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Abstract

This paper explores the fundamental concepts of sub-level subgroups, element orders, normalizers, and cen-
tralizers within the framework of neutrosophic group theory. Additionally, it examines quotient groups and the
index of a subgroup, extending classical algebraic structures to a neutrosophic setting. Finally, a generalized
formulation of Lagrange’s theorem is presented, demonstrating its applicability in the neutrosophic environ-
ment and highlighting its implications for uncertain and indeterminate group structures.
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1 Introduction

The concept of fuzzy sets was introduced by Zadeh in 1965 as a means of handling uncertainty in real-world
problems’® Since then, various generalizations have been proposed, including intuitionistic fuzzy sets,”
Pythagorean fuzzy sets,'* and neutrosophic sets:'? Neutrosophic sets, introduced by Smarandache, extend
classical fuzzy set theory by incorporating three membership degrees: truth, indeterminacy, and falsehood.
This framework has been widely applied in decision-making, artificial intelligence, and algebraic structures.

In group theory, the study of uncertainty-based algebraic structures has gained significant attention. Rosen-
feld' was among the first to investigate fuzzy subgroups, laying the foundation for subsequent studies on
fuzzy algebraic structures. Ajmal and Prajapatil expanded this concept by introducing fuzzy cosets and nor-
mal subgroups, further enhancing the applicability of fuzzy logic in abstract algebra. More recently, Bhunia
et al* explored the properties of neutrosophic subgroups, while Cetkin and Aygun’ developed fundamen-
tal theorems for neutrosophic algebraic structures. Thiruveni and Solairaju'® studied neutrosophic Q-fuzzy
subgroups. Al-Odhari? introduced the characteristics of neutrosophic subgroups.

Lagrange’s theorem, one of the cornerstone results in classical group theory, states that the order of a sub-
group must divide the order of the group. This theorem has been extensively studied in various algebraic
settings, including fuzzy subgroups,” Pythagorean fuzzy subgroups,® and («, 3)-Pythagorean fuzzy environ-
ment” However, its generalization to neutrosophic subgroups remains an active area of research. Iampan et
al¥ recently explored neutrosophic subgroups and their normal properties, laying the groundwork for further
theoretical development.
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This study extends classical group-theoretic concepts to the neutrosophic setting, examining sub-level sub-
groups, the order of elements, normalizers, centralizers, quotient groups, and subgroup indices. By integrating
these structures within neutrosophic group theory, we provide a broader perspective on algebraic uncertainty
and indeterminacy. Furthermore, we establish a neutrosophic extension of Lagrange’s theorem, demonstrating
its relevance in handling group structures characterized by imprecise and incomplete information.

2 Preliminaries

In this section, we present fundamental definitions and key concepts related to neutrosophic sets and neu-
trosophic subgroups, which serve as the foundation for our study. We begin by recalling the definition of a
neutrosophic set, characterized by three membership functions representing truth, indeterminacy, and false-
hood. Building on this, we introduce the notion of neutrosophic subgroups within a group structure, extending
classical subgroup properties to the neutrosophic framework. Furthermore, we explore essential properties
such as neutrosophic cosets, normality conditions, and related algebraic structures. These preliminaries pro-
vide the necessary groundwork for our subsequent analysis of neutrosophic subgroups and their role in the
generalization of Lagrange’s theorem.

Definition 2.1. % Let X be a nonempty set. The neutrosophic set on X is defined to be a structure

A= {{z, p(z),y(z),v(x)) : x € X}, 2.1)

where p1 : X — [0, 1] is a truth membership function, v : X — [0, 1] is an indeterminate membership function,
and ¢ : X — [0, 1] is a false membership function. The neutrosophic fuzzy set in (2.1)) is simply denoted by
A= (pa,va,%a).

Definition 2.2. “Let A = (j14,74,%.4) be a neutrosophic set on a group (C, o). Then A is a neutrosophic
subgroup of C' if

(1) pa(x Ocy) > pa(@) A paly), va(zoy) > valx) Avaly), and ya(z o y) < yal(z) V ya(y) for all
z,yeC,

(2) pa(z™!) = palz), yale™) = yalz), and ya(z™") < ya(z) forallz € C.

Proposition 2.3. ' Let A = (114,74, 4) be a neutrosophic set on a group (C, o). Then A is a neutrosophic
subgroup of C'if and only if pa(zoy™") > pa(z) Apa(y), va(zoy™) > va(z) Avaly), and ya(zoy™") <
7a(2) V 1a(y) for allw,y € C.

Definition 2.4. 7 Let A = (14,74,%4) be a neutrosophic subgroup of a group (C, o). Then for z € C,
the neutrosophic left coset of A is the neutrosophic set A = (zpa,zya, 2 4), defined by (zpa)(u) =
pa(z=tou), (xy4)(u) = ya(z~tou),and (x1)4)(u) = 14 (x~! ou) and the neutrosophic right coset of A is
the neutrosophic set Az = (juax, Y4z, az), defined by (uaz)(u) = pa(uoz™1), (yaz)(u) = ya(uox=1),
and (Yaz)(u) = Ya(uox™t) forallu € C.

Definition 2.5. " Let A = (14,7v4,%a4) be a neutrosophic subgroup of a group (C, o). Then A is a neutro-
sophic normal subgroup on C' if every neutrosophic left coset of A is a neutrosophic right coset of A on C.
Equivalently, zA = Az forall z € C.

Proposition 2.6. “ Let A = (ua,v4,%) be a neutrosophic subgroup of a group (C,0). Then A is a
neutrosophic normal subgroup on C' if and only if pa(x oy) = pa(y o x), va(x oy) = va(y o z), and
Ya(xoy) =va(yox)forallx,y € C.

Proposition 2.7. 7 Let A = (j14,7v4,%4) be a neutrosophic subgroup of a group (C,o0). Then A is a neu-
trosophic normal subgroup of C if and only if pa(kouo k™) = pa(u), ya(kouok™1) = va(u), and
Yalkouok™) =a(u)forallu,k € C.
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3 Properties of neutrosophic subgroups

In this section, we define neutrosophic subgroups as extensions of fuzzy subgroups and traditional neutrosophic
subgroups. Next, we investigate whether the union and intersection of two neutrosophic subgroups of a group
(C, o) are themselves neutrosophic subgroups of C.

Theorem 3.1. © The intersection of a family of neutrosophic subgroups of a group (C, o) is also a neutrosophic
subgroup of C.

Proposition 3.2. 9 If A = (ju4,7v4, ) is a neutrosophic subgroup of a group (C, o), then pa(x*) > pa(z),
ya(a®) > ya(x), and Ya(z*) < pa(x) forallx € C and k € N. Here x* =z oz 0--- 0z (k times).

Proposition 3.3. ¥ Let A = (jua,7v4,%4) be a neutrosophic subgroup of a group (C,0). If u(z) # u(y),

v(@) # YY), and Y(z) # P(y), then pa(w oy) = pa(@) A paly), yalz oy) = ya(x) Avaly), and
Ya(xoy) =a(x) VvV Aaly), respectively, for all x,y € C.

Proposition 3.4. © Let A = (j14,7v4,14) be a neutrosophic subgroup of a group (C, o) with e as the identity
element and x € C. Then

pa(r) = pale) = pa(zoy) = paly),
(Vy e C) | va(x) =yale) = va(zoy) = valy),
Ya(r) =ale) = Ya(roy) =va(y)

Theorem 3.5. ¥ Let A = (j14,v4,%4) be a neutrosophic subgroup of a group (C, o). Then the set N = {x €
C:pale) =pa(x),vale) =va(x),vale) = Ya(x)} forms a subgroup of C, where e is the identity element
of C.

Definition 3.6. © Let C be a crisp set. Let A = (114,74,%4) be a neutrosophic set on the set C. For
a, 3,6 € [0,1], the set Y(q .5y = {2 € C : pa(x) > a,ya(x) > B,va(x) < 0} is called a neutrosophic
level subset of the neutrosophic set A of C, where 0 < o+ 4+ 6 < 1.

Proposition 3.7. © Let A = (j1a,7v4,%4) and B = (g, VB, V) be two neutrosophic sets on the universal
set C. Then

(1) Aoy € Afew,o) ife <, w < Bandd < o fore, f,0,w,6,0 €[0,1],
(2) ACB= A(Q,B,é) - B(a,ﬁ,é) fO}’ O[,ﬁ,(; € [07 1]

Proposition 3.8. ¥ Let A = (u4,7v4,%4) be a neutrosophic subgroup of a group (C, o). Then, the neutro-
sophic level subset A, g 5) forms a subgroup of C, where o < pia(e), B < va(e), and § > v a(e), and e is
the identity element of C.

Definition 3.9. ® The subgroup A(a,p,s) of the group (C, o) is called the neutrosophic level subgroup of the
neutrosophic subgroup A = (114,74, ¥4).

Proposition 3.10.  Let A = (ua,7v4,%a) be a neutrosophic set on a group (C, o). If the neutrosophic level
subgroup A, g 5y is a subgroup of C, where o < pis(e), B < yale), and 6 > a(e), then A = (ua,va,¥4)
is a neutrosophic subgroup of C.

Proposition 3.11. © Let A = (ua,v4,%4) be a neutrosophic normal subgroup of a group (C, o). Then,
the neutrosophic level subset A, g 5y forms a normal subgroup of C, where o < pa(e), B < ya(e) and
0 > 1 a(e), and e is the identity element in C.

Theorem 3.12. ® Let (Cy,01) and (Ca,03) be two groups. Let f : C1 — Co be a surjective homomor-

phism and A = (pa,va,¥a) be a neutrosophic subgroup of C1. Then f(A) = (f(pa), f(va), f(¥a)) isa
neutrosophic subgroup of Cs.

Theorem 3.13. ¥ Let (Cy, 01) and (Cy, 02) be two groups. Let f be a bijective homomorphism from Cy to Cy

and A = (j1a,va,v4) be a neutrosophic subgroup of Co. Then f=*(A) = (f~(a), f~1(va), f1(a))
is a neutrosophic subgroup of C'.

Theorem 3.14. © Let (Cy, 01) and (Ca, 02) be two groups. Let f : C; — Cy be a surjective homomorphism

and A = (pua,va,¥a) be a neutrosophic normal subgroup of Cy. Then f(A) = (f(ua), f(7a), f(¥a)) isa
neutrosophic normal subgroup of Cs.
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Theorem 3.15. © Let (C1,01) and (Co,09) be two groups. Let f be a bijective homomorphism from Cj to
Co and A = (pa,va,%a) be a neutrosophic normal subgroup of Co. Then f=Y(A) = (f~*(pa), f~(va),
f~Y(%4)) is a neutrosophic normal subgroup of C1.

Theorem 3.16. If A = (114,74, %4) is a neutrosophic subgroup of a group C and x € C, thenT'(x) = {y €
C:paly) = pa(),va(y) = va(@),valy) < Ya(x)} is a subgroup of C.

Proof. We have T(z) = {y € C : jia(y) > pa(2),74(y) > 14(2), ¥4(y) < ¥a(x)}, where z € C. Then
I'(z) C Casxz € I'(x). Also, e € T'(z) as pa(e) > pa(x), yale) > va(z) and Ya(e) < Ya(z). Let
p,q € I'(x). Then

paPa™) 2 pa(p) A pala™) = palp) Apala) = pa(z),

vaPg") = va(p) Avala™) = 7a(p) Avala) = va(2),

Yalpa™) < Palp) Vala™) = valp) Vvala) < dal2).
Thus, pg~—* € T'(x). Therefore, I'(z) is a subgroup of C. O

Definition 3.17. Suppose A = (4,74, 4) is a neutrosophic subgroup of a group C and « € C. Then the
subgroup I'(z) is a neutrosophic sub-level subgroup of C' corresponding to m.

Definition 3.18. Suppose A = (a,74,%4) is a neutrosophic subgroup of a group C' and x € C. Then
the neutrosophic order of x in A is denoted by O(z) 4 and defined by the order of the neutrosophic sub-level
subgroup of z in C. Therefore, O(x)4 = O(T'(z)) forall z € C.

Example 3.19. Consider the group (Z4, +4). We define a neutrosophic set A = (14,74, %) as follows:

clo 1 2 3
fa | 09 06 06 08
4|08 05 05 07
Yal02 07 07 04

Clearly, A = (pa,7v4,%a) is a neutrosophic subgroup on Z4. Then neutrosophic order of the elements
of Z, in A is presented by O(0)4 = O(I'(0)) = 2, O(1)a = O(T'(1)) = 4, O(2)4 = O(T'(2)) = 4,
0(3)a = O(T'(3)) = 2. We see that O(0) 4 # O(0) and O(0)4 = O(3)4 = 2.

Remark 3.20. The neutrosophic order of an element in neutrosophic subgroup may not always be the same
to the element’s order in the group.

Proposition 3.21. If A = (ua,v4,%4) is a neutrosophic subgroup of a group C, then O(e)a < O(x)a for
all x € C, where e is the identity element of the group C.

Proof. Let O(e)a = s, where s € ZT. Suppose I'(e) = {z1,22,...,25}, where z; # x; for all i, ;.
Then pa(z1) = pa(z2) = ... = palzs) = pale), ya(@1) = ya(zz) = ... = ya(xs) = 7vale) and
Ya(xy) = Ya(za) = ... = Ya(xs) = Yale). As A = (pa,v4,%a4) is a neutrosophic subgroup on C,
nale) > pa(z), yale) > va(x) and Ya(e) < a(zx) forall x € C. So, x1,22,...,2s € I'(u). Then
I'(e) € I'(u). Thus, O(T'(e)) < O(I'(z)) for all € C. Therefore, O(e) 4 < O(z) 4 forall z € C. O

The next result represents a relationship between the order and neutrosophic order of an element in a group.

Theorem 3.22. If A = (a,v4,%A) is a neutrosophic subgroup of a group C, then O(x) divides O(x) o for
allx € C.

Proof. Let z € C and O(x) = k, where k € Z*. Then 2% = e. Consider D = (z) as a subgroup of
C. Now, pia(x) > pa(@) A pa(@) = pa(x), va(@) = ya(@) A ya(z) = va(z) and Ya(z) < Ya(z) vV
Ya(x) = Ya(xz). Then, by induction, pa(xP) > pa(z), ya(xP) > va(z) and 4 (xP) < Ya(x) for all
p € Z*. So, z,2?,... 2% € I'(x). Consequently, D C I'(x). Therefore, D is a subgroup of I'(z). Thus, by
Lagrange’s theorem, O(D)|O(T'(x)). Therefore, O(z)|O(z) 4. Since x is any element of C, O(z)|O(z) 4 for
allz € C. O
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We will now construct a relationship between the neutrosophic order of an element of a group in neutrosophic
subgroup and the group’s order.

Theorem 3.23. If A = (pa,v4,%4) is a neutrosophic subgroup of a group C, then neutrosophic order of
each element of C' in A divides the order of C.

Proof. According to the definition, O(z) 4 = O(I'(z)) for all z € C. From Theorem[3.16] I'(z) is a subgroup
of C. Therefore, by Lagrange’s theorem, the order of I'(z) divides the order of C. That is O(I'(z))|O(C).
This represents that O(x) 4|O(C') for all z € C. Hence, the neutrosophic order of each element of C' in A
divides the order of C. O

Theorem 3.24. If A = (ua,va,%a) is a neutrosophic subgroup of a group C, then O(x) 4 = O(z~1) 4 for
allx € C.

Proof. Let x € C. Then O(x)s = O(I'(z)). Since A = (ua,va,%a) is a neutrosophic subgroup on
C, pa(@) = pa(@™), ya(@) = 74 (m ') and Ya(z) = Ya(z™!). Then I'(z) = {y € C : pa(y) >
MA(x’l)mA(y) > ya(e™),¥aly) < Yalz ’1)} = I(a7). Hence, O(I'(x)) = O(I'(z™")). That is,
O(z)a = O(z71) 4. Therefore, O(z)4 = O(z7 1) 4 forall z € C. O

Now, we will introduce the neutrosophic order of a neutrosophic subgroup of a group.

Definition 3.25. Suppose A = (114,74, %) is a neutrosophic subgroup of a group C. Then the neutrosophic
order of the neutrosophic subgroup A is denoted by O(A) and is defined by O(A) = \/{O(z)4 : x € C}.

Example 3.26. Consider the neutrosophic subgroup A on Z4 in Example The neutrosophic order of
the elements of Z4 in A is presented by O(0)4 = 2,0(1)4 = 4,0(2)4 = 4 and O(3)4 = 2. Therefore,
OA) =\{O(@)a :x € Zy} = 4.

Theorem 3.27. The neutrosophic order of each neutrosophic subgroup of a group is the same as the group’s
order.

Proof. Assume A = (ua,7va,14) is a neutrosophic subgroup of a group C and € C. Without loss of
generality, we assume that ua(y) > pa(x), va(y) > va(x) and Ya(y) < a(x) for all y € C. Since

I(x) :éy € C:paly) = pa(@),valy) = va(@),Yaly) < va(@)}, T(z) = C. Also, [['(x)| > [T'(y)| for
ally € C.

Consequently, O(A) = O(z)4. Again, O(z)4 = O(I'(z)). Therefore, O(A) = O(C). Hence, the neutro-
sophic order of a neutrosophic subgroup of a group is the same as group’s order. O

Remark 3.28. For a neutrosophic subgroup of a group C, the neutrosophic order of an element of C' divides
the neutrosophic order of that neutrosophic subgroup.

Theorem 3.29. Suppose A = (pa,va,%4) is a neutrosophic subgroup of a group C and x € C such that
O(x)a = s. Ifged(s,t) = 1, then pa(z') = pa(z), va(a') = va(z) and pa(a’) = Ya(w).

Proof. Since O(xz)4 = s, then z° = e. Also, A = (ua,74,%4) is a neutrosophic subgroup on C, then
pa(@t) > pa(x), ya(xt) > va(z) and P4 (xt) < 1pa(x). Since ged(s,t) = 1, there exist a and b such that
as + bt = 1. Then

(@*) > pa(@®®) A pa(a®) = pale) A pa(z’) = pa(zt),
Ya(@) =4 (@) > 4 (2*) Aya(@®) > yale) Avalz') = ya(a’),
Ya(z) = Ya(@® ) <Pa(a®®) Va(a®) < vale) Vipala') = palah).
Hence, pu4(2') = pa(z), va(2") = va(z) and ya(2") = pa(z). O

Theorem 3.30. Suppose A = (4,74, ) is a neutrosophic subgroup of a group C and x € C. If pa(zt) =
pa(e), va(zt) =va(e) and Ya(xt) = a(e), then t|O(x) 4, where t € Z.

pa(z) = pa
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Proof. Let O(x)4 = s. We can suppose that ¢ is the smallest integer for which p4(z9) = pa(e), ya(z?) =
~va(e) and ¥4 (2?) = 1pa(e) holds. By division algorithm, there exist a,b € Z such that s = at + b where

0 < b < t. Now,

pa(zb) =
>
-
ya(z?) =
>
-
Pa(zb) =
<

Al

x
0< b < t. Therefore b = 0,50 s = at. Hence t|O(x) 4.

va(e) Aya((zh)®)
val(e) Ava(zh)
rYA(e)v
wA(xs—at)
Ya(x®) Va((z=h))
Ya(z®) Vipa(z™)
Yale) Va((zh))
Pale) Vipa(a')
wA(e).

)

O

Theorem 3.31. Suppose A = (pa,7va,¥a) is a neutrosophic subgroup of a group C and x € C. If O(x)4 =

s, then O(a¥) 4 = m, where v € Z.

Proof. Let O(z") 4 = a and ged(s,v) = g. Since O(z) 4 = s, by Theorem[3.30, 2° = e. Now, 4 ((z?)s) =

pa((@*)?) = pa(es) = pale). Similarly, v4((z

")) = ~yale) and ¢ a((z

")7) = val(@®)?) = dales) =

Ya(e). It follows from Theorem [3.30} sg divides a. Since ged(s,v) = g, there exist p,q € Z such that

sp + vq = g. Therefore,

A x(ps+vq)a)

A psa vqa)

(
(
AE 2 )Ph) A pa((zv)7)
(
(

=T

H’\H

A@®) A pa((z®)®)
A 63/\NA( e)

TEE®EE

(9]

A

ppsoaa)
pPsa vqa)
(z*)P*) Aya((zv*)?)
z°) Aya((@¥)?)

e) Ayale)

)-

A
A

(
(
Ya(
yal(
(
(

= =2 =2

YA
YA
A

2
(o)

p(pstva)a)

rpsa vqa)
(@*)P*) V a((z)?)
z*) V a((x)")

)V ale)

Pale).

ba(
ba(
ba(
1/}(

Pale

But the only option is ¢4 (29%) = ¢4(e). Thus, by Theorem[3.30} gals, that is a|. Therefore, a = 5. Hence,

pa(z?t) =
>
>
But the only option is 4 (29%) = pa(e).
Also
Ya(z?) =
>
>
But the only option is y4 (29%) = va(e).
Pa(@?) =
<
<
s
O(@¥)g = ————.
(") ged(s,v)
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Theorem 3.32. Suppose A = (pa,va,¥) is a neutrosophic subgroup of a group C and x € C. If O(x) 4 =
z and g = h(mod z), then O(z9) 4 = O(x") 4, where g, h, z € 7.
Proof. Let O(29) 4 = I and O(2") 4 = 5. Since g = h(mod z), then g = wz + h, where w € Z. Then

pa((@9)) =
wzlgxhlz)

vl
TEEET
AA/{A/-\

But the only option is j4((29)!2) = pa(e).

Also
va((29)")

\
)
hN

v
)
b

But the only option is j4((29)!2) = pa(e).
Ya((z9))

|
=
N
—
8
N
g€
+
=
S
~—

wzlo xhlz )

Al
=
N

I
<
b
—

B
L

But the only option is 14 ((x9)!2) = 14 (e). Hence, by Theorem|3.30} l5|/;. In the same manner, we can prove
that [1|l5. Thus, I; = lo. Hence, O(29) 4 = O(z") 4, where g, h € Z. O

Theorem 3.33. If A = (1a,7v4,%A) is a neutrosophic normal subgroup of a group C and x € C, then
O(x) 4 = O(yzy=Y)a forally € C.

Proof. Let y € C. Since A is a neutrosophic normal subgroup on the group C, pa(z) = pa(yzy=?),
ya(x) = ya(yzy~1) and ¥ a(x) = Y a(yry~!). Then the neutrosophic sub-level subgroup corresponding to
x is equal to yry 1. Hence, I'(z) = ['(yxy~1). Consequently, O(T'(z)) = O(T'(yzy~!)). Since y is any
element of C, O(z) 4 = O(yxy 1) 4 forally € C. O

Theorem 3.34. If A = (ua,va,%a) is a neutrosophic normal subgroup of a group C, then O(xy)a =
O(yx)a forall z,y € C.

Proof. Letx,y € C. Then
pa(zy) = pal(y'y)(zy) = paly~ (y2)y),

va(@y) = va((y™ 'y (@) = valy™ (yz)y),
a(zy) = Vally " 'y)(@y)) = valy™ (yz)y).

Hence, I'(zy) = T'(y~(zy)(y~1) 1), and hence O(xy) 4 = O(y~ (yz)(y~1) 1) 4. It follows from Theorem
that O(y(yx)y~1)a = O(yx)a. Since z and y are any elements of C, O(zy)a = O(yz)a for all
z,y € G. O

Theorem 3.35. Suppose A = (pa,va,%A) is a neutrosophic subgroup of a commutative group C and m,n
are two elements of C such that gcd(O(z)a,0(y)a) = 1. If pa(zy) = pale), valzy) = vale) and
Yalzy) = Yale), then O(x)a = O(y)a = 1.
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Proof. Assume O(x)4 = p and O(y)a = q. So, we get ged(p,q) = 1. Now, pa(z%y?) = pa((zy)?) >
a(y) = pa(e). But the only option is f14(2%5%) = fa(c). Also, jia(27) = pea(x9yTu=7) > pua(ay7) A
1a((y=1)9) = pale) A pale) = pale). So, we get pa(a?) = pale). Also, va(zly?) = ya((zy)?) <
va(zy) = va(e). But the only option is v4(z%y?) = ya(e). Also, ya(z9) = va(z9yTv~7) < ya(x%y?) V
707170 = 74(6) V14(0) = 7a(0). S0 we gt Tle) — 7406 Now Vi) = ba(ou)) >

wA(xy) 1 a(e). But the only option is 14 (z%y9) = 1 a(e). Also, 4 (z9) = Y a(zlydv=1) > Pa(xzly?) A
Yal((y=1)9) = Yale) Abale) = va(e). So, we get tha(x9) = 1.4 (e). It follows from Theorem 3.32|that ¢|p.
Agam ged(p, q) = 1, thus ¢ = 1. Similarly, we can present that p = 1. Hence, O(z)4 = O(y)a = 1. O

Theorem 3.36. Generators of a cyclic group have same neutrosophic order in a neutrosophic subgroup.

Proof. Assume C'is a cyclic group of order k. Let z, y be any two generators of C. Then 2% = e = y*. Since
x is a generator, y = 2P for some p € Z*. Then k and p are co-prime, so ged(k,p) = 1. It follows from
Theorem [3.29|that O(z) 4 = O(2?) 4 = O(y) a. For an infinite cyclic group it has only two generator. If z is
a generator of C, then z~! is the only other generator. It follows from Theoremthat O(x)a = O(z7 ).
Hence, any generators of a cyclic group have the same neutrosophic order in a neutrosophic subgroup. [

4 Neutrosophic normal subgroups

The concepts of neutrosophic normalizer and neutrosophic centralizer are developed in this section. We also
look into a number of algebraic properties of it.

Definition 4.1. Assume A = (ua,7y4,%a4) is a neutrosophic subgroup of a group C. Then neutrosophic
normalizer of A is denoted by §(A) and defined by §(A) = {m : 2 € C,pa(x) = pa(mzr=t),va(z) =
ya(mzz™1), and Y4 (z) = Ya(maz=1)} forall x € G.

Example 4.2. Consider the group C' = (Z,+). Assume A = (14,74,%4) is a neutrosophic set on Z, which
is presented by

0.87 whena € 2Z 0.87 whena € 2Z 0.31 whena € 2Z
pa(a) = 0.62  elsewhere, ala) = {0.62 elsewhere, Ya(a) = {0.68 elsewhere.
We can clearly verify that A = (4,4, 4) is a neutrosophic subgroup on Z. Then the neutrosophic normal-
izer of Ais 6(A) = Z.

Theorem 4.3. If A = (ua,v4,%4) is a neutrosophic subgroup of a finite group C, then the neutrosophic
normalizer §(A) forms a subgroup of C.

Proof. Letz,y € 6(A). Then

(Vpe C) | valp) = valzpr™") (4.1)
and
(Vge C) | ~valg) =~valyqy™! - (4.2)

Clearly, e € 6(A), so §(A) is a non-empty finite subset of C. To show J(A) is a subgroup of C, we need to
show zy € §(A). Putp = yqy~* in @), we get

m(yqy*l) pa(zyqy—tz™1)
Yalyqy™") = yalzyqy o~ 11) - (4.3)

Valyqy™) = va(zyqy'z™")

It follows from ( and (#3) that 1a(q) = pa(zyqytz™1h), ya(q) =
pa(zyqy~ta™r). Hence, pa(q) = pa((@y)g(zy) ™), valg) = val(zy)a(=

Therefore, vy € §(A). Hence, §(A) forms a subgroup of C.

zAggsyqy‘lr‘l) and pa(q) =
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Proposition 4.4. Assume A = (pa,v4,%A) is a neutrosophic subgroup of a group C. Then A = (pa,ya,%4)
is a neutrosophic normal subgroup of C'if and only if 6(A) = C.

Proof. We have §(A) = {m : © € C,ua(p) = pa(mpr=t),va(x) = ya(mpz™!), and Y4(p) =
ta(mpzr=1)} for all p € C. Therefore, §(A) C C. Assume A = (pa,7y4,%4) is a neutrosophic normal
subgroup on C. Then 4 (z) = pa(yzy=1), ya(x) = ya(yzy~!) and Y4 (z) = Ya(yzy ) forall z,y € C.
This presents that C' C 6(A). Hence, 6(A4) = C.

Conversely, let §(A) = C. Then pa(z) = pa(yzy=1), ya(z) = valyry™1) and v a(z) = Ya(yzy~?) for
all z,y € C. Hence, A = (pa,7a4,%4) forms a neutrosophic normal subgroup on C'. O

Theorem 4.5. If A = (ua,v4,%a) is a neutrosophic subgroup of a group C, then A forms a neutrosophic
normal subgroup on the group §(A).

Proof. Let z,y € 6(A). Then pa(w) = pa(mwz=1), ya(w) = ya(mwz™1), and Y4 (w) = Ya(mwz1)
forall w € C. As §(A) forms a subgroup of C, then nx € §(A). Putting w = yz in the above relation,
we have pa(yx) = pa(rymz=?t), yalyr) = ya(ryma—1) and Y4 (yz) = a(xymaz=t). This presents
that pa(yz) = pa(zy), valyz) = va(xy) and Y 4(yx) = ¥ a(xy). Hence, A forms a neutrosophic normal
subgroup on the group 6(A). O

Definition 4.6. Assume A = (pa,74,%4) is a neutrosophic subgroup of a group C. Then neutrosophic
centalizer of A is denoted by w(v)) and defined by w(v) = {m : © € C,ua(zy) = pa(yx),valzy) =
va(yx), a(zy) =a(yx)} forally € C.

Example 4.7. From Example [3.19] consider the neutrosophic subgroup A on the group Z4. Then the neutro-
sophic centralizer of A is w(A) = Zy.

Theorem 4.8. The neutrosophic centralizer of a neutrosophic subgroup of a group forms a subgroup of the
group.

Proof. Assume A = (pa,7v4,14) is a neutrosophic subgroup of a group C. Then the neutrosophic centralizer
of Ais given by w(A) = {m : v € C,pa(zy) = pa(yz), yalzy) = ya(yz),va(zy) = pa(yz)} for all
y € C. Lets,t € w(A). Then for all r € C, we get pua((st)r) = pa(s(tr)) = pa((tr)s) = pa(t(rs)) =
ua((rs)t) = pa(r(st)). Thus, pa((st)r) = pa(r(st)) for all r € C. Similarly, we get ya((st)r) =
va(r(st)) forall r € C and 1 4((st)r) = 1pa(r(st)) for all » € C. This gives that st € w(A). Also, for all
pe€C,weget pa(s—'p) = pal((p~"s)™") = palp™'s) = pa(sp™") = pal(ps~')~') = pa(ps~"). Thus,
pia(s™'p) = pa(ps™) forall p € C. Similarly, we get ya(s~'p) = ya(ps~") and Ya(s~'p) = Ya(ps™)
for all p € C. Hence, for s € w(A), we have s! € w(A). Hence, w(A) forms a subgroup of C. O

5 Lagrange’s Theorem in neutrosophic subgroups

This section revolves around the development of theories for Lagrange’s theorem in neutrosophic subgroups.

Theorem 5.1. Assume A = (pa,va,4) is a neutrosophic normal subgroup of a finite group C and A is the
set of all neutrosophic cosets of A on C. Then A constructs a group with the composition tA o yA = (xy)a
forallx,y € C.

Proof. To prove (A, o) constructs a group with the composition zA4 o yA = (ay) 4 for all z,y € C, we need
to verify that o is well defined. Let m,n,p,q € C such that mA = pA and nA = gA. Therefore, mpa(z) =

ppa(x),mya(z) = pya(z),ma(xr) = pua(r) and npa(z) = qua(z),nya(x) = qya(z),na(z) =
qa(z) for all x € C. This presents that for all z € C

o), ya(zT ) = ya(p T ), pa(z T ) = pa(p ) (5.1)
2),va(y ' x) = valg 'z, baly  2) = Yalg ' z)). (5.2)
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We need to verify that mA o nA = pA o qA. So, (zy)a = (pq) 4. We get (zy)pa(r) = pa(y~to~1z) and
(pq)pa(z) = pa(qg~tp~ta) forall z € C. Then

paly leTlz) = paly 'z 'ppTlz)
= paly ta"tpggtpta)
> paly 'z pg) Apalgtp ).
So,
paly™ a7 e) > paly™ e pg) A palg ' p ). (5.3)

Yo7 pg) = palqg e 'pg). As A = (pa,va,14) is a neu-

Replace = with 27 'pq in (5.2), then pa(y~

trosophic normal subgroup on C, then pa(q 'z 1pg) = pa(z~'p). Replace z with p in B.I), we get
pa(z=tp) = pa(p™? p) pale). Consequently, paly~tz7tpg) = pa(e). It follows from (5.3) that
pa(yte™ z) > pa(g~'p x). Similarly, uA(q plw) > naly” !
forallz € C. Also, we can verify that v4 (y 127 2) = ya(¢ p~tz) and Ya(y~to~12) = Ya(q p~ta)for
all z € C. This presents that (zy)ua(z) = (pg)pa(z), (xy)va(®) = (pg)ya(z) and (zy)va(z) =
(pq)a(z) for all z € C. Consequently, (zy)a = (pg)a. Hence, o is well defined on A. Clearly, A’s
identity element is eA. Also, 271 A € A is the inverse of mA in A. Thatis (mA)o (z71A) = eA. Therefore,

(A, o) constructs a group with the composition mA o nA = (zy)4 forall z,y € C. O

Definition 5.2. The index of A is denoted by [C : A] and defined by [C : A] = O(A).

Example 5.3. Consider the group C' = (Z4, +4). From Example take the neutrosophic subgroup A on
Z4. We can clearly show that A is a neutrosophic normal subgroup on the group C' = (Z4, +4). Then the set
of all neutrosophic cosets of A is A = {0A4,14,24,3A}. Now, (1f)(1) = pa(171 +41) = pa(3+41) =
14(0) = 0.9025, (2)(1) = 14(2 " +41) = ra(2+41) = 1a(3) = 0.7225 and (3)(1) = jra(3~"+41) =
wa(l+41) = pa(2) = 0.4225. Thus, (1f)(1) # (2f)(1) # (3f)(1). This presents that 1A # 24 # 3A.
Therefore, the index of A is [C' : A] = O(A) = 4.

Theorem 5.4. Assume A = (pa,va,¥A) is a neutrosophic normal subgroup of a finite group C. Then

a neutrosophic set A* = (u%,v4,¥%) on A defined by p'(mpa) = pa(z), vi(mya) = va(z) and
i (mia) = Ya(x) constructs a neutrosophic subgroup on (A, o) forall x € C.

Proof. Let mA,nA € A, where z,y € C. Then p%((mf) o ) =
waly) = wh(mf) A ph(ng). Therefore, w2 (mf) o (nf) = pf(
vi((mg) o (ng)) = v4(mg) vV v4(ng) and wZ((mf) (nf)) 2( A wA(nf Also, 1y (x™1 f) =
pa(z™t) = pa(z) = pi(mf). Similarly, v5(2~"'g) = vi(mg) and 4 (z~1g) = ¢%(myg). Therefore,
A* = (p*, %, ¥%) constructs a neutrosophic subgroup on (A o). O

( ((zy)f) = palzy) > palz) A

nf Wa
> mf) A pi(nf). Similarly, we get
< ¢a(mf)

A

Definition 5.5. The neutrosophic subgroup A* = (u%,~%, %) on the group (A, o) is referred to as neutro-
sophic quotient group on A.

Example 5.6. From Example consider the neutrosophic normal subgroup A on the group (Zg4, +4).
Then the set of all neutrosophic cosets of A is A = {0A4,1A4,2A,3A}. We create a neutrosophic set
A* = (5,73, 0%) on Aby iy (mf) = f(z) and f(mg) = f(x). Then 5 (0f) = £(0) = 0.95, uy (1f) =
f(1) =0.65, 1% (2f) = f(2) = 0.65, u%(3f) = f(3) = 0.85, v4(0g) = f(0) = 0.25,74(1g) = f(1) =
0.75,74(29) = f(2) = 0.75,74(39) = f(3) = 0.45 and ¥3(0g) = f(0) = 0.25,¢3(1g) = f(1) =
0.75,9%(29) = f(2) = 0.75,¢%(3g) = f(3) = 0.45. We can clearly verify that A* = (p%,v5,¢%) is a
neutrosophic subgroup on A. Hence, A* = (u%, 7%, ¢7%) is the neutrosophic quotient group on A.

Theorem 5.7. Assume A = (ua,va,¥a) is a neutrosophic normal subgroup of a finite group C and con-
structs a function k. : C — A by k(x) = m for all x € C. Then & forms a group homomorphism with kernel

ker(k) = {z € C: pa(z) = pale),va(x) = vale), Ya(xr) = Yale)}.

Proof. Letxz,y € C. Then k(zy) = (xy)a = (M) o (myp) = k(x) o k(y). This presents that x : C' — A
forms a group homomorphism. The kernel of « is given by

ker(k) ={z € C:k(x)=-et}
={zeC :myp=et}
={zeC:mp(y) = ed(y)Vy € C}
={zeCimfly) = ef(y).mf(y) = ef(y) ¥y € C}
={z € C:pa(z™'n) = pa(y),val@™'n) = ya(y),Ya(z~'n) = Yaly) vy € C}
={z € C:pa(z) = pale),va(x) =va(e),alz) = Pale)}
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Hence, ker(k) = {z € C : pa(x) = pale),va(x) = vale),va(z) = va(e)}. O
Remark 5.8. It is clear that ker(x) forms a subgroup of C.

Theorem 5.9. If A = (pa, V4, ) is a neutrosophic normal subgroup of a finite group C, then [C' : 1]|O(C).

Proof. A = {my : © € C}, the set of all neutrosophic cosets of A on C' is finite as C' is finite. Theorem
proves that x : C' — A defined by k(z) = ma for all z € C is a group homomorphism. We define
H = {z € C:my = ey} = ker(x), which is a subgroup of C. Now, C' is now decomposed as union of left
cosets modulop by C' = x1 HUxo HUxsHU. ..Uz, H, where 2, H = H. We need to verify that there exists
a one-one relation between A’s elements and cosets x; H of C'. We consider an element p € H and coset x; H
of C. Then k(z;p) = z;ptp = (z;9) o (py) = (w;9) o (ex)) = (x;4)). This represents that £ maps elements
of z; H to x;1p. We now define a mapping ~ : {x; H : 1 <i < p} — Aby x(a;H) = 2;A. Let mgth = mpap.
Then xb_lmaw = e1). Therefore, acb_lma € H. This presents that m, H = m,H. Hence, k(m;H) = m;1 is
a one-one map. As a result, we can establish that the number of distinct cosets is the same as A’s cardinality.

Thatis, [C : H] = [C : ¢]. Since [C : H]|O(C), we have [C : ¢]|O(C). O

6 Conclusion

This study extends the classical Lagrange’s theorem to the neutrosophic domain, introducing novel concepts
such as sub-level subgroups and neutrosophic indices. By defining algebraic structures through neutrosophic
sets, this research provides a more nuanced framework for analyzing group properties in the presence of un-
certainty. The results offer potential applications in areas where incomplete or indeterminate data necessitates
a departure from traditional crisp set theory, opening avenues for future exploration in neutrosophic abstract
algebra and its practical implications.
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