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Abstract

This work presents the concept of interval-valued neutrosophic I N K -subalgebras, also known as IV N IN K-
subalg’s, which are the level and strong level neutrosophic I N K -subalgebras. Next, we establish and validate
a few theorems that establish the connection between these concepts and neutrosophic I N K -subalgebras. We
define the images and inverse images of IV N I N K -subalgebras and study the transformations of the homo-
morphic images and inverse images of interval valud neutrosophic (briefly, /V N) I N K -subalgebra into IV N
I N K-subalgebras.
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1 Introduction

BC K -algebra and BC'I-algebra are two classes of abstract algebras introduced by Imai and Iséki in 19661
The BC K -algebra class is recognized as a legitimate subclass of the BCI-algebra class>” A concept known
as d-algebra was presented by Neggers et al., It is a generalization of BC'H/BC1/BC K -algebras and gen-
eralizes several of the theorems covered in BCI-algebra. The concept of I N K -algebras was first developed
by Kaviyarasu et al., ) The notions of fuzzy I N K-algebras were introduced and applied to I N K -algebras
by Kaviyarasu et al.,” The notion of fuzzy sets was first presented by Zadeh™ An IV FS, or fuzzy set
with an interval-valued membership function, is Zadeh’s expansion of the fuzzy set idea in’ He created
a technique for approximative inference using his IV F'Ss, which he refers to as a IV F'S. Interval-valued
fuzzy IN K-subalgebras and neutrosophic set in I N K-algebra were defined by Kaviyarasu et al:*% In the
current work, we presented the idea of interval-valued neutrosophic I N K-subalgebras (abbreviated 1V N
I N K-subalgebras) of a I N K-algebra and studied some of its features, utilizing the notion of interval-valued
fuzzy set by Zadeh. We demonstrate that each /N K -subalgebra of a I N K -algebra U may be realized as a IV
level I N K-subalgebra of a [V N I N K-subalgebra of U. From this, we derive several related findings that
are specified in the abstract.

2 Preliminaries

Definition 2.1. # An algebra (U, ,0) is a non-null set U with a constant ‘0’ and a single binary operation ‘*’
is called I N K -algebras if it satisfying the following conditions.
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() axa=0
(i) ax0=afora el

(iii) 0% a = a

(iv) (Bxa)*(Bx7) = (axy)forala,B,yeU.

Definition 2.2. ¥ Let U be a I N K-algebra and 7' C U. Then T is said to a I N K -subalgebra (briefly, I N K -
subalg) of U, ifax 3 € T, forall a, g € U.

Definition 2.3. ¥/ A mapping f : U — V of I N K-algebras is called a I N K -homomorphism if f(a * 3) =
fla)x f(B) forall o, B € U.

Now, we go over a few fuzzy logic concepts (see'Y).

Let U be a set. A fuzzy set 7y in U is characterized by a membership function p, : U — [0,1]. Let f
be a mapping from the set U to the set V' and let 72 be a fuzzy set in V' with membership function y,,. The
inverse image of 75, denoted f~!(72), is the fuzzy set in U with membership function y f~1(rp) defined by
pf=1(ry) (@) = pr, (f()) forall a € U. Conversely, let 71 be a fuzzy set in U with membership function i, .
Then the image of 71, denoted by f(71), is the fuzzy set in V such that:

sup piry (v) if f7H(B) ={a: fla) =B} #0
pp(ry(B) = 4 A€/7HB)
0, otherwise

A fuzzy set 7y in the N K -algebra U with the membership function p., is said to be have the sup property if
for any subset T' C U there exists ag € 1" such that p1r, (o) = sup i, (2).
teT

Definition 2.4. % A fuzzy subset y in a I N K-algebra U is called a fuzzy I N K -subalgebra (briefly, FIN K-
subalg) of U if u(a * 8) > min{u(a), u(B)}, forall o, 5 € U.

Definition 2.5. @ A fuzzy subset x in a I N K-algebra U is called a anti fuzzy subalgebra® (briefly, AFIN K -
subalg) of U if pu(a * 8) < max{u(a), u(B)}, forall o, 5 € U.

Definition 2.6. © Let x be a fuzzy set of a set U. For a fixed ¢ € [0, 1], the set y; = {o € U/p(a)} is called
an upper level of .

Definition 2.7. © Let U be a fuzzy subset of S. Then for ¢ € [0, 1], the t-level cut of U is the set U; := {z €
S|U(x) > t}.

Definition 2.8. ® Let U be a fuzzy subset of a I N K-algebra S. Then for ¢ € [0, 1], the lower t-level cut of
U is the set Ut := {z € S|A(x) < t}. Clearly U' = X and U, UU? = X fort € [0,1]. If t; < t2, then
Ut C Ut

An interval valued neutrosophic set (briefly, IV NS)* A in a non-empty set X is defined to be a structure
A = {(o, Ta(a), Ir(a), Fa(a))|a € X}, where Ty : U — 0[0,1], Ip : U — 0[0,1] and F : U — 6]0,1],
which are called a truth membership function, an indeterminacy membership function and a falsity membership
function respectively.

The intervals Th (), I5(a) and F () denote the intervals of the degree of membership, indeterminacy and
non-membership of the element « to the set 6]0, 1], respectively, where Ty (o) = [T¥ (), T{ ()], I (o) =
[T (a), I{(a)] and Fy (o) = [FL (), F{ ()] for all « € X. Also, note that Tp(a) = 1 — Ta(a) =
[1—TY(a),1 - Tx(a)l,

Iy(a) =1—Iz(a) =1 —I{(a),1 - IE(a)]

and F(a) = 1-Fp(a) = 1-F{(a),1-FF(a)] forall a € X, where (o, Ta(c), In(c), Fa(c)) represents
the complement of « in A.

We define A = (T, In, Fj) as the complement of A = (T, I, Fy). For the sake of simplicity, we shall use
the symbol A = (Ta, In, Fy) for the IVN S is given by A = {(«, Ta (), In (), Fp(a))|a € U}
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Definition 2.9. © A NS A in U is called a neutrosophic I N K -subalgebra, (briefly, N I N K -subalg) of U if it
satisfies the following condition, for all o, 5 € U.

(i) Ta(a = B) = min{Ta(c), Ta(B)},
(i) Ia(a*B) <max{Ir(«a), TaA(B)},
(i) Fa(a*B) > min{Fy(a), FA(B)}.

3 Interval-valued neutrosophic subalgebra in 7V K -algebra

In this section, we introduce the concept of IV N I N K-subalgebra and investigate some related properties.

Definition 3.1. An IV NS A in U is called an interval valued neutrosophic I N K -subalgebra, (briefly, IV N
IN K-subalg) of U if satisfying the following condition, for all o, 8 € U

() T (a+ B) = rmin{Ty (a), T} (5)}
(i) Iy (e f) < rmax{I{ (), I{(8)}
(iii) Fy (a* B) > rmin{Fy (a), Fy (8)}.

Example 3.2. Assume that the set U = {0, «, 5} has the following table:

O ™™

™R || *
| Q| oo
Qoo

Then U is a I N K -subalgebra. We define an IV NS A = (Ta, Ia, Fp) as following:

1(0) = [0.2,0.3], I(a) = [0.5,0.6], I(3) = [0.4,0.7],

T(0) = [0.6,0.8], T(c) = [0.4,0.5], T(B) = [0.3,0.4],
F(0) = [0.6,0.8], F(a) = [0.4,0.5], F(8) = [0.3,0.4].

Hence A is an IV N-IN K-subalgebra of U. The existence of a IV N INK-subalg of U for A is easily
verified.

Proposition 3.3. Every IV N I N K-subalgebra of U, satisfies the conditions

@ Ty (0) > Ty (@)
(i) I¥(0) < I} () and
(iii) £y (0) > Fy () foralla € U.

Proof. Assume that A in IV N I N K -subalgebra of U. Then for all o € U, we have

Ty (0) =T (axa)
> rmin{Ty (a), Ty (o)}
= rmin{[T3 (@), Y ()], [T} (), TY ()]}
= [Tx (o), T} ()]
=T (a).
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I{(0) = I (a* )
< rmaxt I (o), I (o)}
= rmax{[I§ (a), I{ ()], [I¥ (), I§ ()]}
= [IX (), I} ()]
= I} (a).

Fy(0) = Fy (a*a)
> rmin{Fy (a), Fy (o)}
= rmin{[F{ (a), F{ ()], [F} (@), F{ ()]}
= [F{ (), FY (o)]
= F{(a).

Hence Aisa IV N IN K-subalg of U. O
Theorem 3.4. Let A be a IV N I N K-subalgebra of U. If there exists a sequence {c, } in U such that
(i) lim Ty (a,) = [1,1], then T} (0) = [1,1]
n—oo
(i) lim Iy () = [1,1], then I (0) = [1, 1]

(i) lim F{(an) = [1,1], then Fy (0) = [1,1]

Proof. By Proposition[3.3] we have

Ty (0) > T (a), foralla € U.
Then T (0) > Ty (v,), for every positive integer n.
Consider [1,1] > T} (0) > hm TA (o) > [1,1].

Hence, T (0) = [1,1].

I (0) < If (), forall a € U.
Then I, (0) < I (avy,), for every positive integer n.
Consider [1,1] <

IF(0) < lim Iy (a) < [1,1].
n—oo

Hence I (0) = [1,1].
FY(0)> Ff(a),V ael.
Then F (0) > F}¥ (), for every positive integer n.
Consider [1,1] > F{¥(0) > lim Fy (o) > [1,1].
n—oo

Hence F{ (0) = [1,1]. O

Theorem 3.5. An [VNS A = {Tx,Ipn,Fa}inUisaIVN INK-subalg ofUiffT/f,Tf\],Ik,Ig, F/% and
FY are IN K-subalg of U.

Proof. Let TF and Tf\] are NIN K-subalg’s of U and «, 5 € U. Then

Ty (ax B) > [Ty (axp), T (a )]
> [min{T (@), Ty (8)}, min{T} (), T} (5)}]
= rmin{[T¥ (o), T} ()], [TX (8), T} ()]}
= rmin{T} (a), Ty (8)}.
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Again, let I§ and I{ are NIN K -subalg’s of U and a, 8 € U. Then
I (ax B) < [Ix(ax B), I¥ (ax B)]
< [max{Ix(a), Ix ()}, max{I{ (), I{ ()}]
= rmax{[I{ (), I{ ()], IX (8), I{ (B)]}
= rmax{I; (a), I (B)}.
Also, let F/f and Ff\] are NIN K-subalg’s of U and «, 5 € U. Then
Fi(ax§) 2 [F(ax §), FY (a* §)
> [min{Fy (@), Fy (8)}, min{Fy (), FY (8)}]
= rmin{[Fy (a), FY ()], [F{ (8), FY (8)]}
= rmin{Fy (a), Fy (8)}.

Hence, A is an IV N-IN K-subalg of U. Conversely, assume that A is a IV N I N K-subalg of U. For any

a, B € U, we have

[Tx (o % B), TY (0 B)] = T (o )
> rmin{Ty (), T} (8)}

= rmin{[Tf( ), T/I\J(Q)L [T,{J(ﬁ),Tg(ﬁ)]}

= [mm{TA (@), Ty (B)}]
(

X (v B), I (% B)] = If (a* B)
< rmax{I} (o), If (B)}

= rmax{[I% (), I§ ()], [IX(B), I{ (B)]}

= [max{I{ (e), I{ (B)}]

[FX (0% B), F ( )] = FY (o x )
> rmin{F{ (), F{ (8)}

= [min{F{ (o), F (8)}

A

= rmin{[F{ (o), FY (o)), [FX (8), FY (B)]}
NG
A

Fy(ax B) > [min{Fy (o), F{ (8)}]
FY (o B) > [min{F} (), FY (6)}]-
Hence TL, TH, 1%, I, F¥ and F{ are NIN K-subalg’s of U.

O

Definition 3.6. Let A = {T}{ , I} ,F} }and A = {Ty , I} ,Fy } are two IVNS’s on a IN K -algebra

U, define the I[VNS (A1 NAo)T = {TAmA2 IAmszFAmAQ} on U by,
Ty, (@) = rmin{Ty (@), Ty, ()},
I/J\rmz\z(a) = Tmax{]j\rl (04)717(2 (o)}
= rmin{Fy (a), Fy (a)}, Va e U.

+
FAlﬂAg( )

Then (A1 N Ag)™ = {T} x, Ix na,s FAiaa, t is called the intersection of AY
A = {1y If, Fy b
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Theorem 3.7. Let A; and A, are two [V NIN K-subalg’s of U. Then A; N Agisan IV NIN K-subalg of U.

Proof. Let o, € Ay N Ag, then o, 5 € Ay and A,. Since, Ay and Ay are IV NIN K-subalg’s of U by
Theorem [3.3] we have,

Ty, (@ B) = rmin{Ty (ax B), Ty, (a* §)}
> rmin{r min{T,{‘1 (), Tf{l B)},r min{Tlf2 (o), Tk; (8)}
= rmin{r min{ij1 (), Tf\]z (o)}, Tmin{Tf1 (8), T/lsz 8)}}

=r rnin{TXrlmA2 (a), T/J\rlmA2 (B}

I3, (eox B) = rmax{I (o x ), I}, (a x B)}

< rmax{rmax{I§, (a), I (8)},r max{I}, (o), I{, () }}
= rmax{r maux{]k1 (oz),I/(\]2 (o)}, rmax{[k1 (6)711[\]2 (8)}}
(B)

= TmaX{meAZ(a)JXmAQ B)}

FY o, (0% B) = rmin{Fy (o x B), Fy, (o * B)}
> rmin{r min{F{, (o), FY, (8)}, rmin{ F, (), Y, ()}
= r min{r min{F,{“1 (), FAU2 ()}, rmin{ij1 (8), F/[\JZ (8)}}
= rmin{Fy, 5, (@), Fy 4, (8)}-
Hence Ay N Ay is IVNIN K-subalg of U. O]
Definition 3.8. Let A" = {T}{ , I} ,F} }and A = {T{ , I} ,Fy } are two IVNS’s on a IN K -algebra
U, define the ITVNS (A1 UAo) T ={T .. 15 oa, Fioua, t on U by,

Ty un, (@) = rmax{Ty, (), T}, (o)},

IY Uag(ey = rmin{Zy, (), I}, (@)}
FXIUAQ(Q) = rmaX{FXI (), FA+2 (o)}

Va € U. Then (A UAy)T = {TXluAQ,I[J{luAQ,FIluAQ} is called the union of A} = {TINIL,F['C} and
A ={T3 I}, Fy )

Theorem 3.9. Let A; and Ay are two IV N I N K-subalg’s of U. Then Ay U Ay isan IV N I N K-subalg of
U.

Proof. Let a, B € Ay U Ay, then o, B € Ay and As. Since Ay and Ay are IV N IN K-subalg’s of U by
Theorem[3.3] we have,

TAtuAg (axfB) = rmax{TXr1 (a % 5)7T1§L2 (axB)}
> rmax{r min{T,{‘1 (), Tk[l (8)},r min{Tf2 (), Tf{z (8)}}
= rmin{r rnaX{T/%1 (), TEQ ()}, rnin{T/%1 (8, T}é 8)}}

=17 min{T/J(luA2 (a)a T/tu/\z (ﬁ)}

I[J{luAQ (axB) = 7"min{IX1 CE ﬁ),I;{z (axB)}
< rmin{rmax{Iy, (a), I{, (8)}, r max{I%, (), I{, (5)}}
= rmax{r min{]ﬁ1 (), I/(\JZ (o)}, 7“rnin{]k1 (8), I./lsz (8)}}
= rmax{fxlqu (cv), I/tqu (B)}-
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FXluAQ(a x3) = 7‘max{FXf1 (a* ), FX; (a* B)}
> 7°max{rmin{F/\:1 (a),Ff\]l(B)},rmin{F/fz(a),F/(\JZ(/B)}}
:Tmin{rmaX{Ffl(a),Ff\JQ(a)},rmin{F/a(,B),F}é(,@)}}
= Tmin{Fz—\iuAg(a)’ F/-\~_1uA2 (B)}-
Hence Ay U Ay is IVN I N K-subalg of U. O

Corollary 3.10. Let {A;/i € A} be a family of /V N INK-subalg’s of U. Then (,_, A; is also an [V N
IN K-subalg of U.

Definition 3.11. Let A be an IV N in U and [, az2] € 6]0,1]. Then the IV level neutrosophic IN K-
subalgebra (briefly, IV N INK-subalg) U(A;[a1,as]) of A and strong IV N IN K-subalgebra (briefly,
sIVN INK-subalg) U(A; < [a1, az]) of U are defined as following:

(i) U(A;[ar, az]) == {a € UITY (o) > [, 2]}, U(A; >, [0q, az]) == {a € U|T) (a) > [a1, as]}.
(i) U(A; a1, as]) i= {a € U|I} (@) < [an, 2]}, U(A; <, [a1, az]) := {a € U|I{ (a) < a1, as]}.
(iii) U(A;[oq, az]) := {a € U|FY () > [on, 2]}, U(A; >, (a1, a0]) := {a € U|FY (a), > [aq, as]}.

Theorem 3.12. Let Ay be an IV FS of U and A; be the closure of image of A = {Tx, Ix, Fa}. Then the
subsequent conditions are equivalent:

(1) Ayisan IV N INK-subalg of U.

(i) For all [ag, ] € Im(A = {Ta, In, Fp}), the non empty level subset U (A; [a1, as]) of Ay isa INK-
subalg of U.

(iil) Forall [ay, aa] € Im(A = {Tp, In, Fa}), the non empty strong level subset U (A; <, [a1, az]) of Ay is
a IN K-subalg of U.

(iv) For all [y, as] € 0]0, 1], the non empty strong level subset U (A1; <, [a1, az]) of Ay is a TN K -subalg
of U.

(v) For all [, ag] € 6]0, 1], the non empty level subset U (A1; [ov1, az]) of Ay is a [N K-subalg of U.

Proof. (i) — (iv): Let A; be an IV N INK-subalg of U, [a1,az] € 6]0,1] and o, 8 € U(A1; <, [oq, az)),
then we have

Tjt(a * 3) > rmin{TXf1 (a),TXr1 (8)} = rmin{[ay, as], [a1, az]} = [a1, as],
I} (o B) < rmax{I} (a), I} (8)} < rmax{[a, az], [0, az]} = [a1, o),
) FY,

FXI (axB) > 7’min{F[f1 (a (8)} = rmin{[aq, as], [a1, as]} = [a1, as).

Thus a % 8 € U(A1; <, [a1, az]). Hence U(Aq; <, [aq, aa]) is a neutrosophic I N K- subalg of U.
(iv) — (iii): It’s evident.

(ili) — @i): Let [a1,a2] € Im(Ay = {Ta,,Ir,, Fa,}). Then U(Aq;[aq,az]) is a non empty. Since
U(Ag;[ar, as]) = (1 U(Asi[ar, 02)), where[By, B2] € Im(Ay = {Ta,,Ix,, Fa,})|A2. Then

[a1,02]<[B1,B2]
by (iii) and Corollary [3.10} U(A1; [ay, az]) isa IV N I N K-subalg of U.

(il) = (v): Let [a1, ag] € 0[0,1] and U(Aq; [, a2]) be nonempty. Suppose o, 8 € U(A1; [, as]). Let
() [71,72] = min{T, (), Tx, (B)}, itis clear that [v1,72] = min{T, (@), T, (8)} = {[a1, 2], [a1, 2]}
Thus «, 8 € U(A1;[71,72]) and [y1,v2] € Im(Tn, ).
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(i) [y1, 2] = max{Ia, (), T, (B)}, itis clear that [y1, 2] = max{Ix, (), I, (8)} < {[a1, 2], [a1, a2]}.
Thus a, 8 € U(A1;[v1,72]) and [y1,72] € Im(Ty, ).

(iii) [y1,v2] = min{ Fy, (), Fa, (8)}, itis clear that [y1, 2] = min{F, («), Fa,(8)} > {[aa, 2], [a1, 2]}
Thus o, 8 € U(Aq;[y1,72]) and [y1, 72] € Im(Fy, ), by (ii) U(A1; [y1,72]) isa N IN K -subalg’s of U, hence
a* 3 € U(A1; [7,72]). Then we have,

(1) TXI (Oé *ﬁ) Z rmin{TXI (Oé), T;\Fl (6)} Z {[’71772]a [71)72]} = [’71772] Z [O[l,OéQ].

(i) Iy (v B) <rmax{I} (a), I{ (8)} < {[v1, 72l [y, 72} = [, 72) < fon, el
(iii) Fy (o * 8) > rmin{Fy (a), F{ (8)} < {[v1,72), 11,72)} = [11,72] < [a1, as]. Therefore a x 3 €
U(A1; o, az)). Then oo x B € U(Aq; [, o)) is a N TN K-subalg of U.

(v) — (i): Assume that the non empty set U(Aq; [y, as]) is a N TN K-subalg of U, for every [aq, as] €
[0, 1]. In contrary, let ag, By € U be such that

() Ty (ao*Bo) < rmin{Ty. (o), Ty, (Bo)}. Let Ty () = [01, 2], Ty (Bo) = [03,64) and Ty (cvo o) =

[, z]. Then [ay, as] < rmin{[d1,da], [03,04]} = [min{dy, 03}, min{da, d4}]. So @1 < min{d;,ds} and
ag < min{da, iy }.

. 1 .
Consider, [g1, g2] = iTA"l (a0 * Bo) + 7“mln{T[§"1 (o), Tz'l (Bo)}-

1 . .
We get that [g1, g2] = = ([a1, as] + [min{dy, d3}, min{ds, d4}])

2
1 . 1 .
= [§(a1 + min{dy, d3}), 5(@2 + min{da, 44 })].
1
Therefore, min{dy,d5} > g1 = 5(041 + min{éy,d3}) > .
1
min{52,54} > g9 = 5(0&2 + min{52,64}) > Q.

Hence, [min{él, 53}, min{52, (54}] > [91792] > [Oél, 042] = T;\i_l (Oéo X ﬁo) So that ag X ,80 ¢ U(Al; [0&1, OéQ]).
(ii) I,t (cvoxfBo) > rmax{]}; CE I/'\"1 (Bo)}. Let le (ag) = [01, 62], le (Bo) = [03,94] and I,J(l(ozo*ﬁo) =
[a1, a]. Then, [a1, az] > rmax{[d1, d2], [03, 4]} = [max{d1, o3}, max{da, d4}]. So a1 < max{dy,d3} and
g < max{ég, 64}

. 1
Consider [g1, g2] = 5];{1 (g * Bo) + rmax{I]\L1 (), IIJ{I (Bo)}-

1
We get that [g1, g2] = = (a1, as] + [max{d1, 63}, max{da, i1 }])

2
1 1
= [5(011 + max{él, (53})7 5(0&2 + max{627 (54})]
1
Therefore, max{d1,d3} < g1 = 5(041 + max{d1,d3}) < ag.
1
max{52,54} < go = 5(0&2 + max{52,(54}) < Q.

Hence, [max{&l, (53}7 maX{(Sg, 54}] < [91, gg] < [041, Oég] = IX_I (040 X ﬁo) So that ag x ﬁo ¢ U(Al; [0&1, 052]).

(iii) Fy. (o * Bo) < rmin{Fy, (), Fy, (Bo)}. Let Fy (ag) = [61,02], Fy. (Bo) = [03,04] and Fy (ag *
ﬁo) = [Oq, 042]. Then [Oél, 042] > rmin{[(ﬁ, 52], [53, 54]} = [min{dl, 53}, min{52, 54}] So, a1 < min{él, 53}
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and oy < min{ég, 54}

%F; (co * Bo) + 1"rnin{F/'\"1 (o), F[; (Bo)}-

1 . .
We get that [g1, go] = 5([041, as] 4+ [min{dy, I3}, min{da, d4}])

Consider [g1, g2] =

= [3(o +min{d1,53)), 5 (e +min{, 5,))].

1
Therefore, min{d1,d3} > g1 = 5(0[1 + min{d1,d3}) > .

1
min{da, ds} > go = 5(0{2 + min{d2, d4}) > as.

Hence, [min{(ﬁ, 53}, min{52, 54}] > [gl,gg] > [051, 042] = 1‘71/—;'_1 (OZO X ﬂo) So that o X ,80 ¢ U(Al; [041, 012]),
which is a contraction. Since

(i) Ty, (ao) = [01,85] > [min{dy, 6}, min{dy, 64}] > [g1, 9]
Ty (Bo) = [03,04] > [min{dy,d3}, min{da, 64}] > [g1, go] imply that ag, By € U(Ay; [o, ara]).
Thus, T+ (axp)>r mm{TA"1 (a),T/'C( )}orall o, B € U.
(i) le (ag) = [01, 2] < [max{d1, d3}, max{ds, da}] < [g1, g2]
IXI (Bo) = [03,04] < [max{dq,ds3}, max{527 d4}] < g1, g2] imply that ag, B € U(Aq; [, as)).
Thus IJr (% B) < rmax{I} (@), Iy (B)} foralla, B € U.
(#i1) Flt (o) = [01, 02] > [min{dy,d3}, mln{52,54}} (91, g2]
FXFI (Bo) = [03,04] > [min{d1, I3}, min{da, d4}] > [g1, g2] imply that g, Bp € U(A1; [, as)).
Thus Fy (ax ) > rmin{Fy (a), Fy. (8)} forall o, § € U.
Which completes the proof. O

Theorem 3.13. Each N I N K-subalg of U is an I'V level N I N K-subalg of an IV N I N K-subalg of U.

Proof. LetV bea N IN K-subalg of U, and A be an IV N set on U defined by

if acV
. T+ _ [ala CYQ] 1
() Ty (@) { [0,0] otherwise

[a1,a0] if €V
(i) I () = {[0 0] otherwise

if
(144) F+(a) [, o] i O.( €V
[0,0] otherwise

where a1, a € [0,1] with a1 < aq. Itis clear that U(A;[a1,a2]) = V. Let a, 8 € U. We examine the
subsequent cases:

Case (i): If a, p € V, then a % 3 € V. Therefore,

() T (a* B) = [a1, az] = rmin{[ay, as], [a1, @]} = rmin{T} (), T (B)}
(i) Iy (a* B) = [oq, ag] = rmax{[a, as], (a1, a2]} = rmax{I{ (a), I} (B)}

(i) Fy (a* B) = [a1, @] = rmin{[ay, asl, [a1, a2]} = rmin{Fy (a), Fy (8)}.

Case (ii): If o, § ¢ V, then
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(i) Ty (o) = [0,0] = T\ (B) and so, Ty (a * 8) > [0,0] = r min{[0, 0], [0, 0]} = r min{Ty (), T (8)}.
(i) Iy () =[0,0] = I} (B) and so, I} (a x B) < [0,0] = r max{[0, 0], [0,0]} = r max{I (a), I} (8)}.
(iii) £ («) =[0,0] = Fy (B) and so, Fy (a % 8) > [0,0] = r min{[0, 0], [0,0]} = r min{I} («), I} (8)}.

Case (iii): f « € V and 8 ¢ V, then

(i) Ty (o) = [a1,a0] and T} (B8) = [0,0]. Thus, T (o * B) > [0,0] = rmin{[as,as],[0,0]} =
rmin{T\ («), Ty (B)}.

(i) Iy (o) = [aq,a9] and I} (B) = [0,0]. Thus, Iy (a * 8) < [0,0] = rmax{[a,a2],[0,0]} =
rmax{Iy (a), Iy (B)}.

(iii) Fy (o) = [a1,as] and F{ (8) = [0,0]. Thus, Fy(a * ) > [0,0] = rmin{[as,as],[0,0]} =
rmin{F{ (a), F{(8)}.

Case (iv): If 8 € V and « ¢ V, then by the same arguments as in case (iii), we can conclude that

@) Ty (a* B) > rmin{Ty (a), Ty (8)}-
(ii) Ij{(a x ) < rmax{]j{(a), IK(ﬂ)}
(iii) Fy (a* B) > rmin{Fy (a), Fy (8)}.

Therefore A is an IV N I N K-subalg of U. O

Theorem 3.14. Let V be a subset of U and A be an IV N set on U which is given in the proof of Theorem
.12} If Aisan IV N IN K-subalg of U, then V is a N I N K -subalg of U.

Proof. Let Abe an [V N IN K-subalg of U, and o, 8 € V. Then,

) [T/T(oz)]z [a1, as] = T (B), thus T (% B) > rmin{T} (o), Ty (8)} = r min{[ay, aa], [a1, as]} =

(ii) f}f(a) ]: [, az] = I (B), thus I} (a* B) < rmax{I} (a),I{(8)} = rmax{[a, aa], [1,a2]} =

(i) Fy (@) = [a1, @] = FY (B), thus FY (axB) > rmin{Fy (o), Fy (8)} = r min{[ay, az)], [a1,a2]} =
[, ag).
which implies that a x 5 € V. O
Theorem 3.15. If A isan IV N I N K-subalg of U, then the set

(i) Upy = {a € UITY (o) = T} (0)}
(ii) Uyy = {a € U} (a) = I (0)}
(iii) Ups = {a € U|Fy (a) = F{ (0)}
isa N INK-subalg of U.
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Proof. (i) Let o, B € Up+ then Ty () = Ty (0) = Ty (B), and so T (a x B) > r min{Ty (), Ty (B)} =
rmin{T} (0), Ty (0)} = T (0), by Proposition [3.3| we get that T} (a * 3) = T (0) which means that
axf e UT;

(ii) Let o, B € Uy then If () = If(0) = I} (B), and so I} (a x B) < rmax{I} (a), I{ ()} =
rmax{I; (0), 5 (0)} = I (0), by Proposition 3.3 we get that I} (a * 3) = I} (0) which means that o+ 3 €

U+.
Ix

(iii) Let o, 8 € Upy then Fi(a) = F{(0) = F{(B), and so Fy (a * B) > rmin{Fy (a), F} (B)} =
rmin{Fy (0), Fy (0)} = F{(0), by Proposition [3.3| we get that Fy" (o x 8) = F; (0) which means that
axf e UFX' O

Theorem 3.16. Let A be an IV N S defined by:

Nty ) o] if @€ A
() Ty () = { [B1, 2], otherwise

for all [, aa], [B1, B2] € 0]0,1] with [y, as] > [B1, B2].

. _ [Oél,()ég] if a€A
(@) I{ (@) = { [81,82], otherwise

for all [Oél7 OZQ], [ﬁl, 62] S 9[0, 1] with [al, Oég] < [51, 52]

N B [O[l,CYQ] if a€A
(#11) Fiy (o) = { [B1,B2], otherwise

for all [ag, ], [B1,02] € 0]0,1] with [a1, ] > [B1, B2]. Then A is an an IV N I N K -subalg if and only if
Aisa N IN K-subalg of U. Moreover, in this case
(i) Ups = A,
(i) Ups = A,
(iii) Uy = A,

Proof. Let Abeanan IV N IN K-subalg. Let o, 8 € U be such that o x 8 € A. Then,

(i) Ty (a*B) > rmin{T\ (), Ty (8)} = rmin{[a1, az], [a1,az2]} = [a1, as] andso a x 3 € A.
(i) Iy (a*B) < rmax{I{(a), I (B)} = rmax{[as, as], [a1,a2]} = [a1, az]andso a* B € A.

(iii) Fy (a* B) > rmin{Fy (a), Fy (8)} = rmin{[as, as, [a1,a2]} = [a1, as] andso ax 3 € A.
Conversely, suppose that Aisa N IN K-subalg of U, leta, 3 € U.

(1) If a, 8 € Athen a * 8 € A, thus
Ty (o B) = a1, a] = rmin{Ty (o), Ty (8)}.
I{ (ax B) = [an, az] = rmax{I{ (a), I (8)}.
Fi(a*B) = [a1,a2] = rmin{F} (o), ¥ (B)}.
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(ii) Ifa € Aorb ¢ A, then
Ty (% B) > [B1, Bo) = rmin{Ty (a), Ty (8)}.
Iy (% B) < [B1, fo] = rmax{I} (), Iy (B)}.
F{(axB) > [1, fo] = rmin{Fy (a), F{ (B)}.

This show that A is an IV N I N K -subalg. Moreover, we have

(1) UT/T ={ae U\Ti(a) = TKL(O)} ={ac€ U|TI(0¢) = a1, a0]} = A.
(i) Ups == {a € UII{ (o) = I{(0)} = {a € U|I}{ (@) = [a1, 02]} = A.

(iii) Ups :={a € UIF{(a) = FY(0)} = {a € U|F) (o) = [a1, ]} = A.

O

Definition 3.17. Let f be a mapping from the set U into a set V. Let Ay = {Ta,, Ip,, Fa,} be an IV N set
in V. Then the inverse image of Ay, denoted by f~!(Ay), is the IV N set in U with the membership function
given by

() Tx, f~H(A2) () = Ty (f(e)), forall o € U.
(i) I fH(A2) (@) = I (f(a)), forall o € UL
(iii) FX;ffl(Ag)(a) = FL(f(a)), foralla € U.

L

EomY] and n = [n¥,nY] be

Lemma 3.18. Let f be a mapping from the set U into a set V. Let m = [m*™,m
IVEFS’sin U and V respectively. Then

@) f7H(n) = [fH(nh), fH(Y)),
(i) f(m) = [f(m"), f(mY)].

Proposition 3.19. © Let f be a N I N K-homomorphism from U into V and G be a N I N K -subalg of V' with
the membership function /. Then the inverse image f~*(G) of G isa N I N K-subalg of U.

Proposition 3.20. © Let f be a N I N K-homomorphism from U onto V and D be a N I N K-subalg of U
with the sup property. Then the image f(D) of D isa N IN K -subalg of V.

Proposition 3.21. Let f be a A = {Tx, In, Fao} N INK homomorphism from U into V and G be an
IV N IN K-subalg of V with the membership function ji. Then the inverse image f~!(G) of G isan IV N
IN K-subalg of U.

Proof. Since,

(i) Ta, = [TX,, T,
(i) In, = 1%, I¥)]
(iii) Fa, = [Ffz,Ff\Jz]
isan IV N IN K-subalg of V, by Theorem we get that T/@, T/T\JQ, Ikz, IIL\;, FAL2 and Ff\]2 are N INK-

subalg of V. By Proposition '3.20L STHTE YT f IR IR FFL ] and fYEY ] are N
IN K-subalg of U, by above Lemma[3.18]and Theorem we can conclude that,

() f7H(N2) = [fUTL) FHTE,
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(i) f7H(A2) = [fHIE ] SR,
(i) f7'(A2) = [fHFLL FUFL

are [VN IN K-subalg of U. O

Definition 3.22. Let f be a mapping from the set U into a set V', and Ay be an IV NS in U with membership
functions Ty, , Ix, and Fy,. Then the image of Ay, denoted by f(A1), is the [V NS in V' with membership
function defined by:

gy = d b TR () i fTNB) 0.V5 € B
F(A) [0,0], otherwise

It (8) = rinfrer-1pIf () if fTHB)¢0,VBe B
fh) [0,0], otherwise

+ (B) — rsup'yef_l(B)FXrl (’7) lf fﬁl(ﬁ) ¢ O,Vﬂ S B
FA) [0,0], otherwise

where f~1(8) = {a|f(c) = £}.

Theorem 3.23. Let f be a N I N K-homomorphism from U onto V. If Ay is an [V N I N K-subalg of U with
the sup property, then the image f (A1) of Ay is an IV N I N K-subalg of V.

Proof. Assume that A; is an [V N I N K-subalg of U, then

(1) A = [T/ﬁ, T}{l]
() Ay =[IF, 17]
(i) Ay = [FY, FY ]

are IV N INK-subalg of U if and only if T, TX , If , I§ . F{ and F{ are N INK-subalg of U. By
Proposition3.21| f[T'{ |, fITX. ], fIIX ], FIIK. ], FIFX,] and f[FY ] are N IN K-subalg of V', by Lemma(3.18

and Theorem |3.12| we can conclude that,
i) f(A1)
(i) f(Ar)
(iii) f(A1)

[F(TR,), FTR)),
[FIR), FUR)],
LF(ER), FET)]-

isan IV N IN K-subalg of V. O

4 Conclusions

In this paper, IV N I N K -subalgebra is defined and studied some properties of it. Furthermore, several features
of the homomorphism of IV N I N K-subalgebra of I N K -algebra are defined.
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