
is a neutrosophic subgroup of C1.

Theorem 3.14. 8 Let (C1, ◦1) and (C2, ◦2) be two groups. Let f : C1 → C2 be a surjective homomorphism
and A = (µA, γA, ψA) be a neutrosophic normal subgroup of C1. Then f(A) = (f(µA), f(γA), f(ψA)) is a
neutrosophic normal subgroup of C2.
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Theorem 3.15. 8 Let (C1, ◦1) and (C2, ◦2) be two groups. Let f be a bijective homomorphism from C1 to
C2 and A = (µA, γA, ψA) be a neutrosophic normal subgroup of C2. Then f−1(A) = (f−1(µA), f

−1(γA),
f−1(ψA)) is a neutrosophic normal subgroup of C1.

Theorem 3.16. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C, then Γ(x) = {y ∈
C : µA(y) ≥ µA(x), γA(y) ≥ γA(x), ψA(y) ≤ ψA(x)} is a subgroup of C.

Proof. We have Γ(x) = {y ∈ C : µA(y) ≥ µA(x), γA(y) ≥ γA(x), ψA(y) ≤ ψA(x)}, where x ∈ C. Then
Γ(x) ⊂ C as x ∈ Γ(x). Also, e ∈ Γ(x) as µA(e) ≥ µA(x), γA(e) ≥ γA(x) and ψA(e) ≤ ψA(x). Let
p, q ∈ Γ(x). Then

µA(pq
−1) ≥ µA(p) ∧ µA(q

−1) = µA(p) ∧ µA(q) ≥ µA(x),

γA(pq
−1) ≥ γA(p) ∧ γA(q−1) = γA(p) ∧ γA(q) ≥ γA(x),

ψA(pq
−1) ≤ ψA(p) ∨ ψA(q

−1) = ψA(p) ∨ ψA(q) ≤ ψA(x).

Thus, pq−1 ∈ Γ(x). Therefore, Γ(x) is a subgroup of C.

Definition 3.17. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. Then the
subgroup Γ(x) is a neutrosophic sub-level subgroup of C corresponding to m.

Definition 3.18. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. Then
the neutrosophic order of x in A is denoted by O(x)A and defined by the order of the neutrosophic sub-level
subgroup of x in C. Therefore, O(x)A = O(Γ(x)) for all x ∈ C.

Example 3.19. Consider the group (Z4,+4). We define a neutrosophic set A = (µA, γA, ψA) as follows:

C 0 1 2 3
µA 0.9 0.6 0.6 0.8
γA 0.8 0.5 0.5 0.7
ψA 0.2 0.7 0.7 0.4

Clearly, A = (µA, γA, ψA) is a neutrosophic subgroup on Z4. Then neutrosophic order of the elements
of Z4 in A is presented by O(0)A = O(Γ(0)) = 2, O(1)A = O(Γ(1)) = 4, O(2)A = O(Γ(2)) = 4,
O(3)A = O(Γ(3)) = 2. We see that O(0)A ̸= O(0) and O(0)A = O(3)A = 2.

Remark 3.20. The neutrosophic order of an element in neutrosophic subgroup may not always be the same
to the element’s order in the group.

Proposition 3.21. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C, then O(e)A ≤ O(x)A for
all x ∈ C, where e is the identity element of the group C.

Proof. Let O(e)A = s, where s ∈ Z+. Suppose Γ(e) = {x1, x2, . . . , xs}, where xi ̸= xj for all i, j.
Then µA(x1) = µA(x2) = . . . = µA(xs) = µA(e), γA(x1) = γA(x2) = . . . = γA(xs) = γA(e) and
ψA(x1) = ψA(x2) = . . . = ψA(xs) = ψA(e). As A = (µA, γA, ψA) is a neutrosophic subgroup on C,
µA(e) ≥ µA(x), γA(e) ≥ γA(x) and ψA(e) ≤ ψA(x) for all x ∈ C. So, x1, x2, . . . , xs ∈ Γ(u). Then
Γ(e) ⊂ Γ(u). Thus, O(Γ(e)) ≤ O(Γ(x)) for all x ∈ C. Therefore, O(e)A ≤ O(x)A for all x ∈ C.

The next result represents a relationship between the order and neutrosophic order of an element in a group.

Theorem 3.22. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C, then O(x) divides O(x)A for
all x ∈ C.

Proof. Let x ∈ C and O(x) = k, where k ∈ Z+. Then xk = e. Consider D = ⟨x⟩ as a subgroup of
C. Now, µA(x) ≥ µA(x) ∧ µA(x) = µA(x), γA(x) ≥ γA(x) ∧ γA(x) = γA(x) and ψA(x) ≤ ψA(x) ∨
ψA(x) = ψA(x). Then, by induction, µA(x

p) ≥ µA(x), γA(xp) ≥ γA(x) and ψA(x
p) ≤ ψA(x) for all

p ∈ Z+. So, x, x2, . . . , xk ∈ Γ(x). Consequently, D ⊂ Γ(x). Therefore, D is a subgroup of Γ(x). Thus, by
Lagrange’s theorem, O(D)|O(Γ(x)). Therefore, O(x)|O(x)A. Since x is any element of C, O(x)|O(x)A for
all x ∈ C.
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We will now construct a relationship between the neutrosophic order of an element of a group in neutrosophic
subgroup and the group’s order.

Theorem 3.23. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C, then neutrosophic order of
each element of C in A divides the order of C.

Proof. According to the definition, O(x)A = O(Γ(x)) for all x ∈ C. From Theorem 3.16, Γ(x) is a subgroup
of C. Therefore, by Lagrange’s theorem, the order of Γ(x) divides the order of C. That is O(Γ(x))|O(C).
This represents that O(x)A|O(C) for all x ∈ C. Hence, the neutrosophic order of each element of C in A
divides the order of C.

Theorem 3.24. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C, then O(x)A = O(x−1)A for
all x ∈ C.

Proof. Let x ∈ C. Then O(x)A = O(Γ(x)). Since A = (µA, γA, ψA) is a neutrosophic subgroup on
C, µA(x) = µA(x

−1), γA(x) = γA(x
−1) and ψA(x) = ψA(x

−1). Then Γ(x) = {y ∈ C : µA(y) ≥
µA(x

−1), γA(y) ≥ γA(x
−1), ψA(y) ≤ ψA(x

−1)} = Γ(x−1). Hence, O(Γ(x)) = O(Γ(x−1)). That is,
O(x)A = O(x−1)A. Therefore, O(x)A = O(x−1)A for all x ∈ C.

Now, we will introduce the neutrosophic order of a neutrosophic subgroup of a group.

Definition 3.25. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C. Then the neutrosophic
order of the neutrosophic subgroup A is denoted by O(A) and is defined by O(A) =

∨
{O(x)A : x ∈ C}.

Example 3.26. Consider the neutrosophic subgroup A on Z4 in Example 3.19. The neutrosophic order of
the elements of Z4 in A is presented by O(0)A = 2, O(1)A = 4, O(2)A = 4 and O(3)A = 2. Therefore,
O(A) =

∨
{O(x)A : x ∈ Z4} = 4.

Theorem 3.27. The neutrosophic order of each neutrosophic subgroup of a group is the same as the group’s
order.

Proof. Assume A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. Without loss of
generality, we assume that µA(y) ≥ µA(x), γA(y) ≥ γA(x) and ψA(y) ≤ ψA(x) for all y ∈ C. Since
Γ(x) = {y ∈ C : µA(y) ≥ µA(x), γA(y) ≥ γA(x), ψA(y) ≤ ψA(x)}, Γ(x) = C. Also, |Γ(x)| ≥ |Γ(y)| for
all y ∈ C.

Consequently, O(A) = O(x)A. Again, O(x)A = O(Γ(x)). Therefore, O(A) = O(C). Hence, the neutro-
sophic order of a neutrosophic subgroup of a group is the same as group’s order.

Remark 3.28. For a neutrosophic subgroup of a group C, the neutrosophic order of an element of C divides
the neutrosophic order of that neutrosophic subgroup.

Theorem 3.29. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C such that
O(x)A = s. If gcd(s, t) = 1, then µA(x

t) = µA(x), γA(xt) = γA(x) and ψA(x
t) = ψA(x).

Proof. Since O(x)A = s, then xs = e. Also, A = (µA, γA, ψA) is a neutrosophic subgroup on C, then
µA(x

t) ≥ µA(x), γA(xt) ≥ γA(x) and ψA(x
t) ≤ ψA(x). Since gcd(s, t) = 1, there exist a and b such that

as+ bt = 1. Then

µA(x) = µA(x
as+bt) ≥ µA(x

as) ∧ µA(x
bt) ≥ µA(e) ∧ µA(x

t) = µA(x
t),

γA(x) = γA(x
as+bt) ≥ γA(x

as) ∧ γA(xbt) ≥ γA(e) ∧ γA(xt) = γA(x
t),

ψA(x) = ψA(x
as+bt) ≤ ψA(x

as) ∨ ψA(x
bt) ≤ ψA(e) ∨ ψA(x

t) = ψA(x
t).

Hence, µA(x
t) = µA(x), γA(xt) = γA(x) and ψA(x

t) = ψA(x).

Theorem 3.30. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. If µA(x
t) =

µA(e), γA(xt) = γA(e) and ψA(x
t) = ψA(e), then t|O(x)A, where t ∈ Z.
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Proof. Let O(x)A = s. We can suppose that q is the smallest integer for which µA(x
q) = µA(e), γA(xq) =

γA(e) and ψA(x
q) = ψA(e) holds. By division algorithm, there exist a, b ∈ Z such that s = at + b where

0 ≤ b < t. Now,
µA(x

b) = µA(x
s−at)

≥ µA(x
s) ∧ µA((x

−1)at)
= µA(x

s) ∧ µA(x
at)

= µA(e) ∧ µA((x
t)a)

≥ µA(e) ∧ µA(x
t)

= µA(e),

γA(x
b) = γA(x

s−at)
≥ γA(x

s) ∧ γA((x−1)at)
= γA(x

s) ∧ γA(xat)
= γA(e) ∧ γA((xt)a)
≥ γA(e) ∧ γA(xt)
= γA(e),

ψA(x
b) = ψA(x

s−at)
≤ ψA(x

s) ∨ ψA((x
−1)at)

= ψA(x
s) ∨ ψA(x

at)
= ψA(e) ∨ ψA((x

t)a)
≤ ψA(e) ∨ ψA(x

t)
= ψA(e).

Thus, µA(x
b) = µA(e), γA(xb) = γA(e) and ψA(x

b) = ψA(e). This contradicts the minimality of q as
0 ≤ b < t. Therefore, b = 0, so s = at. Hence, t|O(x)A.

Theorem 3.31. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. If O(x)A =

s, then O(xv)A =
s

gcd(s, v)
, where v ∈ Z.

Proof. Let O(xv)A = a and gcd(s, v) = g. Since O(x)A = s, by Theorem 3.30, xs = e. Now, µA((x
v)

s
g ) =

µA((x
s)

v
g ) = µA(e

v
g ) = µA(e). Similarly, γA((xv)

s
g ) = γA(e) and ψA((x

v)
s
g ) = ψA((x

s)
v
g ) = ψA(e

v
g ) =

ψA(e). It follows from Theorem 3.30, sg divides a. Since gcd(s, v) = g, there exist p, q ∈ Z such that
sp+ vq = g. Therefore,

µA(x
ga) = µA(x

(ps+vq)a)
= µA(x

psaxvqa)
≥ µA((x

s)pa) ∧ µA((x
va)q)

≥ µA(x
s) ∧ µA((x

v)a)
= µA(e) ∧ µA(e)
= µA(e).

But the only option is µA(x
ga) = µA(e).

Also
γA(x

ga) = γA(x
(ps+vq)a)

= γA(x
psaxvqa)

≥ γA((x
s)pa) ∧ γA((xva)q)

≥ γA(x
s) ∧ γA((xv)a)

= γA(e) ∧ γA(e)
= γA(e).

But the only option is γA(xga) = γA(e).

ψA(x
ga) = ψA(x

(ps+vq)a)
= ψA(x

psaxvqa)
≤ ψA((x

s)pa) ∨ ψA((x
va)q)

≤ ψA(x
s) ∨ ψA((x

v)a)
= ψA(e) ∨ ψA(e)
= ψA(e).

But the only option is ψA(x
ga) = ψA(e). Thus, by Theorem 3.30, ga|s, that is a| sg . Therefore, a = s

g . Hence,

O(xv)A =
s

gcd(s, v)
.
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Theorem 3.32. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a group C and x ∈ C. If O(x)A =
z and g ∼= h(mod z), then O(xg)A = O(xh)A, where g, h, z ∈ Z.

Proof. Let O(xg)A = l1 and O(xh)A = l2. Since g ∼= h(mod z), then g = wz + h, where w ∈ Z. Then

µA((x
g)l2) = µA((x

zw+h)l2)
= µA(x

wzl2xhl2)
≥ µA((x

z)wl2) ∧ µA((x
h)l2)

= µA(e) ∧ µA(e)
= µA(e).

But the only option is µA((x
g)l2) = µA(e).

Also
γA((x

g)l2) = γA((x
zw+h)l2)

= γA(x
wzl2xhl2)

≥ γA((x
z)wl2) ∧ γA((xh)l2)

= γA(e) ∧ γA(e)
= γA(e).

But the only option is µA((x
g)l2) = µA(e).

ψA((x
g)l2) = ψA((x

zw+h)l2)
= ψA(x

wzl2xhl2)
≤ ψA((x

z)wl2) ∨ ψA((x
h)l2)

= ψA(e) ∨ ψA(e)
= ψA(e).

But the only option is ψA((x
g)l2) = ψA(e). Hence, by Theorem 3.30, l2|l1. In the same manner, we can prove

that l1|l2. Thus, l1 = l2. Hence, O(xg)A = O(xh)A, where g, h ∈ Z.

Theorem 3.33. If A = (µA, γA, ψA) is a neutrosophic normal subgroup of a group C and x ∈ C, then
O(x)A = O(yxy−1)A for all y ∈ C.

Proof. Let y ∈ C. Since A is a neutrosophic normal subgroup on the group C, µA(x) = µA(yxy
−1),

γA(x) = γA(yxy
−1) and ψA(x) = ψA(yxy

−1). Then the neutrosophic sub-level subgroup corresponding to
x is equal to yxy−1. Hence, Γ(x) = Γ(yxy−1). Consequently, O(Γ(x)) = O(Γ(yxy−1)). Since y is any
element of C, O(x)A = O(yxy−1)A for all y ∈ C.

Theorem 3.34. If A = (µA, γA, ψA) is a neutrosophic normal subgroup of a group C, then O(xy)A =
O(yx)A for all x, y ∈ C.

Proof. Let x, y ∈ C. Then

µA(xy) = µA((y
−1y)(xy)) = µA(y

−1(yx)y),

γA(xy) = γA((y
−1y)(xy)) = γA(y

−1(yx)y),

ψA(xy) = ψA((y
−1y)(xy)) = ψA(y

−1(yx)y).

Hence, Γ(xy) = Γ(y−1(xy)(y−1)−1), and henceO(xy)A = O(y−1(yx)(y−1)−1)A. It follows from Theorem
3.33 that O(y(yx)y−1)A = O(yx)A. Since x and y are any elements of C, O(xy)A = O(yx)A for all
x, y ∈ G.

Theorem 3.35. Suppose A = (µA, γA, ψA) is a neutrosophic subgroup of a commutative group C and m,n
are two elements of C such that gcd(O(x)A, O(y)A) = 1. If µA(xy) = µA(e), γA(xy) = γA(e) and
ψA(xy) = ψA(e), then O(x)A = O(y)A = 1.
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Proof. Assume O(x)A = p and O(y)A = q. So, we get gcd(p, q) = 1. Now, µA(x
qyq) = µA((xy)

q) ≥
µA(xy) = µA(e). But the only option is µA(x

qyq) = µA(e). Also, µA(x
q) = µA(x

qyqv−q) ≥ µA(x
qyq) ∧

µA((y
−1)q) = µA(e) ∧ µA(e) = µA(e). So, we get µA(x

q) = µA(e). Also, γA(xqyq) = γA((xy)
q) ≤

γA(xy) = γA(e). But the only option is γA(xqyq) = γA(e). Also, γA(xq) = γA(x
qyqv−q) ≤ γA(x

qyq) ∨
γA((y

−1)q) = γA(e) ∨ γA(e) = γA(e). So, we get γA(xq) = γA(e). Now, ψA(x
qyq) = ψA((xy)

q) ≥
ψA(xy) = ψA(e). But the only option is ψA(x

qyq) = ψA(e). Also, ψA(x
q) = ψA(x

qyqv−q) ≥ ψA(x
qyq) ∧

ψA((y
−1)q) = ψA(e)∧ψA(e) = ψA(e). So, we get ψA(x

q) = ψA(e). It follows from Theorem 3.32 that q|p.
Again gcd(p, q) = 1, thus q = 1. Similarly, we can present that p = 1. Hence, O(x)A = O(y)A = 1.

Theorem 3.36. Generators of a cyclic group have same neutrosophic order in a neutrosophic subgroup.

Proof. Assume C is a cyclic group of order k. Let x, y be any two generators of C. Then xk = e = yk. Since
x is a generator, y = xp for some p ∈ Z+. Then k and p are co-prime, so gcd(k, p) = 1. It follows from
Theorem 3.29 that O(x)A = O(xp)A = O(y)A. For an infinite cyclic group it has only two generator. If x is
a generator of C, then x−1 is the only other generator. It follows from Theorem 3.24 that O(x)A = O(x−1)A.
Hence, any generators of a cyclic group have the same neutrosophic order in a neutrosophic subgroup.

4 Neutrosophic normal subgroups

The concepts of neutrosophic normalizer and neutrosophic centralizer are developed in this section. We also
look into a number of algebraic properties of it.

Definition 4.1. Assume A = (µA, γA, ψA) is a neutrosophic subgroup of a group C. Then neutrosophic
normalizer of A is denoted by δ(A) and defined by δ(A) = {m : x ∈ C, µA(x) = µA(mxx

−1), γA(x) =
γA(mxx

−1), and ψA(x) = ψA(mxx
−1)} for all x ∈ G.

Example 4.2. Consider the group C = (Z,+). Assume A = (µA, γA, ψA) is a neutrosophic set on Z, which
is presented by

µA(a) =

{
0.87 when a ∈ 2Z
0.62 elsewhere, γA(a) =

{
0.87 when a ∈ 2Z
0.62 elsewhere, ψA(a) =

{
0.31 when a ∈ 2Z
0.68 elsewhere.

We can clearly verify that A = (µA, γA, ψA) is a neutrosophic subgroup on Z. Then the neutrosophic normal-
izer of A is δ(A) = Z.

Theorem 4.3. If A = (µA, γA, ψA) is a neutrosophic subgroup of a finite group C, then the neutrosophic
normalizer δ(A) forms a subgroup of C.

Proof. Let x, y ∈ δ(A). Then

(∀p ∈ C)

 µA(p) = µA(xpx
−1)

γA(p) = γA(xpx
−1)

ψA(p) = ψA(xpx
−1)

 (4.1)

and

(∀q ∈ C)

 µA(q) = µA(yqy
−1)

γA(q) = γA(yqy
−1)

ψA(q) = ψA(yqy
−1)

 . (4.2)

Clearly, e ∈ δ(A), so δ(A) is a non-empty finite subset of C. To show δ(A) is a subgroup of C, we need to
show xy ∈ δ(A). Put p = yqy−1 in (4.1), we get µA(yqy

−1) = µA(xyqy
−1x−1)

γA(yqy
−1) = γA(xyqy

−1x−1)
ψA(yqy

−1) = ψA(xyqy
−1x−1)

 . (4.3)

It follows from (4.2) and (4.3) that µA(q) = µA(xyqy
−1x−1), γA(q) = γA(xyqy

−1x−1) and µA(q) =
µA(xyqy

−1x−1). Hence, µA(q) = µA((xy)q(xy)
−1), γA(q) = γA((xy)q(xy)

−1) and µA(q) = µA((xy)q(xy)
−1).

Therefore, xy ∈ δ(A). Hence, δ(A) forms a subgroup of C.
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Proposition 4.4. AssumeA = (µA, γA, ψA) is a neutrosophic subgroup of a groupC. ThenA = (µA, γA, ψA)
is a neutrosophic normal subgroup of C if and only if δ(A) = C.

Proof. We have δ(A) = {m : x ∈ C, µA(p) = µA(mpx
−1), γA(x) = γA(mpx

−1), and ψA(p) =
ψA(mpx

−1)} for all p ∈ C. Therefore, δ(A) ⊂ C. Assume A = (µA, γA, ψA) is a neutrosophic normal
subgroup on C. Then µA(x) = µA(yxy

−1), γA(x) = γA(yxy
−1) and ψA(x) = ψA(yxy

−1) for all x, y ∈ C.
This presents that C ⊂ δ(A). Hence, δ(A) = C.

Conversely, let δ(A) = C. Then µA(x) = µA(yxy
−1), γA(x) = γA(yxy

−1) and ψA(x) = ψA(yxy
−1) for

all x, y ∈ C. Hence, A = (µA, γA, ψA) forms a neutrosophic normal subgroup on C.

Theorem 4.5. If A = (µA, γA, ψA) is a neutrosophic subgroup of a group C, then A forms a neutrosophic
normal subgroup on the group δ(A).

Proof. Let x, y ∈ δ(A). Then µA(w) = µA(mwx
−1), γA(w) = γA(mwx

−1), and ψA(w) = ψA(mwx
−1)

for all w ∈ C. As δ(A) forms a subgroup of C, then nx ∈ δ(A). Putting w = yx in the above relation,
we have µA(yx) = µA(xymx

−1), γA(yx) = γA(xymx
−1) and ψA(yx) = ψA(xymx

−1). This presents
that µA(yx) = µA(xy), γA(yx) = γA(xy) and ψA(yx) = ψA(xy). Hence, A forms a neutrosophic normal
subgroup on the group δ(A).

Definition 4.6. Assume A = (µA, γA, ψA) is a neutrosophic subgroup of a group C. Then neutrosophic
centalizer of A is denoted by ω(ψ) and defined by ω(ψ) = {m : x ∈ C, µA(xy) = µA(yx), γA(xy) =
γA(yx), ψA(xy) = ψA(yx)} for all y ∈ C.

Example 4.7. From Example 3.19, consider the neutrosophic subgroup A on the group Z4. Then the neutro-
sophic centralizer of A is ω(A) = Z4.

Theorem 4.8. The neutrosophic centralizer of a neutrosophic subgroup of a group forms a subgroup of the
group.

Proof. AssumeA = (µA, γA, ψA) is a neutrosophic subgroup of a groupC. Then the neutrosophic centralizer
of A is given by ω(A) = {m : x ∈ C, µA(xy) = µA(yx), γA(xy) = γA(yx), ψA(xy) = ψA(yx)} for all
y ∈ C. Let s, t ∈ ω(A). Then for all r ∈ C, we get µA((st)r) = µA(s(tr)) = µA((tr)s) = µA(t(rs)) =
µA((rs)t) = µA(r(st)). Thus, µA((st)r) = µA(r(st)) for all r ∈ C. Similarly, we get γA((st)r) =
γA(r(st)) for all r ∈ C and ψA((st)r) = ψA(r(st)) for all r ∈ C. This gives that st ∈ ω(A). Also, for all
p ∈ C, we get µA(s

−1p) = µA((p
−1s)−1) = µA(p

−1s) = µA(sp
−1) = µA((ps

−1)−1) = µA(ps
−1). Thus,

µA(s
−1p) = µA(ps

−1) for all p ∈ C. Similarly, we get γA(s−1p) = γA(ps
−1) and ψA(s

−1p) = ψA(ps
−1)

for all p ∈ C. Hence, for s ∈ ω(A), we have s−1 ∈ ω(A). Hence, ω(A) forms a subgroup of C.

5 Lagrange’s Theorem in neutrosophic subgroups

This section revolves around the development of theories for Lagrange’s theorem in neutrosophic subgroups.

Theorem 5.1. Assume A = (µA, γA, ψA) is a neutrosophic normal subgroup of a finite group C and ∆ is the
set of all neutrosophic cosets of A on C. Then ∆ constructs a group with the composition xA ◦ yA = (xy)A
for all x, y ∈ C.

Proof. To prove (∆, ◦) constructs a group with the composition xA ◦ yA = (xy)A for all x, y ∈ C, we need
to verify that ◦ is well defined. Let m,n, p, q ∈ C such that mA = pA and nA = qA. Therefore, mµA(x) =
pµA(x),mγA(x) = pγA(x),mψA(x) = pµA(x) and nµA(x) = qµA(x), nγA(x) = qγA(x), nψA(x) =
qψA(x) for all x ∈ C. This presents that for all x ∈ C

µA(x
−1x) = µA(p

−1x), γA(x
−1x) = γA(p

−1x), ψA(x
−1x) = ψA(p

−1x) (5.1)

µA(y
−1x) = µA(q

−1x), γA(y
−1x) = γA(q

−1x, ψA(y
−1x) = ψA(q

−1x)). (5.2)
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We need to verify that mA ◦ nA = pA ◦ qA. So, (xy)A = (pq)A. We get (xy)µA(x) = µA(y
−1x−1x) and

(pq)µA(x) = µA(q
−1p−1x) for all x ∈ C. Then

µA(y
−1x−1x) = µA(y

−1x−1pp−1x)
= µA(y

−1x−1pqq−1p−1x)
≥ µA(y

−1x−1pq) ∧ µA(q
−1p−1x).

So,

µA(y
−1x−1x) ≥ µA(y

−1x−1pq) ∧ µA(q
−1p−1x). (5.3)

Replace x with x−1pq in (5.2), then µA(y
−1x−1pq) = µA(q

−1x−1pq). As A = (µA, γA, ψA) is a neu-
trosophic normal subgroup on C, then µA(q

−1x−1pq) = µA(x
−1p). Replace x with p in (5.1), we get

µA(x
−1p) = µA(p

−1p) = µA(e). Consequently, µA(y
−1x−1pq) = µA(e). It follows from (5.3) that

µA(y
−1x−1x) ≥ µA(q

−1p−1x). Similarly, µA(q
−1p−1x) ≥ µA(y

−1x−1x). Then µA(y
−1x−1x) = µA(q

−1p−1x)
for all x ∈ C. Also, we can verify that γA(y−1x−1x) = γA(q

−1p−1x) andψA(y
−1x−1x) = ψA(q

−1p−1x)for
all x ∈ C. This presents that (xy)µA(x) = (pq)µA(x), (xy)γA(x) = (pq)γA(x) and (xy)ψA(x) =
(pq)ψA(x) for all x ∈ C. Consequently, (xy)A = (pq)A. Hence, ◦ is well defined on ∆. Clearly, ∆’s
identity element is eA. Also, x−1A ∈ ∆ is the inverse of mA in ∆. That is (mA) ◦ (x−1A) = eA. Therefore,
(∆, ◦) constructs a group with the composition mA ◦ nA = (xy)A for all x, y ∈ C.

Definition 5.2. The index of A is denoted by [C : A] and defined by [C : A] = O(∆).

Example 5.3. Consider the group C = (Z4,+4). From Example 3.19, take the neutrosophic subgroup A on
Z4. We can clearly show that A is a neutrosophic normal subgroup on the group C = (Z4,+4). Then the set
of all neutrosophic cosets of A is ∆ = {0A, 1A, 2A, 3A}. Now, (1f)(1) = µA(1

−1 +4 1) = µA(3 +4 1) =
µA(0) = 0.9025, (2f)(1) = µA(2

−1+4 1) = µA(2+4 1) = µA(3) = 0.7225 and (3f)(1) = µA(3
−1+4 1) =

µA(1 +4 1) = µA(2) = 0.4225. Thus, (1f)(1) ̸= (2f)(1) ̸= (3f)(1). This presents that 1A ̸= 2A ̸= 3A.
Therefore, the index of A is [C : A] = O(∆) = 4.

Theorem 5.4. Assume A = (µA, γA, ψA) is a neutrosophic normal subgroup of a finite group C. Then
a neutrosophic set A∗ = (µ∗

A, γ
∗
A, ψ

∗
A) on ∆ defined by µ∗

A(mµA) = µA(x), γ∗A(mγA) = γA(x) and
ψ∗
A(mψA) = ψA(x) constructs a neutrosophic subgroup on (∆, ◦) for all x ∈ C.

Proof. Let mA,nA ∈ ∆, where x, y ∈ C. Then µ∗
A((mf) ◦ (nf)) = µ∗

A((xy)f) = µA(xy) ≥ µA(x) ∧
µA(y) = µ∗

A(mf) ∧ µ∗
A(nf). Therefore, µ∗

A((mf) ◦ (nf)) ≥ µ∗
A(mf) ∧ µ∗

A(nf). Similarly, we get
γ∗A((mg) ◦ (ng)) ≥ γ∗A(mg) ∨ γ∗A(ng) and ψ∗

A((mf) ◦ (nf)) ≤ ψ∗
A(mf) ∧ ψ∗

A(nf). Also, µ∗
A(x

−1f) =
µA(x

−1) = µA(x) = µ∗
A(mf). Similarly, γ∗A(x

−1g) = γ∗A(mg) and ψ∗
A(x

−1g) = ψ∗
A(mg). Therefore,

A∗ = (µ∗
A, γ

∗
A, ψ

∗
A) constructs a neutrosophic subgroup on (∆, ◦).

Definition 5.5. The neutrosophic subgroup A∗ = (µ∗
A, γ

∗
A, ψ

∗
A) on the group (∆, ◦) is referred to as neutro-

sophic quotient group on A.

Example 5.6. From Example 5.3, consider the neutrosophic normal subgroup A on the group (Z4,+4).
Then the set of all neutrosophic cosets of A is ∆ = {0A, 1A, 2A, 3A}. We create a neutrosophic set
A∗ = (µ∗

A, γ
∗
A, ψ

∗
A) on ∆ by µ∗

A(mf) = f(x) and f(mg) = f(x). Then µ∗
A(0f) = f(0) = 0.95, µ∗

A(1f) =
f(1) = 0.65, µ∗

A(2f) = f(2) = 0.65, µ∗
A(3f) = f(3) = 0.85, γ∗A(0g) = f(0) = 0.25, γ∗A(1g) = f(1) =

0.75, γ∗A(2g) = f(2) = 0.75, γ∗A(3g) = f(3) = 0.45 and ψ∗
A(0g) = f(0) = 0.25, ψ∗

A(1g) = f(1) =
0.75, ψ∗

A(2g) = f(2) = 0.75, ψ∗
A(3g) = f(3) = 0.45. We can clearly verify that A∗ = (µ∗

A, γ
∗
A, ψ

∗
A) is a

neutrosophic subgroup on ∆. Hence, A∗ = (µ∗
A, γ

∗
A, ψ

∗
A) is the neutrosophic quotient group on A.

Theorem 5.7. Assume A = (µA, γA, ψA) is a neutrosophic normal subgroup of a finite group C and con-
structs a function κ : C → ∆ by κ(x) = mψ for all x ∈ C. Then κ forms a group homomorphism with kernel
ker(κ) = {x ∈ C : µA(x) = µA(e), γA(x) = γA(e), ψA(x) = ψA(e)}.

Proof. Let x, y ∈ C. Then κ(xy) = (xy)A = (mψ) ◦ (mψ) = κ(x) ◦ κ(y). This presents that κ : C → ∆
forms a group homomorphism. The kernel of κ is given by

ker(κ) = {x ∈ C : κ(x) = eψ}
= {x ∈ C : mψ = eψ}
= {x ∈ C : mψ(y) = eψ(y) ∀ y ∈ C}
= {x ∈ C : mf(y) = ef(y),mf(y) = ef(y) ∀y ∈ C}
= {x ∈ C : µA(x

−1n) = µA(y), γA(x
−1n) = γA(y), ψA(x

−1n) = ψA(y) ∀y ∈ C}
= {x ∈ C : µA(x) = µA(e), γA(x) = γA(e), ψA(x) = ψA(e)}
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Hence, ker(κ) = {x ∈ C : µA(x) = µA(e), γA(x) = γA(e), ψA(x) = ψA(e)}.

Remark 5.8. It is clear that ker(κ) forms a subgroup of C.

Theorem 5.9. IfA = (µA, γA, ψA) is a neutrosophic normal subgroup of a finite groupC, then [C : ψ]|O(C).

Proof. ∆ = {mψ : x ∈ C}, the set of all neutrosophic cosets of A on C is finite as C is finite. Theorem
5.7 proves that κ : C → ∆ defined by κ(x) = mψ for all x ∈ C is a group homomorphism. We define
H = {x ∈ C : mψ = eψ} = ker(κ), which is a subgroup of C. Now, C is now decomposed as union of left
cosets modulo p by C = x1H∪x2H∪x3H∪ . . .∪xpH , where xpH = H . We need to verify that there exists
a one-one relation between ∆’s elements and cosets xiH of C. We consider an element p ∈ H and coset xiH
of C. Then κ(xip) = xipψ = (xiψ) ◦ (pψ) = (xiψ) ◦ (eψ) = (xiψ). This represents that κ maps elements
of xiH to xiψ. We now define a mapping κ : {xiH : 1 ≤ i ≤ p} → ∆ by κ(xiH) = xiA. Let maψ = mbψ.
Then x−1

b maψ = eψ. Therefore, x−1
b ma ∈ H . This presents that maH = mbH . Hence, κ(miH) = miψ is

a one-one map. As a result, we can establish that the number of distinct cosets is the same as ∆’s cardinality.
That is, [C : H] = [C : ψ]. Since [C : H]|O(C), we have [C : ψ]|O(C).

6 Conclusion

This study extends the classical Lagrange’s theorem to the neutrosophic domain, introducing novel concepts
such as sub-level subgroups and neutrosophic indices. By defining algebraic structures through neutrosophic
sets, this research provides a more nuanced framework for analyzing group properties in the presence of un-
certainty. The results offer potential applications in areas where incomplete or indeterminate data necessitates
a departure from traditional crisp set theory, opening avenues for future exploration in neutrosophic abstract
algebra and its practical implications.
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