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Abstract

This paper is dedicated to finding all 4-cyclic refined neutrosophic real solutions of the equation X™ = 1 which
are called 4-cyclic refined real roots of unity. Also, we classify the algebraic group of these solutions as a direct
product of some familiar finite cyclic groups. On the other hand, we illustrate many examples to clarify the validity
of our work.
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1. Introduction

The concept of neutrosophic sets and neutrosophic structures is considered one of the most recent mathematical
concepts with applications in many different scientific fields [1].

The n-cyclic refined neutrosophic structures were first defined in [9], where algebraic structures related to this
definition were studied, such as rings and modules. Also, the groups and spaces generated by this mathematical
systems were studied in [9-12,14].

Then in [2-4], some famous algebraic problems were studied for the n-cyclic refined neutrosophic rings, where
some conjectures were put forward that discuss the classification of the group of units such as generalized Von
Shtawzen's conjecture [5].

The problem of the group of units for 3-cyclic and 4-cyclic refined neutrosophic rings of integers was studied by
many researchers [7-8, 13], where it was classified in [6] as a proof of first and second VVon Shtawzen's conjectures.

In [15-16], the problem of finding integer n-cyclic refined neutrosophic solutions of the equation X™ = 1 was
discussed, and many good formulas were proven.

In this work, we study the same problem for a generalized set, where we find the formulas for the solutions of the
equation X™ = 1 in the 4-cyclic real ring, with a classification of its group structure.

2. Main Discussion
Definition:

Let X = xo + Xi=, x;I; be a 4-cyclic refined neutrosophic real number with x; € R, then X is called 4-cyclic
refined n-th root of unity if: X™ = 1.

Remark:
The equation X™ = 1 is equivalent to:

( xg=1

l (i x)"' =1
iz

| (xo_x1+x2_x3+x4)n=1
(xo — Xy + Xy + L(x1 - X3))n =1
28
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Discussion:
For odd values of n, we get:

x0=1
4

in=1=>x1+x2+x3+x4=0 (D

Xy — X1 +L3_c;)—x3 +tx,=1=—x;+x,—x3+x,=0 (2) ;0<k<n-1
Xo — X5 + X4 = COS <?) 3)
X, — x5 = sin (%) 4)
n
By using (1), (2), we get:{i? ii‘; z g
Thus:
2x, = cos (@) -1 X4 = 1cos (@) —1
n 2 n 2

Cnky 1 2nk
2x, = sin (—) X, = =sin <—)
n n

Also, 2

1 . 2nk
Xk =1 +Esm (T)Il +
Example:

Let n = 3, then:

Xo=1X =1+ (D)n+(Z(D)+) -5 + (D) -Du=1+2n+3, -2 -2,

2 4

% =14;G)n+ GE)H)E+G)E)s +GE)-Du=1-Pn+in+Tn-3n

2 2 2\2 2\2

Theorem:

The group of n-th real roots of unity in the 4-cyclic refined neutrosophic ring is isomorphic to Z,, under the

condition that n is odd.

Proof:

It is clear that the set of all n-th 4-cyclic refined neutrosophic roots of unity R, is a cyclic group under

multiplication with odd values of n and |R,,| = n.

2mk,
Define the mapping:f:R, — C,;f(x,) =en' ,0<k<n-1.

2mkq .

2mky .
If X, = X, thenk, = k,,ande n ' = e n ' hence (X)) = F(Xe,).

2m(k+s). 2nk. 2ms,

f(Xk'Xs) = f(Xk+s) =e n t= eTl-eTl = f(Xk)f(Xs)
And f is a bijection clearly, thus f is an isomorphism.
Even values of n:

Assume that n is even, then:
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xp =1 x,€{1,-1}

4 4
(; D=1 ;xi € {1,-1}

o+ x,+x,—x1—x3)" =1 x0+x, + x4, —x; — x5 € {1,—1}

+ <2T[k)

xo - xz x4 = COoS|\—

o —x, +x4 +i(x; —x3)]" =1 ann 0<k<n-1
X, — X3 = sin (T)

Case (1):

If xo = Z?:oxi =Xy — Xy + X, —x3 +x, =1, then:
o= 1o (5 (s (52) ) i (55 5+ (o (52 =

Case (2):

Ifxo = Yrox; = xo — %1 + X, — x5 + x4, = —1, then:
2wtk 1 2wtk 1
{_x1+x2_x3+x4=0 {x2+x4=0 _)CZ-I_X“ZCOS(T)-I_lz x4:ECOS(T)+E
X1+X2+X3+X4=0 X1+X3=0 xl_x3=SIn(%) x12251n(?)
-1 2wk
X3 =— sm(—)
And: -1 (21‘[k) 1
X, =—cos|—)—=
2 2
Hence
X = —1+=sin (ﬂ) L+ (_—1cos (ﬂ) - l) I, — Zsin (ﬁ) I3+ (lcos (@) + l) 1.
2 n 2 n 2 2 n 2 n 2
Case (3):
Ifxo = 1,2 0% = xo + x5 + x4 —x;, — x5 = —1, then:
_ 2mk 1 _1 2mk 3
{x1+xz+x3+x4=—2 - {x2+x4:_2 —t; + 2, = cos (4F) - - x, = yeos (55) =3
X3 e sm(ﬂ)
I P (2 -2
X2 = n 2
X =1+1sin (ﬂ) L+ (_—1cos (ﬂ) - 1) I, — Zsin (@) I3+ (lcos (ﬂ) - E) 1.
2 n 2 n 2 2 n 2 n 2
Case (4):
Ifxo=Ytoxi =1, xo +x, + x4 —x; —x3 = —1, then:
_ 21k 1 _1 21k 1
{x1+x2+x3+x4=0 :{x2+x4=—1: _x2+x4_COS(T)_ — x4_ECOS(T)_

-1 2k
= (2

X=1+ (% sin (znik) + l) I + (_71 cos (%)) I, + (_71 sin (an) — %) I; + G cos (?) — 1) I,.

n

Case (5):

Ifxog=xg+x, +x,—x; —x3 =1,Y1x; = —1, , then:

30
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21k 1 1 21k 1
{x1+x2+x3+x4=—2 {x2+x4=—1 —x2+x4—cos(n>— x4_ECOS(T)_

=

x2+x4—x1—x3=0 x1+x3

-1 2mk
Xy = —COS|—
2 n

X=1+ (_?1 + %sin (%)) I — %cos (an) I, + (— sin (an) - %) I3 + ( cos (2:’(’) - 1) 1.

Case (6):

Ifxo = —1,2F 0% = xo + %, + x4 — x; — x3 = 1, then:
21k 3
{x1+x2+x3+x4=2 {x2+x4=2 —x2+x4—cos( )+1 x4——cos( )+E
=
Xp + X4 — X3 — X3 = 2 x;1+x3=0 X —x3—Sln(sz) i (an)

X=-1+ %sin (%) L+ (_— cos (2:’() + —) I, — 1 sin (an) I3+ ( cos (sz) + 3) Iy.

2 2
Case (7):

Ifxo = Yioxi = —1, xg +x, + x4, —x; — x3 = 1, then:
1 2mk
Xy + X+ X5 +24 =0 X+ 2, =1 g = cos () +1_ [ =S cos (%) +
bx,—x—x3=2  lg+xs=—-1 2nk = 1. (2nk
X2 TXe = X1 ™ X3 13 X1 —x3=51n(n) x1=551n(7)—
-1 2mk
xz:TCOS(T)
= -1 2k 1
x3——sm(—)——
2 2
2wk 1 1 2wk 1 . 2mk 1 1 2mk
X——1+(51n(7)—5)11—;c05( )12+(—51n(n)—5)13+(cos( )+1)
Case (8):
Ifxg = X0+ X, + x4 — %1 —x3 = —1,%71x; = 1, then:
1 21k
{x1+x2+x3+x4=2 {x2+x4=1 —x2+x4—cos( )+1 x4=5cos(T)+1
= = =
X+ Xy =X —x3=0 X txz=1 X1 —x3—sm(:k) xlzisin(%)+§

-1 2mk
Xy = 7COS T
+

Example:
Let's try to find all 4-cyclic refined real 4-th roots of unity.
Case (1):
X, =1
Xi=1+ 11 + 11 ! !
1= 2 1 2 2 2
X,=1+1L—1,
1 1 1 1
X3 =1 _511 +512 +513 _514
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Case (2):

XO =_1_12+I4_
1 1 1 1
Xl = _1+§Il_512_513 +EI4
X2=_1
1 1 1 1
X3 = _1_511_512 +EI3 +§I4

Case (3):
XO =1_12_I4_
1 1 1 3
X1=1+511_512_§I3_§I4
X2 = 1_214

1 1 1 3
X3 = 1_511_512 +EI3_§I4

Case (4):
1 1 1 1
XO = 1+§11 _EIZ _513 _514
Xl = 1+11_13_14_

1 1 1 3
X2 = 1+§11 +§IZ_§I3_EI4

X3 = 1_14_
Case (5):

1 1 1 1
Xo_l_ill_ilz_ilg’ 514
X1 = 1 - 13 _14

1 1 3
X2—1_211 +Elz 513 514
X3 = 1 - 11 _14
Case (6):
XO = _1 + 214_

1 1 1 3
X1 = _1+511 +512_EI3 +§[4
Xz =—1+12+I4_

1 1 1 3
X3 =-1 _511 +EIZ +513 +EI4

Case (7):

1 1 3
X0=_1_§11_512 213 +EI4
X1 - _1_13 +14

1 1 1
Xz—_l_ 11+_12_ 13 +_I4

Xs=—1-1L+1,
Case (8):

1 1 1 3
XO =-1 +511_§Iz +513 +§I4
Xp=—1+1L +1,
1 1 1 1
Xz =-1 +511+§Iz +513 +§I4
X3 :_1+13+14_

Example:
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We will find all 4-cyclic refined neutrosophic 6-th roots of unity.

Remark that: {? ;oskss}z{o,g,%”,n,‘%”%"},
Case (1):
X, =1
V3. 1. V31
Xp= 14 h+ b=l =l
V3. 3 V3 3
R e e
Xs=1+1L —1,
V3 3 43

3
X4= 1_711 +ZIZ +TI3_ZI4

V3. 1. V3 1
X5=1_711+112+TI3__I4

Case (2):
Xo=—1-5L+1,

V3. 3 V3 3

X1 =_1+_11__12__I3 +_I

4 4 4 4"
X2=—1+g11—%12—§13+%14
X; =—1

v3i. 1. V3 1
Xo=-1-—Fh-gh+—hL+7h

V3. 3 V3 3
Xs=-1-—Fh—7h+— L+
Case (3)

Xy=1+—h=7h——h—7l
X2=1+§1 —11 +§1 ZI
41 427 43 g4t
Xs=1-2I,
V3. 1 N3 7
Xo=1-—Fh—7h+— -7l
V3. 3 43 5
Xs=l-fph=gh+rL-70L
Case (4):

33
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1 1 1 1
XO = 1+_11__12_

2 pla=3l =3k
V3 o1 1 -3 1 3
X, =1+4(—+=| —=1I — —Z|L-=I
! +<4+2>1 42+<4 2)3 47
V3 1 1 -3 1 5
X,=14—+=|L +=1I — 2 )L-=1
2 +<4+2>1+42+(4 2)3 4"
1 1 3
X3—1+211+512_213 514
X—1+_\/§+1I+1I+\/§11 >
+T 4 " 2)t 742 4 2)3 4
-3 1 1 V3 1 3
Xe=14—+=| —=1 ——Z|L=-=
s +<4 +2>1 42+(4 2)3 gl
Case (5):
1 1 1 1
XO 1_511_512_513 214_
1 3 1 -3 1 3
X1=1+<—E+T>11——12+< 4 5)13 214_
1 3 1 /3 1 5
X,=14—=+—|I, +=1 S ——
2 +< 2+4>1+42+<4 2)3 4"
1 1 1 3
X3:1_511+§[2_EI3 514
X, =1+ 1\/§1+11 \/511 51
‘- 2 4 )t 4 2] 44
1 3 1 V3 1 3
Xs=14+|—=——|L—-L+(——=|L—-=1,
2 4 4 4 2 4
Case (6):
X0=—1+12+14
V3. 3 V3. 5
X1=_1_711+ZIZ+TI3+ZI4
V3 1 V3 7
X2=_1_TII+ZIZ_TI3+ZI4
X3:_1+214_
V3 1. V3 7
X4:_1+_11+_12__[3+ 14

4 4 4 4
V3 3 43
X5:_1 +Tll +ZIZ_T[3 +_I4

Case (7):
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1 1 1 1
XO = _1 _Ell +EIZ +§I3 +EI4,

-V3 1 1 V3 1 3
Xl =_1+<___>11 +_12+<_+_)I3 +_14

4 2 4 4 "2 4
-3 1 1 V3 1 5
X,=—1+|——=|I, = =1 —+)L+=>1
2 +<4 2)1 42+(4+2>3+44
1 1
X3—_1_511_512+§I3+E[4
X 1+ 3 L—tp 4 _ﬁ+1 L+21
+T 4 2]t 4 4 1 2)3 4t
V3 o1 1 -3 1 3
XS_—1+<T—§>11+112+(T+§>13+ZI4
Case (8):
Xo—_1+211+212+213+214_
1 3 1 V3 o1 3
X, =14 |=——)I, +=1 —+)L+=>1
! +<2 4>1+42+<4+2>3+44
1 3 1 V3 1 5
Xz——1+<E—T>11—le+<T+E)I3+ZI4
1 1 1
X3:_1+211_§[2+EI3+2[4
PORRTIY R C) PR P (e SR R
+T 2 4 )1t 47 4 ' 2)3 4t
1 3 1 -3 1 3
XS——1+<§+T>11+le+<T+z>I3+ZI4

Remark:

For even values of n, |R,| = 8n, where (R, x) is the multiplicative group of n-th roots of unity.

Remark:
Since R,(I) = R X R X R X C, then:
Ry = Zy X Zy X Zy X Zy.

3. Conclusion

In this paper we found all formulas that describe the 4-cyclic refined neutrosophic real solutions of the equation
X™ = 1 which are called 4-cyclic refined real roots of unity. Also, we classified the algebraic group represented

by these solutions as a direct product of some familiar finite abelian groups.
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