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Abstract

In this paper, we study the diagonalization problem of weak fuzzy complex matrices. To solve this problem we
build a special algebraic isomorphism between the ring of weak fuzzy complex matrices and the direct product of
the classical ring of real-entries matrices with itself, then we use it to solve the diagonalization problem by using
the classical diagonalization problem for real matrices with the inverse isomorphism formula. Also, we illustrate
many examples to explain the validity of our method.
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1. Introduction

The concept of weak fuzzy complex humbers was presented in [1] as a novel extension of real numbers in a similar
way of building split-complex or dual numbers.

Many authors studied this class of generalized numbers, we can find weak fuzzy complex spaces [6], weak fuzzy
complex numbers for computers [3], and even in number theory [4-5].

Weak fuzzy complex matrices were defined in [2], where they were handled by computing inverses and
determinants.

In this work, we continue the previous efforts about studying weak fuzzy complex structures, where we study the
diagonalization problem of weak fuzzy complex matrices. To solve this problem we build a special algebraic
isomorphism between the ring of weak fuzzy complex matrices and the direct product of the classical ring of real-
entries matrices with itself in a similar way of building the isomorphism between weak fuzzy complex numbers
and the direct product of the real field with itself in [7], then we use it to solve the diagonalization problem by
using the classical diagonalization problem for real matrices with the inverse isomorphism formula.

For the definition and the elementary properties of weak fuzzy complex matrices, see [2].

2. Main Discussion
Definition:
Let 4 = (ai]- +]bij)15i,js

diagonalizable if and only if there exists a diagonal weak fuzzy complex matrix D, and an invertible weak fuzzy
complex matrix X such that:

A=X"1DX.

. be a weak fuzzy complex square real matrix with a;;, b;; € R, then A is called

Remark:
For any weak fuzzy complex matrix A, we can writeitas A = A, + 4,] ; 4., 4,

are n X n square classical matrices.
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Definition:

Let W, be aring of all square n x n weak fuzzy complex matrices, we define:
fiW, = Ry X Rpyypy such that:

f(AL + Ay)) = (A — VA, Ay +VEA,)

Theorem:

The mapping (f) is a ring isomorphism.

Proof:

Assume that A = A, + A,J,B = B; + B,J, then:

Al = BI'AZ = BZ!AI - Az\/f = Bl - Bz\/E,Al + Az\/z = Bl + Bz\/z, henCE f(A) = f(B), and (f) |S We”
defined.

A+B = (A, +B) +J(A, +B,),

f(A+B) = (A, + By —Vt(A; + B), Ay + By +Vt(4; + By)) = (A; — AVt Ay + AVE) + (By —
Byt By + ByWt) = f(A) + f(B).

AXB = (A; +A;]) X (By + ByJ]) = (A1B, + tA;B;) + J(A1B, + A;By),

f(AXB) = (ky, kp):ky = AyBy + tA,B, —Vt(AB, + A;B,) = (A1 — VtA;) (B, — VEB,), k;
= A1B1 + tAZBZ + \/E(AIBZ + AZBl) = (A1 + '\/EAz)(Bl + '\/EBz),

Thus (4 x B) = f(A) X f(B).

Al - \/EAZ
A, ++tA,

For every (Cy, C;) € Ryun X Ryxn, there exists:

If £(A) = (0,0), then:{ = {A; = A, =0and k.. (f) = {0}.

1 1
f(A) = (Cy, Cy), thus (f) is a bijection, and W, = R, X Ryxn-
Eigen values and vectors:

Let X = X; + X,/ be an eigenvector of A = A; + A,] with a = a, + a,] € W, as the corresponding eigen value,
then: A.X = a. X.

By using the mapping (f), we can get:
{(A1 — VA (X, —VtX,) = (ag — Vtay)(X; — VEXs)
(4; +VEd,) (X, +VtX,) = (a + VEa,) (X, + ViX,)
Thus:
X, —V/tX, is an eigen vector of 4, — vtA, with a, — +/ta, as the corresponding eigen value.
X, +/tX, is an eigen vector of A, + /tA, with a; + +/ta, as the corresponding eigen value.

Example:

Forj2=t= i let us try to compute the eigen values/ vectors of
_(2+4] 2] \_(2 0 4 2
A= (12 +2] —4+ 2]) =(5 Z)+G 3)

m=vea=(7 ) -3G 2= Z3)

det[(4; —VtA, —cl)| = 0= |_OC _5_1 c| =0= —c(-5-¢)=0= c € {0,-5}.

For the eigenvectors of A; — v/+A4,:
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G )6 =@ =r=0=n=00
G NE)=Q)=ry=sx=n=05

A1+‘/EA2=G —04)*'1(42L é)z(; —13)

|4- —-c 1+V57 1—@}

|—0=> 12 —4c+3c+c2—2=0=c? —c—14—o=>ce{ ,
_3_C 2 2

For the eigenvectors of A; + v+A4,:

/7_ﬁ 1 \
X
P &l6)=0)=
\ ? 2 /
7 — 57 -7+57 ~7 ++/57
y+< > >X=0=>y=TX,V1=<1,T>

/7+x/§ ) \
L sl0)=0)=
\ 2 2\/_/

=)

(7”_) X+y=0=1V, _(1,

Let a = a, + a,J be an eigen value of A with X = X; + X,] as the eigen vector, then:

! a, —+ta, =a1—%a2 € {0,—-5}
1 {1+x/ﬁ 1—@}

Ikal +\/Ea2 :a1+_a2 €

2 2 ’ 2
az 1457
al——=0 a, =
2 1 4 1+\/_
If a; _ 1+V57 = 1+vE7 =a 1+2).
a1+7— 2 a, = >
al_a_2= a—l_m
2 1= 4 _1—\/§
If a  1ET 1_\/5—7=>a_T(1+2])'
a1+?— 2 a, = >
al_a_2=_5 a _—9+\/§
2 177y _ —9+V57 | 11+V/57
If +a_z_1+\/ﬁ=> s T, +— ]
1 2_ 2 a2= >
al_ﬂ__s a _—9—@
2 1= _ —9-V57 | 11—57
a_2_1—\/¥:> 11—m:a_ : T3 J.
a1+2— 2 aZ:T

For the eigen vectors:

( 1
Xl - EXZ € {Vl = (110)’ VZ = (115)}

1 , (. =7+V57\ -7 =57
kX1+§Xze{V1_<1, a ),2_<1,_2 )}
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toain=(1759) 7 k- (02)

o Hem00 =075
B

ik = (155 e = (0755

%43 =(070) 7 k- (0227

of Himmae = (05F)

Xy +3X, = (1'—7—2\@) = x, (0’_17;@)

3. Diagonal zing Weak Fuzzy Complex Matrices

According to the definition of mapping (f), we can obtain the following result:

:Xz(l,

+

2

—7+\/§]).

—7—@1).

2

2

2

—17+\/§]).

—17—@1)_

A weak fuzzy complex matrix A = A, + A,]J is diagonalizable if and only if:{j1 ; ﬁjz are diagonalizable.
1 2

To diagonalize A = A; + A,J, we diagonalize {

Ay —+\tA, = T7'D,T, ; T, is an ivertible matrix
A, +VtA, = T, *D,T, ; T, is an ivertible matrix
D;, D, are diagonal matrices.

By using the isomorphism (f), we can write:

A1 - \/EAZ
A, ++tA,

f(A) = (A; — VFA, Ay +VFHA,) =

(T1_1D1T1'T2_1D2T2) =

(TT LT X (Dy, Dy) X (T4, T,)

there for:

A= fU TN T; ) X f7H(Dy, D) X fH(T, T,) =

Gt + 150 + = (@ = TiD)] % [0y + D) + 552D, = DD X [5 (T + ) + 5= (T, — 1)

Example:

Let's diagonalize the matrix:

-2 -3

+] 32 9

~

1-3J
5 9
2ty

+
NlwWN W

~

s

Il
NIRr NG
N|R N[0

N |0 —

Ay _\/EAZ =4 _iAzf = (g 2)

1
1 2 0
A1+\/?A2=A1+§A2]:(1 4)

The eigen values of A; — vV+A4, are: {3,1}.
(6 H6)=Q)=r=0=r=-00

¢ 0 =Q)=x=y=n=01
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=5 D=7

The eigen values of A, + /tA, are: {2,4}.

G 26)=Q)=x=—=r=(})
(7 06)=@Q)=x=0=n=()

_ 1 0
=T = (—11 —02)'T2_1 = 71(_12 (1)) = <__1 __1>

2 2
1 3
N Lor _eyo L2 1y, 3,00 -1y _ 1 277/
_E(1+ 2)+2_\/E](2_ 1)_ E(_l _1)+§](_1 _3)_ __I_EJ __1_2]
2 2 2 2
2 -1 0 1 1 =+
1 1 1 3
T_l=—(T1_1+T2_1)+—](T2_1_T1_1)=_ 11 +5J 1 3= 2 2
2 2Vt 2\—= = - —= -1 3 1 9
2 2 2 2 S R —
4 4 4 4
5 3]
_1 1 _ _1(5 0\, ,3,(—1 0y _|[2" 2
D=3+ D) +5 0 =0 =3(5 o) +3 (g 3)={" Y
A=T1xDxT.
Example:
-1 11 -6 0 2
For]zztzi,take:A=A1+A2]= 0 0 § +]<0 —6 —1>=
0 1 0 0 2 =2
-1-6/ 1 142
1
< 0 —6/ E_J
0 14+2] -2J
We have:
2 1 0
Al—\/EA2=<0 3 1>,A1+\/EA2=
0 0 1
-4 1 2
(0 -3 0)
0 2 -1
The eigen values of A, — \tA, are:
{213l1}
The eigen vectors of 4, — \/tA, are:
{v, =(1,0,0),V; = (0,1,0),V; = (0,0,1)} and:
1 0 O 1 0 O
Al—\/EA2=<O 1 0>(A1—ﬁA2) 0 1 0]
0 0 1 0 0 1
Where T1 = U3X3’ T'_1 = U3X3’ D1 = Al - \/EAz.
The eigen values of A; + /tA, are:
{_4l_31_1}
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For

the eigen vectors:

0 1 2\ ,x 0 y+2z=0
(0 1 0)(3/):(0):‘»{ y=0 =>y=z=0=V_,=(1,0,0).
Z 0

0 2 3 2y +32=0
—1 1 2\ /% /0
—x+y+2z=0 z=-y

0 0 0><y>=<0>=>{ “ =>{x=_ =V.,=(-11-1).
(o > o)\ T\, 2y +22=0 y

~3 1 2\, /0 y=0

-3 22=0 3

(0 2 0><y>=<0>:'{ RPN =’[ 3 =1, =(103)

o 2 0o/\z/ \o Y Z=5%

—4 0 0 1 -1
Thus:D2=<0 -3 0>,T2= 0 1

0 -1

NIWwO

0 0 -1

Hence D, T are easy to be computed.

4. Conclusion

In this paper, we studied the diagonalization problem of weak fuzzy complex matrices. To solve this problem we
built a special algebraic isomorphism between the ring of weak fuzzy complex matrices and the direct product of
the classical ring of real-entries matrices with itself, then we used it to solve the diagonalization problem by using
the classical diagonalization problem for real matrices with the inverse isomorphism formula. Also, we illustrated
many examples to explain the validity of our method.
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