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Abstract

The notions of neutrosophic IUP-subalgebras, neutrosophic IUP-ideals, neutrosophic IUP-filters, and neutro-
sophic strong IUP-ideals of [UP-algebras are introduced, and their basic properties are investigated. Condi-
tions for neutrosophic sets to be neutrosophic [UP-subalgebras, neutrosophic IUP-ideals, neutrosophic IUP-
filters, and neutrosophic strong IUP-ideals of IUP-algebras are provided. Relations between neutrosophic
IUP-subalgebras (resp., neutrosophic IUP-ideals, neutrosophic IUP-filters, neutrosophic strong IUP-ideals)
and their level subsets are considered.

Keywords: [UP-algebra; neutrosophic IUP-subalgebra; neutrosophic IUP-ideal; neutrosophic TUP-filter; neu-
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1 Introduction

Zadeh®® commenced the concept of fuzzy sets (FSs) in 1965, an important concept. After that, Atanasov*
introduced the notion of intuitionistic fuzzy sets (IFSs) in 1986 as a generalization of FSs. Afterwards,
Smaradanche suggested the notion of neutrosophic sets (NSs) in 2004, a generalization of IFSs. Since the NSs
were discovered, many researchers have been interested in them and have researched this notion extensively.
On the generalizations of NSs and their application to numerous logical algebras, such as in 2014, Alblowi et
al: introduced the new concepts of NSs. Broumi et al® introduced the notion of rough NSs. Salama et al.°
introduced the notion of the characteristic function of an NS. Salama and Smarandache!® introduced the notion
of neutrosophic crisp sets. In 2015, Broumi and Smarandache® introduced the notion of interval neutrosophic
rough set. Hussain and Shabir'? introduced the notion of algebraic structures of neutrosophic soft sets. Broumi
and Smarandache’ introduced the notion of soft interval-valued neutrosophic rough sets. In 2016, Smaran-
dache?!' introduced the notion of operators on single-valued neutrosophic oversets, neutrosophic undersets,
and neutrosophic offsets. Khan et al% introduced an NS approach for characterising left almost semigroups.
In 2017, Song et al*¥ introduced the notion of interval NSs applied to ideals in BCK/BCI-algebras. Zhang
et al*!' introduced the notion of neutrosophic regular filters and fuzzy regular filters in pseudo-BCI algebras.
Alias et al introduced the notion of rough neutrosophic multisets. In 2018, Borzooei et al® introduced the
notion of positive implicative BMBJ neutrosophic ideals in BCK-algebras. In 2019, Songsaeng and Iampan?*
applied NS theory to UP-algebras. Saha and Broumi!” introduced the new operators on interval-valued NSs.
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Hashim et al'! introduced the notion of interval neutrosophic vague sets. In 2020, Songsaeng and Iampan®’
introduced several key concepts in the study of UP-algebras, including special neutrosophic UP-subalgebras,
special neutrosophic near UP-filters, special neutrosophic UP-filters, special neutrosophic UP-ideals, and spe-
cial neutrosophic strong UP-ideals. Their work marked a significant advancement in applying neutrosophic
sets to UP-algebraic structures. In subsequent research, they extended this framework by applying neutro-
sophic cubic sets to UP-algebras,?® further enriching the theory. Additionally, Songsaeng and Iampan' inves-
tigated the image and inverse image of neutrosophic cubic sets within UP-algebras. They defined these images
under any function in a non-empty set and explored their properties in the context of neutrosophic cubic UP-
subalgebras, neutrosophic cubic near UP-filters, neutrosophic cubic UP-filters, neutrosophic cubic UP-ideals,
and neutrosophic cubic strong UP-ideals under certain UP-homomorphisms. This comprehensive study deep-
ened the understanding of how neutrosophic structures interact with UP-algebras, providing a foundation for
further exploration and application in algebraic theory. In 2021, James and Mathew!# introduced the notion of
lattice-valued NSs. Songsaeng et al? introduced the concepts of neutrosophic implicative, comparative, and
shift UP-filters in UP-algebras, expanding the theoretical foundation of UP-algebras and offering new avenues
for exploration in neutrosophic logic and algebraic systems. In 2022, Hadi and Al-Swidi'? introduced the
notion of neutrosophic axial sets. In 2023, Al-Hijjawi and Alkhazaleh" introduced the notion of the possibility
neutrosophic hypersoft sets.

In 2022, Iampan et al: introduced the concept of IUP-algebras, a novel algebraic structure that defined four
primary subsets: IUP-subalgebras, IUP-filters, [UP-ideals, and strong IUP-ideals. Their work not only pre-
sented the fundamental properties of these subsets but also opened new pathways for mathematical research
and applications. The introduction of IUP-algebras has since become a focal point in algebraic studies, in-
spiring extensive research that investigates its principles and expands its theoretical boundaries. Building on
this momentum, Chanmanee et al® in 2023 proposed the direct product of infinite families of [UP-algebras.
Their research introduced the concept of weak direct products and presented key results regarding (anti-)[UP-
homomorphisms in this context. These contributions significantly enhanced the structural understanding of
IUP-algebras and established foundational tools for further exploration of the algebra’s properties. In 2024,
Kuntama et al1® advanced the field by integrating FS theory into IUP-algebras. They introduced fuzzy TUP-
subalgebras, fuzzy IUP-ideals, fuzzy IUP-filters, and fuzzy strong IUP-ideals, meticulously analyzing the
properties and interactions of these subsets. This research expanded the applicability of [UP-algebras, offering
new perspectives and mathematical tools that bridge algebraic structures with fuzzy logic. Further broaden-
ing this theoretical framework, Suayngam et al.* introduced the notion of intuitionistic fuzzy IUP-algebras
in 2024. Their work combined IFS theory with IUP-algebras, leading to the development of intuitionistic
fuzzy IUP-subalgebras, ideals, filters, and strong ideals. This innovative approach enriched the study of IUP-
algebras, presenting new hybrid structures that have the potential to inspire a wide range of applications and
future research.

From reviewing the literature, it can be seen that many researchers have studied the study of NSs and are being
studied continuously. Since IUP-algebras were released and published in 2022 and are an interesting new
algebraic system, our researchers are interested in applying the concept of NSs to [UP-algebras. Therefore, we
will study NSs and apply this notion to a subset of I[UP-algebras, that is, [UP-subalgebras, [UP-filters, IUP-
ideals and strong IUP-ideals, and research their properties and relationships. We will study the relationship
between their NSs and level subsets. We have divided this article’s content into four sections. Section 1 will
describe related research and the inspiration for this article. Section 2 introduces the definition of [UP-algebras,
providing examples and essential properties. We will also review the definitions of IUP-subalgebras, IUP-
filters, [UP-ideals, and strong [UP-ideals and show their relationship. Section 3 reviews the definitions of NSs,
introduces the notions of neutrosophic IUP-subalgebras, neutrosophic IUP-filters, neutrosophic TUP-ideals,
and neutrosophic strong [UP-ideals, and gives examples. Afterwards, we will find the critical properties of the
four concepts and show their generalizations. This section’s main result is to show the relationship between
characteristic functions, level subsets, and their NSs. Section 4 summarizes the results of the research and
recommends further studies and extensions of this research.

2 Preliminaries

Before we dive into our research, it’s essential to revisit the core concepts of IUP-algebras. Understanding
their fundamental properties and key definitions will provide a solid foundation for the following discussions
and insights.
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Definition 2.1. 9 An algebra X = (X;-,0) of type (2,0) is called an IUP-algebra, where X is a nonempty
set, - is a binary operation on X, and 0 is a fixed element of X if it satisfies the following axioms:

(Ve X)(0-z =x) (TUP-1)
(Ve € X)(x-2z=0) (IUP-2)
Ve,y,z€ X)(z-y) - (z-2)=y-2) (IUP-3)

For simplicity, we will refer to X as the IUP-algebra X = (X, 0) unless stated otherwise.

Example 2.2. Let X = {0,1,2,3,4,5} be a set with a binary operation - defined by the following Cayley
table:

<10 1 2 3 4 5
0(j0 1 2 3 4 5
113 0 5 1 2 4
215 2 0 41 3
311 3 4 0 5 2
414 5 3 2 0 1
512 41 5 3 0

then X = (X, -,0) is an [UP-algebra.

Example 2.3. Y Let (G, e,¢) be a group where every element is its own inverse. In this case, (G, e,e)
naturally forms an [UP-algebra.

Example 2.4. "9 Let X be a set and P(X) means the power set of X. It follows from Example that
(P(X), A\, 0) is an IUP-algebra where the binary operation A is defined as the symmetric difference of any
two sets.

Example 2.5. ¥/ Let (G, o, ¢) be a group with identity element e. Define a binary operation e on G by:
(Vo,y € G)(woy =yz™") @1
Then (G, e, e) is an IUP-algebra.

Proposition 2.6. %' In an IUP-algebra X = (X;-,0), the following assertions are valid.

(Vo,y € X)((z-0)- (z-y) =y) (22)
Ve e X)((z-0)-(z-0)=0) (2.3)
Vz,y e X)((z-y)-0=y-x) (2.4)
(Ve e X)((x-0)-0=ux) (2.5)
(Vo,y € X)(z- ((z-0)-y) =y) (2.6)
(Vz,y € X)(((z-0)-y) -2 =y-0) 2.7)
Va,y,ze X)(z-y=a -2y =2) (2.8)
Ve,ye X)(z-y=0&2x=1y) (2.9)
VeeX)(z-0=0<2=0) (2.10)
Va,y,ze X)ly-z=z-z & y=2) (2.11)
Ve,ye X)(x-y=y=2=0) (2.12)
(Vo,y,z € X)((z-y) - 0=(2-y) - (¢ 2)) (2.13)
(V2,42 € X)(z -y =04 (2)- (:+y) = 0) 2.14)
Va,y,ze X)(z-y=0<(z-2)-(y-2) =0) (2.15)
the right and the left cancellation laws hold (2.16)

Within [UP-algebras, four fundamental subsets stand out: IUP-subalgebras, [UP-filters, [UP-ideals, and strong
IUP-ideals. These subsets form a critical framework that deepens our understanding and facilitates the appli-
cation of IUP-algebras across different mathematical contexts.

Definition 2.7. Y A nonempty subset S of X is called

DOI: https://doi.org/10.54216/IJNS.250343 542
Received: March 28, 2024 Revised: June 29, 2024 Accepted: November 12, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 540-560, 2025

(i) an IUP-subalgebra of X if it satisfies the following condition:

(Vz,y € S)(xz-y €S 2.17)

(#4) an IUP-filter of X if it satisfies the following conditions:
the constant 0 of X isin S (2.18)
Vz,ye X)(xz-ye S,z e S=yell) (2.19)
(#4i) an IUP-ideal of X if it satisfies the condition (2.18) and the following condition:

(Ve,y,ze X)(z-(y-2)eS,ye S=x-2€5) (2.20)

(iv) a strong IUP-ideal of X if it satisfies the following condition:

Vz,ye X)(ye S=z-yeS) (2.21)

According to,¥ TUP-filters represent a unifying concept encompassing both IUP-ideals and IUP-subalgebras.
These two subsets, [UP-ideals and TUP-subalgebras, are generalizations of strong IUP-ideals. Particularly, in
an [UP-algebra X, strong [UP-ideals are equivalent to the entire algebra X itself. This hierarchical relationship
among these subsets is visually represented in Figure[T] illustrating the structure of special subsets within TUP-
algebras.

TUP-filter
TUP-ideal IUP-subalgebra

strong [UP-ideal

an [UP-algebra X

Figure 1: Special subsets of [UP-algebras

3 Main results

Before exploring the definition of NSs, it’s crucial to revisit the foundational concepts that support them. This
background will offer essential context and deepen our understanding of NSs, setting the stage for a more
insightful discussion.

Definition 3.1. 2" A neutrosophic set (briefly, NS) in a nonempty set X is an object .A having the form
A={(z, Ar(z), Ar(z), Ap(x)) | x € X} 3.1

where A : X — [0, 1] is a truth membership function, A; : X — [0, 1] is an indeterminate member function,
and Ap : X — [0, 1] is a false membership function.

To streamline notation, we represent an NS as A = (X, Ar, A, Ar), where A is defined as
{(z, Ar(z), Ar(x), Ap(2)) | x € X}.

Definition 3.2. Let f be an FS in X. The FS f defined by f(z) = 1 — f(z) for all z € X is called the
complement of fin X.

Definition 3.3. Let A be an NS in a nonempty set X. The NS A= (X, Apr, Ar, A r) is called the complement
of Ain X.

DOI: https://doi.org/10.54216/IJNS.250343 543
Received: March 28, 2024 Revised: June 29, 2024 Accepted: November 12, 2024



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 540-560, 2025

We expand the concept of NSs to IUP-algebras by introducing four novel categories: neutrosophic IUP-
subalgebras, neutrosophic IUP-ideals, neutrosophic IUP-filters, and neutrosophic strong IUP-ideals. This in-
novative application broadens the theoretical scope of IUP-algebras and enhances their practical utility, paving
the way for fresh insights and applications in the field.

Definition 3.4. An NS A in X is called a neutrosophic IUP-subalgbra of X if it satisfies the following

properties:

(Va,y € X)(Ar(x - y) > min{Ar(z), Ar(y)}) (3.2)
(Vz,y € X)(Ar(z - y) < max{Ar(x), Ar(y)}) (3.3)
(Vo,y € X)(Ar(z - y) > min{Ap(z), Ar(y)}) (3.4)

Definition 3.5. An NS A in X is called a neutrosophic IUP-ideal of X if it satisfies the following properties:

(Ve € X)(Ar(0) > Ar(z)) (3.5)
(Vo € X)(Ar(0) < A;(x)) (3.6)
(Vz € X)(Ap(0) > Ar(z)) (3.7
(Ve,y,z € X)(Ar(z - z) > min{Ar(z- (y - 2)), Ar(y)}) (3.8)
(Ve,y,z € X)(Ar(z - z) <max{Ar(z- (y-2)),Ar(y)}) (3.9)
(Vz,y,2 € X)(Ap(z - 2) > min{Ap(z - (y-2)), Ar(y)}) (3.10)

Definition 3.6. An NS A in X is called a neutrosophic IUP-filter of X if it satisfies (3.3), (3:6), (3-7), and the

following properties:

(Vo,y € X)(Ar(y) > min{Ar(x - y), Ar(z)}) (3.11)
(Vz,y € X)(Ar(y) < max{A;(z-y), Ar(z)}) (3.12)
(Vo,y € X)(Ar(y) > min{Ap(z -y), Ar(z)}) (3.13)

Definition 3.7. An NS A in X is called a neutrosophic strong IUP-ideal of X if it satisfies the following

properties:
(Va,y € X)(Ar(z-y) = Ar(y)) (3.14)
(Va,y € X)(Ar(z-y) < Ar(y)) (3.15)
(Va,y € X)(Ar(z -y) = Ar(y)) (3.16)
Lemma 3.8. Every neutrosophic IUP-subalgebra of X satisfies (3.3), (3-6), and (3-7).
Proof. Assume that A is a neutrosophic [UP-subalgebra of X. Let x € X. Then
Ar(0) = Ar(z - 2) (by (IUP2)
> min{Ar(z), Ar(2)} (by (3.2))
= .AT ($),
Ar(0) = Af(x - x) (by ([UP-2))
< max{A4;(z), A;(z)} (by 3.3))
= .A] (.’L‘),
Ap(0) = Ap(z - x) (by ([UP-2))
> min{Ap(z), Ar(z)} (by (3.2))
Hence, it satisfies (3.3)), (3.6), and (377). O
Theorem 3.9. Every neutrosophic strong IUP-ideal of X satisfies (3.3), (3-6), and (3.7).
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Proof. Assume that neutrosophic strong IUP-ideal of X. Let z € X. Thus,

Hence, It satisfies (3.3), (3:6), and (3.7).

Ar(0) = Ap(z - x)
2 AT(x)a

Theorem 3.10. A neutrosophic strong IUP-ideal and constant NS coincide.

Proof. Assume that A is a neutrosophic strong IUP-ideal of X. Let z € X. Then

Hence, A is a constant of X.

Conversely, it is obvious that every constant NF is a neutrosophic strong IUP-ideal.

(by (TUP-2))
(by B.14)
(by ([UP-2))
(by B.13))
(by ([UP-2))
(by 3.16))

O

(by 2.3))
(by 3.14))
(by .3
(by 3.13))
(by 2.3))
(by B.16))

Theorem 3.11. Every neutrosophic strong IUP-ideal of X is a neutrosophic IUP-subalgebra of X.

Proof. 1t is straightforward by Theorem [3.10}

Example 3.12. Let X = {0, 1,2, 3,4, 5} with the following Cayley table:

T W N~ O

— RN wot oo
W N U O =
(3 SIS RN  JNG O) Y
B U1 O N~ wlw
OO T
O W A~ o Ul ot

Then X is an [UP-algebra. We define 4 on X as follows:

AT:(O 1 2

3 4 5
0.8 0.1 0.6 0.6 0.1 0.1

01 2

345
Ar= (0.6 109091 1)

AF:(O 1 2

3 4 5
0.5 020404 0.2 0.2

Then A is a neutrosophic IUP-subalgebra of X. Since A7(2-0) = A7(3) = 0.6 # 0.8 = A7 (0), A7(2-0) =
Ar(3) =09 £ 0.6 = .A4;(0),and Ap(4-0) = Ap(4) = 0.2 # 0.5 = Ap(0). Hence, A is not a neutrosophic

strong TUP-ideal of X.

Theorem 3.13. Every neutrosophic strong IUP-ideal of X is a neutrosophic IUP-ideal of X.

Proof. 1t is straightforward by Theorem [3.10}
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Example 3.14. Let X = {0, 1,2, 3,4, 5} with the following Cayley table:

T W N~ O
DN Wk Ut = OO
Ot WO =
W = Ot O = NN
= s O N Ot W W
GO W N |
O N W oot

Then X is an [UP-algebra. We define A on X as follows:

a0 123 45
= %0.7010106 06 0.1

(0 123 45
=103 0909 05 0.5 0.9

(01 23 45
710902020303 02

Then A is a neutrosophic IUP-ideal of X. Since Ar(5-0) = Ar(2) = 0.1 £ 0.7 = A7p(0), A;(1-0) =
Ar(1) =09 £ 0.3 =A4,(0),and Ap(1-3) = Ap(5) = 0.2 # 0.3 = Ap(3). Hence, A is not a neutrosophic

strong IUP-ideal of X.

Theorem 3.15. Every neutrosophic IUP-ideal of X is a neutrosophic IUP-filter of X.

Proof. Assume that A is a neutrosophic [UP-ideal of X . By the assumption, it satisfies (3.3)), (3.6), and (3.7).

Letz,y € X.

Ar(y) = Ar(0-y)
> min{Ar(0- (z-y)), Ar(x)}
= min{Ar(x - y), Ar(x)},
Ar(y) = Ar(0-y)
< max{A;(0-(z-y)),Ar(x)}
= max{A[(ﬂU y), Ar(z)},
> mln{AF(O (z-y)), Ap(z)}
= min{Ar(z-y), Ap(z)}.

Hence, A is a neutrosophic IUP-filter of X .
Example 3.16. Let X = {0, 1,2, 3,4, 5} with the following Cayley table:

<10 1 2 3 45
0j0 1 2 3 4 5
115 0 4 2 3 1
212 4 0 5 1 3
313 21 0 5 4
414 3 5 1 0 2
511 5 3 4 2 0

Then X is an [UP-algebra. We define .4 on X as follows:

(01 2 3 45
T~ \07010401010.1

(0 123 45
= 102080508 0.8 08

DOI: https://doi.org/10.54216/IJNS.250343
Received: March 28, 2024 Revised: June 29, 2024 Accepted: November 12, 2024

(by ([UP-1))
(by G-8))
(by ([UP-1))
(by ([UP-1))
(by G9)
(by (TUP-T))
(by (TOP-T))
(by 3.10D)
(by ([UP-1))

O

546



International Journal of Neutrosophic Science (IJNS) Vol. 25, No. 03, PP. 540-560, 2025

(0123 45
F=1050203020202

Then A is a neutrosophic TUP-filter of X. Since Ar(1-5) = Ar(1 ) =01 %04 = min{O 4,04} =
min{Ar(2), Ar(2)} = min{Az(1-3), Ar(2)} = min{Ar(1- (2-5)), Ar(2)}, Ar(1-4) = Ay (3) = 0.8 £
0.5 = max{0.2,0.5} = max{A;(0), A;(2)} = max{A;(1-1), A;(2)} = max{A;(1- (2 4)) ( )}, and
Ap(5-3) = Ap(4) = 0.2 # 0.3 = min{0.5,0.3} = min{Ax(0), Ap(2)} = min{Ax(5-5), Ap(2)} =
min{Ar(5-(2-3)), Ar(2)}. Hence, A is not a neutrosophic ITUP-ideal of X .

Theorem 3.17. Every neutrosophic IUP-subalgebra of X is a neutrosophic IUP-filter of X.

Proof. Assume that A is a neutrosophic IUP-subalgebra of X. By Lemma [3.8] it satisfies (3.3), (3:6), and
@G7). Letz,y € X.

Ar(y) = Ar(0-y) (by ([UP-T))
= Ar((z-0) - (z-y)) (by (TUP-3))
> min{Ar(z - 0), Ar(z - y)} (by G2
> min{min{Ar(z), Ar(0)}, Ar(z - y)} (by (3:2))
= min{Ar(2), Ar(z - )}, (by B.3))

Ar(y) = Ar(0-y) (by (TOP-T))
= Ar((z-0) - (z-y)) (by (TUP-3))
< max{A;(z-0), As(z-y)} (by 3.3))
< max{max{A;(z), A;(0)}, A;(z - y)} (by (3.3))
= max{A;(x), Ar(z-y)}, (by (3.9))

Ar(y) = Ar(0-y) (by ([TP-T))
=Ap((@-0)-(z-y)) (by ([UP-3))
> min{Ap(z - 0), Ap(z - y)} (by B4
> min{min{Ar(z), Ar(0)}, Ar(z-y)} (by (3.4))
= min{Ap(z), Ap(z-y)}. (by G.7))

Hence, A is a neutrosophic IUP-filter of X. O

Example 3.18. 2 Let R* be the set of all nonzero real numbers. Define a binary operation - on R* by:
* _Y
(Va,y € Ry = ).

Thus, (R*, -, 1) is an IUP-algebra.

Example 3.19. From Examplen let P {zeR* |z > 1} Then 1 € P. Next, let z,y, 2 € R* be such
thatz - (y-z) > landy > 1. Then 2 > 1. Thus,x -z = 2 = (5)y > 1, thatis, v - 2 € P Hence,

x

P is an IUP-ideal of R*. Then P is an IUP-ﬁlter of R*. From Theorem [3.26and [3.27| that is, A®["_ e g+ 7_}
are neutrosophic [UP-ideal and neutrosophic IUP-filter of R*. Implies that A are neutrosophic [UP- ideal and

neutrosophic IUP-filter. Since 1,3 6 sbut3-1 = % € P, we have P is not an IUP-subalgebra of R*.

From Theorem [3.25| that is, A“ [a B By ,] is not a neutrosophic IUP-subalgebra. Implies that A is not a
neutrosophic IUP-subalgebra.

Example 3.20. Let X = {0, 1,2, 3,4, 5} with the following Cayley table:

B Ot w N = oo
W N Ut O =
=W Ut O NN
N — O = Ot Wl W
GO = W N |
O = DN = W oyt

Uk W N~ O
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Then X is an [UP-algebra. We define .4 on X as follows:

(0123 45
7080202060202

(01 23 45
71003030103 0.3

(0123 45
7106 0303050303

Then A is a neutrosophic IUP-subalgebra of X. Since Ap(1-2) = Ap(4) = 0.2 # 0.6 = min{0.6,0.6} =
min{Ar(3), Ar(3)} = min{Ar(1-(3-2)), Ar(3)}, Ar(2-1) = A;(5) = 0.3 £ 0.1 = max{A;(3), 4(3)}
= max{A7(2-(3-1)), 4;(3)},and Ap(4-1) = Ap(2) = 0.3 # 0.5 = min{0.6,0.5} = min{Ax(0), Ar(3)}
=min{Ar(4-(3-1)), Ar(3)}. Hence, A is not a neutrosophic IUP-ideal of X.

The study revealed a relationship between the four concepts: neutrosophic IUP-ideals and neutrosophic IUP-
subalgebras are generalizations of neutrosophic strong [UP-ideals of IUP-algebras, where neutrosophic strong
[UP-ideals of IUP-algebras can only be a constant NS. Neutrosophic IUP-filters are a generalization of neu-
trosophic IUP-ideals and neutrosophic IUP-subalgebras. We summarize the relationship between these four
concepts, shown in Figure

Neutrosophic IUP-filter

/\

Neutrosophic IUP-ideal Neutrosophic IUP-subalgebra

\/

Neutrosophic strong IUP-ideal

!

Constant neutrosophic set

Figure 2: Neutrosophic sets in [UP-algebras

Theorem 3.21. If A is a neutrosophic IUP-subalgebra of X satisfying the following condition:

Ar(z) = Ar(y)
(Ve,ye X) |z-y#0= 1 A;(z) < Ar(y) (3.17)
Ar(z) = Ar(y)

then A is a neutrosophic strong IUP-ideal of X.

Proof. Assume that A is a neutrosophic IUP-subalgebra of X satisfying the condition (3.17). Let z,y € X.

Case 1: Suppose x - y = 0. Thus,

Az (2 -y) = Ar(0)
> Ar(y), (by G.3)
Ar(z-y) = Ar(0)
< Ar(y), (by (3.6))
Ap(z - y) = Ar(0)
> Ar(y)- (by B.7))
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Case 2: Suppose z - y # 0. Thus,

Ar(z-y) = min{Ar(z), Ar(y)} (by (3.2))
= Ar(y),
Ar(z - y) < max{A;(z), Ar(y)} (by 3.6))
= A;(y),
Ap(z - y) = min{Ap(z), Ar(y)} (by BT
=Ar(y).
Hence, A is a neutrosophic strong [UP-ideal of X. O

Theorem 3.22. If A is a neutrosophic strong IUP-ideal of X satisfying the following condition:
Ar = A; = Ar (3.18)

then A is a neutrosophic IUP-filter of X.

Proof. 1t is straightforward by Theorem [3.10} O

Theorem 3.23. If A is a neutrosophic IUP-filter of X satisfying the following condition:

Ar(y - (z-2)) = Ar(z - (y - 2))
(Va,y,z€ X) | Ar(y-(z-2)) = Ar(z - (y - 2)) (3.19)
Ap(y - (z-2)) = Ar(z- (y - 2))

then A is a neutrosophic IUP-ideal of X.

Proof. Assume that A is a neutrosophic IUP-filter of X satisfying the condition (3:19). By the assumption, it

satisfies (3.3)), (3.6), and (3.7). Let z,y € X. Thus,

Arp(z - z) 2 min{ Az (y - (z - 2)), Ar(y)} (by (.T1))
= min{Ar(z - (y- 2)), Ar(y)},
Ai(z - z) <max{A;(y - (z-2)), Ar(y)} (by (3.12))
= max{Ar(z - (y- 2)), Ar(y)},
Ap(z - z) 2 min{Ap(y - (- 2)), Ar(y)} (by (3.13))
= min{Ap(z- (y-2)), Ar(y)}.
Hence, A is a neutrosophic IUP-ideal of X. O

For any fixed numbers at,a™, 87,87 ,7v",7~ € [0,1] such that o™ > a=,8" > 87,77 > 7~ and a
at,B 4t at - B at -
nonempty subset G of X, an NS AG[Q—,§+ 7T = (X, Ag[a,},A?[gJF],Ag[z_}) in X, where Ag[a,],A?[gJ,

ot
+
and A% [jy,} are function on X which are given as follows:

N at ifzeqG
Agmz{

« otherwise

A5~ {5 ifzed@

Bt otherwise

AG[7+]_{7+ ifred
Fly-1= _ .
v~ otherwise

Lemma 3.24. Let G be a nonempty subset of X. Then the constant 0 of X is in G if and only if the character-

istic NS AY [zt g:rﬁ] satisfies (3.3), (3.6), and (B7).
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Proof. Assume that the constant 0 of X is in G. Then A$[*"](0) = at, A% [gl}(o) = 37, and A% [342](0)
vt Thus, AZ[ET)(0) = oF > A2 )(), AF[5,1(0) = B~ < AF[5.](x). and AZ[)(0) = 7+ >
AG [Y;](x) forall x € X, thatis, A¢ [gtg;f’;] satisfies (3.3)), (3.6), and (3.7).

Conversely, assume that AG[O‘+’[37”+] satisfies (3.3), (3.6), and (3.7). Then A% [gt](()) > AG [gt](x) for

a=,Bty~
all z € X. Since G is a nonempty subset of X, we let a € G. Then Ag[gf](O) > A%[gt](a) = at, so
AG [gt](()) = o, Hence, the constant 0 of X is in G. O

Theorem 3.25. A nonempty subset G is an IUP-subalgebra of X if and only if the characteristic NS
AC [Ztg;’;f_r] is a neutrosophic IUP-subalgebra of X.

Proof. Assume that G is an [UP-subalgebra of X. Let x,y € X. Then

Case 1 : Suppose z,y € G. Then AZ [gt](az) = ot and A% [zt](y) = ™. Since G is an IUP-subalgebra of
X, wehave z -y € G. Thus, Ag[gt](x cy) =at >min{at,a™} = min{A%[Zt](w), Ag[gt](y)}

Case 2 : Suppose ¢ G ory ¢ G. Then A%[gf](x) =a~ or Ag[gf}(y) = a~. Thus, A%[gf](m cy) >
o = min{ AF[27)(x), AZ[7]()}-

Case 1’ : Suppose x,y € G. Then AY [g;](as) = B~ and AY [g;](y) = ™. Since G is an [UP-subalgebra of
X, we have 7y € G. Thus, AF[2-)(z ) = B~ < 5 = max{AF (] (2), AT 2, ](0)}.

Case 2" : Suppose z ¢ G ory ¢ G. Then A?[g;](z) = T or A?[g;](y) = B*. Thus, A?[g;}(z cy) <
B+ = max{AZ[EL](2), AL 1)}

Case 17 : Suppose 2,y € G. Then A% [j;](z) =~ and A% ['ﬁ](y) = ~*. Since G is an IUP-subalgebra of
+ . . + +
X, We have 2 - y € G. Thus, Ag[z,}(ac cy) =7t >min{y",7T} = mln{Ag[z,](mLAgm,](y)}.

Case 2” : Suppose * ¢ G ory ¢ G. Then A% [zt](x) =~ or Ag[i](y) = 7. Thus, Ag[:ﬁ](x cy) >
. +
7™ = min{AZ[}"](@), AE ()

.. a at ﬁ* »er . .
Hence, the characteristic NS A“[_ B+’7_] is a neutrosophic IUP-subalgebra of X.

a8 hic TUP-subalgebra of X. L
a7’6+,"/7] 1S a neutrosop 1C -Su! age ra O . et

x,y € G. Then Ag[gf](x) = ot and Ag[gf](y) = a™. By (3:2), we have Ag[gf](xy) > min{A?[gt](a:),

AS[* ](y)} = min{a*t,at} = at. Thus AZ[*)(z-y) = at, thatis, z - y € G. Hence, G is an TUP-
subalgebra of X. O

Conversely, assume that the characteristic NS A%[

Theorem 3.26. A nonempty subset G is an IUP-ideal of X if and only if the characteristic NS A [figlj;]
is a neutrosophic IUP-ideal of X.

Proof. Assume that G is an TUP-ideal of X. Since 0 € G, it follows from Lemma [3.24|that A% [gt], A [g;],
and A% [zt] satisfy (3.5), (3.6)., and (3.7), respectively. Next, let z,y, z € X.

Case 1 : Suppose x - (y -z) € Gand y € G. Since G is an TUP-ideal of X, we have z - z € G. Thus,
+ . . + +
A (2 - 2) = ot > o = min{at, ot} = min{ AZ[2 ](z - (y - 2)), AZ[2-](v)}.

Case 2 : Suppose z - (y-z) ¢ Gory ¢ G. Then Ag[gf}(a: “(y-2)) =a or A(T;[gf](y) = o~ . Thus,
AG[57) (@ 2) > o7 = min{ AZ[;](x - (y - 2)), AF[] ()}
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Case 1’ : Suppose x - (y - z) € G and y € G. Since G is an [UP-ideal of X, we have = - z € G. Thus,
AGG (@ - 2) = B~ < 7 =max{B~, 87} = max{AF[5,)(z - (y- 2)), AF 5, ] (v)}.

Case 2’ : Suppose 7 - (y - 2) ¢ Gory ¢ G. Then A?[g;](:c “(y-2)) =Bt or A?[g;](y) = (7. Thus,

AF 5 (@ - 2) < B = max{AF[5,](z - (y - 2)), AF[5: ) ()

Case 1” : Suppose z - (y - z) € Gand y € G. Since G is an IUP-ideal of X, we have z - z € G. Thus,
i : + +

AG )@ ) =" 24 = minfyT, 7t} = min{AG[ )@ - (v 2)), AZL 1)}

Case 27 : Suppose = - (y - z) ¢ Gory ¢ G. Then Af;’@f](z (y-2)) =~ or Ag[yyt](y) = ~~. Thus,
AZL ) 2) 297 = minf AL (@ - (v 2). AL ().

Hence, A“ [a 2 B+ ] is a neutrosophic IUP-ideal of X.

Conversely, assume that the characteristic NS A% [Ztg;ﬁ] is a neutrosophic TUP-ideal of X . Since A% [gf}

satisfies (3.3), it follow from Lemma that 0 € G. Next, let z, y, z € X be such that x - (y z) €Gandy €

G. Then AZ[2")(z - (y- Z)) a*t and AZ[% +](y) = o, Thus, min{ AZ[2"](z- (y - 2)), A [ I} =at.
By (3:8), we have AZ[*"] (- z) > min{AS [ ](z- (y-2)), AZ[*](y)} = at, thatis, AZ[*](z - 2) = ot
Hence, = - z € GG, so (G is an [UP-ideal. O

Theorem 3.27. A nonempty subset G is an IUP-filter of X if and only if the characteristic NS A% [(; g+ f}
is a neutrosophic IUP-filter of X.

Proof. Assume that G is an TUP-filter of X. Since 0 € G, it follows from Lemma [3.24that A% [31, AE [g;],
and AG[ | satisfy (3-3), (3.6)), and (3.7), respectively. Next, let z,y € X.

Case 1 : Suppose x -y € G and z € G. Since G is an IUP filter of X, we have y € G. Thus, A% [gf](y) =
ot > ot = min{at, ot} = min{AF [ )(z - ), AZ[2])(x)}.

Case 2 : Supposex y¢Gorzx §é G. Then AS[*](x-y) = a~ or AZ[*"](x) = a~. Thus, AZ[*"](y) >
o~ = min{AG[2"](z - y), AG[2"](2)}.

Case 1’ : Suppose z -y € G and = € G. Since G is an IUP-filter of X, we have y € G. Thus, AY [g;](y) =
B~ < B~ =max{p~, B~} = max{AF [}, ](z - y), AF[].] ()}

Case 2’ : Suppose = -y ¢ G or v ¢ G. Then A?[g;](:ﬂ y) = BT or AY [g;](x) = BT. Thus, A?[g;](y) <
Bt = max{AZ [}, ](z - y), AF [, ] (2)}.

Case 17 : Suppose = - y € G and = € G. Since G is an ITUP-filter of X, we have y € G. Thus, A% [Y;}(y) =
v >yt =min{yt, 9t} = min{ A )2 ), AGL ) (2)}-

Y

Case 27 : Supposex y¢Gorm¢G ThenAG[ ](m y) =" or.AG[ ]( ):fy_.Thus,Ag[Zt](y)

7~ = min{AZ[ (), AZ[ ()}
Hence, AG[®" 27" ] is a neutrosophic TUP-filter of X

a5+

Conversely, assume that the characteristic NS .AG[ g - ] is a neutrosophic IUP-filter of X. Since .AG[ _]

satisfies , it follow from Lemma@lthat 0 € G. Next, let x Y € G be such that r-y€ Gandzx € G.
Then .AT[ ](:C y) = o™ and .AG[ (x) = a™. Thus, mm{AT[ ](x Y), .AG[ ]( )} = a™. By 311,
we have Ag[a,](y) = mln{AG[ }(x Y), AG[ “J(x)} = o, that s, A%[a,](y) = o, Hence, y € G, so
G is an IUP-filter of X. O
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+

Theorem 3.28. A nonempty subset G is a strong IUP-ideal of X if and only if the characteristic NS AG[ e 7]

is a neutrosophic strong IUP-ideal of X. Rt
Proof. 1t is straightforward by Theorem [3.10} O
Lemma 3.29. %’ Let f be an FS in a nonempty set X. Then the following statements hold:
(Vo,y € X)(1 —max{f(z), f(y)} = min{l — f(z),1 - f(y)}) (3.20)
(Vo,y € X)(1 — min{f(z), f(y)} = max{l — f(z),1 - f(y)}) (3.21)
Lemma 3.30. 22 Let f be an FS in a nonempty set X. Then the following statements hold:
(Va,y,2 € X)(f(2) > min{f(2), f(y)} & f(2) < max{f(z), f(y)}) (3.22)
(Vz,y,2 € X)(f(2) < max{f(2), f(y)} & f(2) = min{f(2), f(y)}) (3.23)

Theorem 3.31. An NS A is a neutrosophic IUP-subalgebra of X if and only if the FSs Ar, Aj, and Ap
satisfy (3-2), and the FSs Ar, Ay, and Ap satisfy (3.3).

Proof. Assume that A is a neutrosophic IUP-subalgebra of X. Then
Ar(z - y) = min{ Az (z), Ar(y)}
Ar(z-y) < max{A(z), Ar(y)},
Ap(z - y) = min{Ap(z), Ar(y)}.

)

Thus,
Ar(z - y) < max{Ar(2), Ar(y)}, (by 3:22))
Ap(z - y) > min{A;(z), Ar(y)}, (by (3.23))
Ap(z - y) < max{Ap(z), Ap(y)}. (by (3.22))

Hence, the FSs Ar, A;, and A satisfy (3.2), and the FSs Az, A;, and A satisty (33).

Conversely, assume that the FSs Ar, A;, and Ap satisfy (3:2), and the FSs A7z, A;, and A satisfy (3:3).
Then A7 and A satisfy (3.2), and A; satisfy (3.3). Thus, A is a neutrosophic IUP-subalgebra of X. O

Theorem 3.32. An NS A is a neutrosophic 1UP-ideal of X if and only if the FSs Ar, Ay, and A satisfy (3.5)
and (38), and the FSs Ay, A, and Ap satisfy (3.6) and (3.9).

Proof. Assume that A is a neutrosophic IUP-ideal of X . Then

Ar(0) > Ar (),
Ar(0) < Af(z),
Ap(0) > Ap(z),
Ar(z - 2) =2 min{Ar(z - (y - 2)), Ar(y)},
Ar(z - z) < max{Ar(z - (y-2)), Ar(y)},
Ap(z - z) > min{Ar(z - (y-2)), Ar(y)}
Thus,
Ar(0) < Ar(z),
Ar(0) > Ap(x),
Ar(0) < Ap(x),
Ar(z - z) <max{Ar(z - (y - 2)), Ar(y)},
Ap(z - 2) > min{A;(z - (y - 2)), Ar(y)},
Ap(z - 2) <max{Ap(z - (y- 2)), Ar(y)}-
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Hence, the FSs Ar, Az, and A satisfy (3.5) and (3.8), and the FSs Az, A;, and Ar satisfy (3.6) and (3.9).

Conversely, assume that the FSs A7, A;,and Ap satisfy @ and @, and the FSs A, A;, and Ap satisfy

(3:6) and (3:9). Then Az and Ap satisfy (3:3) and (3:8), and A; satisfy (3.6) and (3:9). Hence, A is a
neutrosophic IUP-ideal of X. O

Theorem 3.33. An NS A is a neutrosophic IUP-filter of X if and only if the FSs Ay, Ay, and Ap satisfy (3.3)
and (3.11), and the FSs Ar, Ay, and Ay satisfy (3-6) and (3.12).

Proof. Assume that A is a neutrosophic [UP-ideal of X. Then

Ar(0) > Ar(z),

Ar(0) < Ag(z),

Ar(0) > Ap(z),

Az (y) > min{Ar(z - y), Ar(2)},
Ar(y) < max{Ar(z - y), Ar(z)},
Ap(y) = min{Ar(z - y), Ar(z)}.

Thus,

Ar(0) < Ap(z),

A (0) > A;(x),

Ar(0) < Ap(z),

Ar(y) < max{Ar(z - y), Ar(z)},
A;(y) > min{A;(z - y), Ar(x)},
Ar(y) < max{Ap(z-y), Ap(z)}.

Hence, the FSs A7, A, and A satisty (3.5) and (3.11)), and the FSs Az, A;, and A satisty (3.6) and (3.12).

Conversely, assume that the FSs Az, A;, and A satisfy (3.5) and (3.11)), and the FSs Ar, A;, and A satisfy

(3:6) and (3:12). Then Ay and A satisfy (3.3) and (3.T1), and A; satisfy (3.6) and (3:12). Hence, A is a

neutrosophic IUP-filter of X. O

Theorem 3.34. An NS A is a neutrosophic strong 1UP-ideal of X if and only if the FSs Ar, A, and Ap
satisfy (3-14), and the FSs Ar, Ay, and Ar satisfy (3.13).

Proof. 1t is straightforward by Theorem [3.10} O

The following four theorems are derived directly by applying Theorems[3.31}[3.32}[3.33] and[3.34] respectively.

Theorem 3.35. An NS A is a neutrosophic IUP-subalgebra of X if and only if NS xA = (AT,ZL Ar),
OA = (A7, Ar, Ar), OA = (A1, A, Ap), AA = (Ar, A, Ap), BA = (A7, Ar, Ar), $A = (A, Aj,
Ar), and AA = (A, Ap, Ar) are neutrosophic IUP-subalgebras of X.

Theorem 3.36. An NS A is a neutrosophic IUP-ideal of X if and only if NS *A = (AT7ZT,L4F), OA =
(A1, Ar, Ar), QA = (A1, A1, Ar), AA = (A7, A1, Ar), BA = (A1, A7, Ar), #A = (A1, A1, Ar),
and AA = (Ap, Ap, Ar) are neutrosophic IUP-ideals of X.

Theorem 3.37. An NS A is a neutrosophic IUP-filter of X if and only if NS *A = (AT,ZT,.AF), OA =
(Ar, Ap, Ar), QA = (A1, A1, Ar), AA = (A1, Ar, Ar), BA = (A7, A, A7), A = (A1, A1, A1),
and AA = (Ap, Ap, Ar) are neutrosophic IUP-filters of X.

Theorem 3.38. An NS A is a neutrosophic strong IUP-ideal of X if and only if NS xA = (Ar, Ar, Ar),
OA = (A7, Ar, Ar), OA = (A1, A1, Ap), AA = (Ar, A, Ap), BA = (A7, Ar, A7), $A = (Ar, Aj,
Ar), and AA = (A, Ar, Ar) are neutrosophic strong IUP-ideals of X.
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Definition 3.39. “* Let f be an FS in a nonempty set X. For any ¢ € [0, 1], the sets

U(fit) ={z € X | f(z) > t}, (3.24)
L(fit) ={z e X | f(z) <1}, (3.25)
E(fit)={zeX|flx)=t) (3.26)

are called an upper t-level subset and a lower ¢-level subset of f, respectively. The sets

+

U (f;t)={z e X | f(z) > t}, (3.27)
L (fity={ze X | f(z) <t} (3.28)

are called an upper ¢-strong level subset and a lower ¢-strong level subset of f, respectively.

Before delving into the theorems that explore the connection between level subsets and their associated NSs, it
is crucial to understand the foundational concepts. Level subsets are pivotal in defining NSs by outlining how
membership degrees are distributed. The subsequent theorem articulates this relationship, offering valuable
insights into the underlying structure of NSs.

Theorem 3.40. An NS A is a neutrosophic IUP-subalgebra of X if and only if for all o, B, € [0, 1], the sets
U(Ar; ), L(Ar; 8), and U(Ap; ) are either empty or IUP-subalgebras of X.

Proof. Assume that A is a neutrosophic TUP-subalgebra of X. Let « € [0, 1] be such that U (Ar; «) # . Let
z,y € U(Ar;@). Then Ar(x) > o and Ar(y) > «. Thus, min{Ar(z), Ar(y)} > «. By (3.2), we have
Ar(x-y) > min{Ar(z), Ar(y)} > o, thatis, Ar(z - y) > o Thus, z -y € U(Ar; a). Hence, U(Ar; )
is an [UP-subalgebra of X.

Let 3 € [0,1] be such that L(Aj;8) # 0. Let z,y € L(Ay;8). Then A;(z) < 8 and A;(y) < . Thus,
max{As(z), A;(y)} < . By B3), we have A;(z - y) < max{A;(z), A;(y)} < B, thatis, A;(z-y) < 6.
Thus, x -y € L(Ay; 3). Hence, L(Ay; 3) is an IUP-subalgebra of X.

Let v € [0,1] be such that U(Ap;v) # 0. Let 2,y € U(Ap;~y). Then Ap(x) >+ and Ap(y) > . Thus,
min{Ar(z), Ar(y)} > 7. By 3.4), we have Ap(z-y) > min{Ar(z), Ar(y)} > v, thatis, Ap(z-y) > 7.
Thus, = -y € U(Ap; ). Hence, U(Ar; ) is an ITUP-subalgebra of X.

Conversely, assume that for all o, 8,y € [0, 1], the sets U(Ar; «), L(Ay; ), and U(Ap;~y) are either empty
or IUP-subalgebras of X. Let z,y € X. Let @ = min{ Ay (z), Ar(y)}. Then Ar(z) > o and Ar(y) > a.
Thus, z,y € U(Ar; ) # (. By the assumption, we have U (Ar; ) is an IUP-subalgebra of X. By 2.17),
we have © -y € U(Agp; o). Thus, Ap(z - y) > o = min{Ar(z), Ar(y)}.

Letz,y € X. Let 8 = max{A;(x), Ar(y)}. Then A;(z) < B and A;(y) < 8. Thus, z,y € L(As; 8) # 0.
By the assumption, we have L(Ay; 3) is an [UP-subalgebra of X . By (2.17), we have z -y € L(Ar; 3). Thus,
Ap(z-y) < f = max{A;(z), Ar(y)}.

Letz,y € X. Lety = min{Ap(z), Ap(y)}. Then Ap(x) > vand Ap(y) > . Thus, z,y € U(Ap;7y) # 0.
By the assumption, we have U(Ap;~) is an [UP-subalgebra of X. By (2.17), we have z - y € U(Ap;7).
Thus, Ap(z - y) > v = min{Ar(z), Ar(y)}.

Hence, A is a neutrosophic IUP-subalgebra of X. [

Theorem 3.41. An NS A in X is a neutrosophic IUP-ideal of X if and only if for all a, B, € [0, 1], the sets
U(Ar; ), L(Ar; 8), and U(Ap; ) are either empty or IUP-ideals of X.

Proof. Assume that A in X is a neutrosophic IUP-ideal of X. Let a € [0, 1] be such that U(Ar;«) # 0.
Leta € U(Ar; ). Then Ar(a) > a. By (3:3), we have Ar(0) > Ar(a) > a. Thus, 0 € U(Ar;a). Let
x,y,% € lombesuchthat z- (y-2) € U(Ap; o) andy € U(Ap;«). Then Arp(z-(y-2)) > aand Ap(y) > a.
Thus, min{Ar(z - (y - 2)), Ar(y)} > a. By (3.8), we have Ar(z - z) > min{Ar(z - (y - 2)), Ar(y)} > a.
Thus, x - z € U(Ar; «). Hence, U(Ar; ) is an [UP-ideal of X.
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Let 3 € [0,1] be such that L(A;; 8) # 0. Letb € L(Ar;8). Then A;(b) < . By (3.6), we have
Ap(0) < .AI( ) < B. Thus, 0 € L(Ay; ) Let 2,y,z € X be such that z - (y - z) € L(Ay; ) and
y € L(Ar; ). Then Af(z - (y- 2)) < S and AI( ) < B. Thus, max{A;(z - (y - 2)), Ar(y)} < B. By 3.9),
we have Aj(x - z) < max{A;(z- (y-2)),Ar(y)} < B. Thus, x - z € L(Ay;5). Hence, L(Ar; 5) is an
[UP-ideal of X.

Let v € [0,1] be such that U(Ap;vy) # 0. Let ¢ € U(Ap;7y). Then Ap(c) > ~. By (B.7), we have
Ap(0) > Ap(c) > 7. Thus, 0 € U(AF;~). Let z,y,z € lom be such that = - (y - z) € U(Ap;v) and
y € U(Ap;v). Then Ap(z - (y - z)) > ~ and AF( ) > . Thus, min{Ap(z - (y - 2)), Ar(y)} > 7. By
(3:10), we have Ap(z - 2) > min{Ar(z - (y-2)), Ar(y)} > 7. Thus, z - 2 € U(Ap;~). Hence, U(Ap;7)

is an IUP-ideal of X.

Conversely, assume that for all a, 8, € [0, 1], the sets U(Ar;«), L(Ay; ), and U(Ap; ) are either empty
or [UP-ideals of X. Letx € X. Let « = Ar(x). Then Ar(z) > «a. Thus, z € U(Ar;a) # 0. By the
assumption, we have U (A7; «) is an [UP-ideal of X. By 2.18)), we have 0 € U(A7; «). Then A7 (0) > a =
Arp(x). Letz,y,z € X. Let @« = min{Arp(z - (y - 2)), Ar(y)}. Then Ap(z - (y - 2)) > aand Ar(y) > o
Thus, z - (y - 2),y € U(Ar; ) # (. By the assumption, we have U (A7; «) is an IUP-ideal of X. By (2.20),
we have z - z € U(Arp; «). Thus, Ap(z - 2) > a = min{Ar(z - (y - 2)), Ar(y) }.

Letz € X. Let 8 = Aj(x). Then A;(x) < 3. Thus, z € L(A;;8) # (). By the assumption, we
have L(Ay; 3) is an IUP-ideal of X. By (2.18), we have 0 € L(As;3). Then A;(0) < 8 = Ar(z). Let
z,y,2 € X. Let § = max{As(z - (v - 2)), Ar(y)}. Then A;(x - (y-2)) < B and A;(y) < B. Thus,
x-(y-z2),y € L(A; B) # 0. By the assumption, we have U (Ay; ) is an IUP-ideal of X. By (2.20), we have
x-z € L(Ap; ). Thus, Ar(z - z) < 8 =max{A;(z - (y- 2)), Ar(y)}.

Letz € X. Lety = Ap(z). Then Ap(x) > ~. Thus, x € U(Ap;7vy) # 0. By the assumption, we have
U(Ap;7) is an IUP-ideal of X. By (2:18), we have 0 € U(Ap;~y). Then Ar(0) > v = Ap(z). Let
z,y,2 € X. Lety = min{Ap(z - (y - 2)), Ar(y)}. Then Ap(z - (y - z)) > v and Ap(y) > . Thus,
z-(y-z2),y € U(Ap;7v) # 0. By the assumption, we have U(Ap;~) is an [UP-ideal of X. By (2.20), we
have x - z € U(Ap;~). Thus, Ap(x - z) > v = min{Ap(x - (y - 2)), Ar(y)}. Hence, A is a neutrosophic
[UP-ideal of X. O

Theorem 3.42. An NS A in X is a neutrosophic IUP-filter of X if and only if for all «, 8, € [0, 1], the sets
U(Ar;a), L(Ar; ), and U(Ap;~y) are either empty or IUP-filters of X.

Proof. Assume that A in X is a neutrosophic IUP-filter of X. Let o € [0, 1] be such that U(Ar; «) # 0.
Let a € U(Ar;a). Then Ar(a) > a. By (B3), we have A7 (0) > Ar(a) > «. Thus, 0 € U(Ar; ).
Let z,y € X be such that z -y € U(Ap;a) and x € U(Ar; ). Then Ar(x - y) > o and Ar(z) > «
Thus, min{Az(z - y), Ar(z)} > a. By (B.11), we have Ar(y) > min{Ar(z - y), Ar(z)} > «. Thus,
y € U(Ar;a). Hence, U(Ar; o) is an IUP-filter of X.

Let 5 € [0,1] be such that L(A;; 3) # 0. Let b € L(As;3). Then A;(b) < (. By (B.6), we have
Ar(0) < A;p(b) < B. Thus, 0 € L(Ar; 8). Letx,y € X be such that z -y € L(Ar; 8) and z € L(Az; 5).
Then A;(z - y) < fand A;(x) < B. Thus, max{A;(z - y),A;(z)} < B. By (3.12), we have A;(y) <
max{As(x-y), Ar(z)} < . Thus, y € L(Ar; 8). Hence, L(Ay; ) is an IUP-ideal of X.

Let v € [0,1] be such that U(Ap;v) # 0. Let ¢ € U(Ap;~y). Then Ap(c) > ~. By (B77), we have
Ap(0) > Ap(c) > . Thus, 0 € U(Ap;7). Letz,y € X besuchthatz -y € U(Ap;y) and z € U(Ap; 7).
Then Ap(z - y) > v and Ap(x) > 7. Thus, min{Ar(z - y), Ar(z)} > ~. By (B:13), we have Ar(y) >
min{Ag(z - y), Ar(z)} > . Thus, y € U(Ap; 7). Hence, U(Ap; ) is an IUP-filter of X.

Conversely, assume that for all o, 8,y € [0,1], the sets U(Ar;«), L(Ar; 8), and U(Ap;~) are empty or
IUP-filters of X. Letx € X. Let « = Ar(x). Then Ar(z) > a. Thus, z € U(Ar;a) # (. By the
assumption, we have U(Ar;«) is an [UP-filter of X. By (2.18), we have 0 € U(Ar;a). Then Ar(0) >
a = Ar(z). Letz,y € X. Let @ = min{ Ay (z - y), Ar(z)}. Then Ap(z - y) > o and Ap(z) > «. Thus,
x-y,x € U(Ar;a) # 0. By the assumption, we have U(Ar; «) is an IUP-filter of X. By (2.19), we have
y € U(Arp; @). Thus, Ar(y) > a = min{Ar(z - y), Ar(z)}.
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Letz € X. Let 8 = Aj(x). Then A;(z) < . Thus, x € L(Ar;8) # (0. By the assumption, we have
L(Ay; B) is an IUP-filter of X. By (2.18)), we have 0 € L(Ay; 8). Then A;(0) < 8 = Af(z). Let z,y € X.
Let 8 = max{A;(x -y), Ar(x)}. Then A;(x -y) < B and As;(z) < B. Thus, z - y,x € L(A;8) # 0.
By the assumption, we have L(Aj;3) is an IUP-filter of X. By (2.19), we have y € L(Ay;3). Thus,
Ai(y) < B = max{A;(z - y), Ar(z)}.

Letz € X. Lety = Ap(x). Then Ap(x) > v. Thus, 2z € U(AFp;v) # (. By the assumption, we have
U(Ap; ) is an IUP-filter of X. By (2.18), we have 0 € U(A; 7). Then Ap(0) > v = Ap(z). Letz,y € X.
Let v = min{Ap(x - y), Ap(x)}. Then Ap(x -y) > v and Ap(x) > v. Thus, z - y,x € U(Ap;~y) # 0.
By the assumption, we have U(Ap;~) is an IUP-filter of X. By 2.19), we have y € U(Ap;~y). Thus,
Ap(y) > v =min{Ap(x - y), Ar(x)}. Hence, A is a neutrosophic IUP-filter of X. O

Theorem 3.43. An NS A in X is a neutrosophic strong IUP-ideal of X if and only if for all o, B,~ € [0, 1],
the sets U(Ar; ), L(Ar; B), and U (AF; ) are either empty or strong IUP-ideals of X.

Proof. 1t is straightforward by Theorem [3.10} O

Theorem 3.44. An NS A in X is a neutrosophic strong IUP-ideal of X if and only if the sets E(Ar; Ar(0)),
E(Ar; A7(0)), and E(Ap; Ar(0)) are strong IUP-ideals of X.

Proof. 1t is straightforward by Theorem [3.10} O

Theorem 3.45. An NS A in X is a neutrosophic IUP-subalgebra of X if and only if for all o, 8, € [0,1],
the sets U' (Ar; ), L (Ag; ), and U (Ap;~) are either empty or IUP-subalgebras of X.

Proof. Assume that A in X is a neutrosophic IUP-subalgebra of X. Let o € [0, 1] be such that U (Ar; o) #
0. Letz,y € U (Ap;a). Then Ap(z) > a and Ar(y) > o. Thus, min{Ar(z), Ar(y)} > a. By B2,
we have Ap(z - y) > min{Ar(z), Ar(y)} > o. Thus, z -y € U (Ap;a). Hence, U' (Ar;a) is an
[UP-subalgebra of X.

Let 3 € [0,1] be such that L (Ay;3) # 0. Letz,y € L (As;8). Then Ar(z) < B and A;(y) < B. Thus,
max{A;(z), Ar(y)} < . By 3:3), we have A;(z-y) < max{A;(x), A;(y)} < B. Thus,z-y € L (Ar; ).
Hence, L (Ar; 3) is an [UP-subalgebra of X.

Let v € [0, 1] be such that U+(AF;7) # (. Letxz,y € U+(AF;'y). Then Ap(z) > v and Apr(y) > 7.
Thus, min{Ar(z), Ar(y)} > 7. By (3:2), we have Ar(z - y) > min{Ar(z), Ar(y)} > ~. Thus, z -y €
U’ (AF;~y). Hence, U’ (AFp;y) is an IUP-subalgebra of X.

Conversely, assume that for all «, 5, € [0, 1], the sets U’ (Ar;a), L (Ar; ), and U’ (Ap;~y) are either
empty or [UP-subalgebras of X. Let z,y € X. Assume that Ap(z - y) < min{Ar(z), Ar(y)}. Let

o = Ap(z - y). Then Ap(z) > a and A7 (y) > a. Thus, 7,y € U' (Ar;a). By the assumption, we have
U" (Ar;a) is an IUP-subalgebra. By @.17), we have z -y € U (Ar;a). So Ap(z - y) > a = Ap(z - y),
which is a contradiction. Thus, A7 (z - y) > min{Ar(z), Ar(y)}.

Let z,y € X. Assume that A;(z - y) > max{A;(x), Ar(y)}. Let 8 = As(z-y). Then A;(z) < 3
and A;(y) < B. Thus, x,y € L (Ar;3). By the assumption, we have L (Aj;3) is an [UP-subalgebra.
By @.17), we have z -y € L (Ar;83). So Ar(z -y) < B8 = As(zx - y), which is a contradiction. Thus,
Ai(z - y) < max{Ar(z), Ar(y)}-

Let z,y € X. Assume that Ap(z - y) < min{Ap(x),Ar(y)}. Lety = Ap(z-y). Then Ap(x) > ~v
and Ap(y) > . Thus, z,y € U’ (Ap;7). By the assumption, we have U’ (Ap;7y) is an [UP-subalgebra.
By 217), we have x - y € U’ (Ar;7). So Ap(z -y) > v = Ap(z - y), which is a contradiction. Thus,
Ap(z - y) = min{Ap(z), Ar(y)}.

Hence, A is a neutrosophic IUP-subalgebra of X. [
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Theorem 3.46. An NS A in X is a neutrosophic IUP-ideal of X if and only if for all o, 3,7y € [0, 1], the sets
U (Ar;), L (Ar; ), and U (Ap; ) are either empty or IUP-ideals of X.

Proof. Assume that A in X is a neutrosophic IUP-ideal of X. Let a € [0, 1] be such that U (Ar; a) # 0.
Leta € U (Agp; ). Then Ap(a) > a. By (33), we have A7 (0) > Ar(a) > a. Thus, 0 € U (Ar;a).
Letz,y,2 € U (Ap;a)besuchthatz - (y-z),y € U (Ap;a). Then Ar(z - (y- 2)) > o and Az (y) > a.
Thus, min{Az(z - (y - 2)), Ar(y)} > «. By (3:8). we have Ar(z - z) > min{Ar(z- (y-2)), Ar(y)} > a.
Thus, z - 2z € U’ (Ar; «). Hence, U’ (Ar; @) is an IUP-ideal of X.

Let 8 € [0,1] be such that L (A;;3) # 0. Letb € L (Ar;3). Then A;(b) < 3. By (3:6), we have
Ar(0) < Ap(b) < 8. Thus,0 € L (Ar;B). Leta,y,z € L (Ar;B) besuchthatz - (y-2),y € L (Ar; ).
Then Ar(z - (y - 2)) < 8 and Ar(y) < B. Thus, max{A;(z - (y - 2)), Ar(y)} < B. By (3.9). we have
Ar(z - 2z) <max{Ar(z- (y-2)), Ar(y)} > 8. Thus,z - 2 € L (Ar;8). Hence, L (Ar;3) is an IUP-ideal
of X.

Let v € [0,1] be such that U (Ap;v) # 0. Letc € U (Ap;7). Then Ap(c) > ~. By (377), we have
Ap(0) > Ap(c) >~. Thus,0 € U (Ap; 7). Letz,y,z € U' (Ap;v) besuchthatz-(y-z),y € U (Ap;7).
Then Ap(z - (y - 2)) > v and Ap(y) > ~. Thus, min{Ag(z - (y - 2)), Ar(y)} > ~. By (3:10). we have
Ap(z-2) > min{Ap(z-(y-2)), Ap(y)} > 7. Thus, 2z € U' (Ap;~). Hence, U (Ap;~) is an TUP-ideal
of X.

Conversely, assume that for all «, 5, € [0, 1], the sets U’ (Ar;a), L (Ar;B8), and U’ (Ap;~y) are either
empty or [UP-ideals of X. Let z € X. Assume that Ar(0) < Ar(z). Let « = Ar(0). Then z €

U'(Ar;a) # 0. By the assumption, we have U~ (A7; ) is an IUP-ideal of X. By (2:18), we have 0 €
U (Ar;a). So Ap(0) > a = Ap(0), which is a contradiction. Thus, A7(0) > Ap(z). Let z,y,z € X.
Assume that Ap(z-2) < min{Ar(z-(y-2)), Ar(y)}. Leta = Ap(z-2). Thenz-(y-2),y € U (Ar; ) # 0.
By the assumption, we have U (Ag; ) is an IUP-ideal of X. By (2:20), we have = - 2z € U (Ar; ). So
Ar(z-z) > a = Ap(z - z), which is a contradiction. Thus, Ar(z - z) > min{Ar(z - (v - 2)), Ar(y) }.

Let z € X. Assume that A7(0) > As(z). Let 8 = A;(0). Thenz € L (Ay; 3) # (0. By the assumption, we
have L (Ay; 3) is an IUP-ideal of X. By (Z.18), we have 0 € L (Ay; 3). So A7(0) < 8 = A;(0), whichis a
contradiction. Thus, A;(0) < A;(z). Letz,y, z € X. Assume that A7 (z-2z) > max{A;(z-(y-2)), Ar(y)}.
Let 8 = Ar(z-2). Thenz-(y-2),y € L (Ar;3) # (. By the assumption, we have L (Aj; 3) is an IUP-ideal
of X. By 220), we have z - z € L (Ay;3). So A(x - z) < 8 = As(x - z), which is a contradiction. Thus,
Ap(z - z) <max{A;(z - (y-2)), Ar(y)}-

Letz € X. Assume that Ap(0) < Ap(z). Lety = Ap(0). Thenz € U (Ap;7) # 0. By the assumption,
we have U (Ap;~) is an IUP-ideal of X. By (2.I8), we have 0 € U (Ap;v). So Ap(0) > v = Ap(0),
which is a contradiction. Thus, Ap(0) > Ap(z). Let z,y,z € X. Assume that Ap(z - 2) < min{Ap(z -
(y-2),Apr(y)}. Lety = Ap(z-2). Thenz - (y-z),y € U (Ap;7) # 0. By the assumption, we have
U" (Ap;~) is an IUP-ideal of X. By (Z20), we have z - z € U (Ap;7). So Ap(z - 2) > v = Ap(z - 2),
which is a contradiction. Thus, Ap(z - z) > min{Apr(z- (y - 2)), Ar(y)}.

Hence, A is a neutrosophic IUP-ideal of X. O

Theorem 3.47. An NS A in X is a neutrosophic IUP-filter of X if and only if for all o, 8, € [0, 1], the sets
U' (Ar;a), L (Ar; B), and U’ (Ap;~y) are either empty or IUP-filters of X.

Proof. Assume that A in X is a neutrosophic IUP-filter of X. Let o € [0,1] be such that U (Ap;a) # 0.
Leta € U (Agp;a). Then Ap(a) > a. By (3:3), we have A7 (0) > Ap(a) > a. Thus, 0 € U (Ar; ).
Let 2,y € U' (Ap;a) be such that z - y,z € U (Ap;a). Then Ap(z - y) > a and Ap(z) > a. Thus,
min{Ar(z - y),Ar(z)} > a. By @G.II). we have Ar(y) > min{Ar(z - y), Ar(x)} > «. Thus, y €
U" (Ag; ). Hence, U~ (Ar;a) is an IUP-filter of X.
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Let B € [0,1] be such that L (A;;8) # 0. Letb € L (As;3). Then A;(b) < . By (3.6), we have
Ar(0) < Ar(b) < B. Thus, 0 € L (Ar;B). Letz,y € L (Ar;3) be such that = - y,z € L (Ar; ).
Then A;(z - y) < 8 and Ap(xz) < . Thus, max{A;(z - y), Ar(xz)} < 8. By (3.12). we have A;(y) <
max{As(z -y), Ar(x)} > 8. Thus,y € L (Ay;3). Hence, L (Ay; ) is an IUP-ideal of X.

Let v € [0,1] be such that U (Ap;v) # 0. Letc € U (Ap;~). Then Ap(c) > v. By (37), we have
Ap(0) > Ap(c) > ~. Thus, 0 € U (Ap;7). Letz,y € U (Ap;7) be such that 2 - y,z € U (Ap;).
Then Ap(z - y) > v and Ap(z) > ~. Thus, min{Ap(z - y), Ar(z)} > ~. By (3.13). we have Ar(y) >
min{Ap(z-y), Ap(z)} > 7. Thus, y € U (Ap;~). Hence, U (Ag;~) is an IUP-ideal of X

Conversely, assume that for all o, 3,7 € [0,1], the sets U (Ar;a), L™ (A3 8), and U (Ag;~) are either
empty or [UP-filters of X. Let x € X. Assume that Ar(0) < Ap(z). Let « = Ar(0). Then z €
U’ (Ar;a) # (. By the assumption, we have U’ (Ag; @) is an IUP-ideal of X. By (2.18), we have 0 €
U (Ar;a). So Ar(0) > o = Ar(0), which is a contradiction. Thus, A7(0) > Ar(x). Letz,y € X.
Assume that Ar(y) < min{Ar(z -y), Ar(z)}. Let « = Ap(y). Then z - y,z € U (Ar:ia) # 0.
By the assumption, we have U (A7;a) is an IUP-filter of X. By (2:19), we have y € U (Ar; ). So
Ar(y) > a = Ar(y), which is a contradiction. Thus, Ar(y) > min{Ar(z - y), Ar(z)}.

Letz € X. Assume that A7(0) > A;(z). Let 8 = A;(0). Thenz € L (Ar; 8) # 0. By the assumption, we
have L (Ay; ) is an IUP-filter of X. By (2.18), we have 0 € L (As;3). So A;(0) < 8 = A;(0), which
is a contradiction. Thus, A;(0) < Aj(z). Let z,y € X. Assume that A;(y) > max{A;(z - y), Ar(z)}.
Let 3 = Ar(y). Then z - y,x € L (Ar;3) # 0. By the assumption, we have L (A;;3) is an IUP-filter
of X. By @I9), we have y € L (Ar;3). So A;(y) < B = Az(y), which is a contradiction. Thus,
Ar(y) < max{A;(z - y), Ar(z)}.

Let z € X. Assume that Ap(0) < Ap(z). Let v = Ap(0). Thenz € U (Ap;7) # . By the assumption,
we have U (Ap;~) is an IUP-filter of X. By (2.18), we have 0 € U~ (Ar;v). So Ap(0) > v = Ap(0),
which is a contradiction. Thus, Ar(0) > Ap(z). Let z,y € X. Assume that Ap(y) < min{Ap(z -

y), Ap(z)}. Lety = Ap(y). Thenz - y,x € U (Ap;7y) # 0. By the assumption, we have U (Ap;7) is
an TUP-filter of X. By (Z.19), we have y € U (A 7). So Ap(y) > v = Ag(y). which is a contradiction.
Thus, Ap(y) > min{Ap(z - y), Ap(x)}.

Hence, A is a neutrosophic IUP-filter of X. O

Theorem 3.48. An NS A in X is a neutrosophic strong IUP-ideal of X if and only if for all o, B, € [0, 1],
the sets U (Ar; ), L™ (Ar; B), and U (Ap; ) are either empty or strong IUP-ideals of X.

Proof. 1t is straightforward by Theorem [3.10} O
Definition 3.49. Let A be an NS in X. For any «, 8,v € [0, 1], the sets

ULU_A(O&,B,'Y) = {.’L‘ €X | AT Z OK,A[ S Ba-AF Z ,y}a (329)
LULA(Q767’7> = {‘T €X | AT S Oé,A] Z ﬁ?‘AF S 7}7 (330)
E_A(Oé,ﬁ,'y):{ng|AT:OZ,AI:[3,AF:’)’} (3.3D)

are called a ULU-(a, 3, 7)-level subset, an LU L-(«, 3, v)-level subset, and an E-(«, 3, )-level subset of A,
respectively.

The following five corollaries are derived directly by applying Theorems [3.40] 3.41] [3.42] [3.43] and [3.44]
respectively.

Corollary 3.50. An NS A in X is a neutrosophic IUP-subalgebra of X if and only if for all o, 8,~ € [0,1],
the set ULU 4(«, 3, 7) is either empty or an IUP-subalgebra of X.

Corollary 3.51. An NS A in X is a neutrosophic IUP-ideal of X if and only if for all ., 8, € [0, 1], the set
ULU 4(v, B,7) is either empty or an IUP-ideal of X.
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Corollary 3.52. An NS A in X is a neutrosophic IUP-filter of X if and only if for all o, 3,7 € [0, 1], the set
ULU 4(ev, B,7) is either empty or an IUP-filter of X.

Corollary 3.53. An NS A in X is a neutrosophic strong IUP-ideal of X if and only if for all o, 8,~ € [0, 1],
the set ULU 4 («, 8, 7) is either empty or a strong IUP-ideal of X.

Corollary 3.54. An NS A in X is a neutrosophic strong IUP-ideal of X if and only if the set E ,(Ar(0),
A;(0), Ap(0)) is a strong IUP-ideal of X, that is, E(Ar, Ar(0)) = X, E(A;, A;(0)) = X, and E(Ap,
Ar(0)) = X.

4 Conclusion and future direction

In this paper, we have introduced and explored several new concepts within the realm of IUP-algebras: neu-
trosophic IUP-subalgebras, neutrosophic IUP-ideals, neutrosophic IUP-filters, and neutrosophic strong IUP-
ideals. We have examined their fundamental properties and analyzed the intricate relationships between these
neutrosophic structures and their level subsets, shedding light on their unique characteristics and interactions.

In our upcoming research, we plan to extend these findings to explore various types of NSs within IUP-
algebras. We will also look at how soft set theory and cubic set theory can be used with neutrosophic IUP-
subalgebras, IUP-ideals, IUP-filters, and strong [UP-ideals. This will help us find new dimensions and possible
insights in these complex algebraic structures.
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