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Abstract
This paper is dedicated to defining and studying the concept of congruencies in I-groups, where we prove the
following main results:

1) 1If0is a congruence relation on I-group G, then % is I-group.

2) If% is I-group, then for 3% belongs tog holds:
x,y are equivalent (mod 6) if and only if %,% are equivalent.
Also, we illustrate many examples to clarify the validity of our work.
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1. Introduction and preliminaries
The concept of lattice-ordered group is an interesting algebraic concept that concerns groups and lattices.
Lattice-ordered group was studied by Dedekeind in [1], and then it was studied by levi [2].
Birkhoff dealt with I-groups, I-subgroups, and I-ideals [3].
In the literature, many researchers have studied the congruencies lattices on I-abelian groups,see [5-6].
In [7], we find the following definition: If G # ¢ is a non-empty set, with +: G X G — G, and an order relation
(), G is called a partially ordered group (PO-group) if:
1- (G,+) isagroup.
2- (G, <) isapartially ordered set.
3- Vx,y,z € G, then:
x<y=>x+z<y+z (M)
{xSy=>z+sz+y (M)
Definition: [7]:
Let G be a PO-group, then if (G, <) is a lattice, then G is called a lattice-ordered group or (I-group). We denote it
by (G, +, S,V,A).
Definition: [8]:
Let A,B be two lattices, with f: A — B, then:
1] f is called ordering mapping if:
VX, yEG x<y=f(x)<f®).
2] f is called anti-ordering mapping if:
Vx,yeEA x<y=f(y) =f(x).
Definition: [8]:
Let G,H be two I-groups, f: G — H is a mapping, then:
1] fis called I-ordering homomorphism if it is a group homomorphism and a lattice ordering homomorphism, i.e.
(Hy) f(a+b) = f(a) + f(b)
(H2) f(avb) = f(a)V f(b)
(Hs) flanb)=f(@Af(b)VabeG
2] f is called I-anti ordering homomorphism if:
(H1)' f(a+b) = f(a) + f(b)
(H2)' f(aV b) = f(a) A f(b)
(H3)' f(anb)=f(@)Vf(b)VabeG
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2. Main discussion:
Definition:
Let f: G — H be I-homomorphism, then:
1] If f is a bijective mapping, and f, f ~tare ordering mappings, then G,H are called ordered isomorphic groups
G=H.
2] If f is a bijection, and f, £~ are anti-ordering mappings, then G,H are called anti-ordered isomorphic groups
G=H.
Definition:
Let G be I-group, @ is called a congruence relation on G if:
1] @ is an equivalence relation on G.
a; = b;(mod 6)
2] If ay, by, ay, b, € G; { a, = by(mod 0
a; +a, = by + b,(mod 6)
a1 Vv az = bl Vv bz(mod 9)
al A az = bl A bz(mod 9)
For a € G, we define: - = {x € G; x = a(mod 6)}.

then

G
3 denotes to the all classes % fora € G.

Theorem:
Let G be I-group, 0 be a congruence relation on G, we define (<) on (g) by:
¥ 3daesbelasbxyed (1)
Then (L) is an order relation on g.
Proof:
Forabecthen-a<b=>§’§§ @)
v e—thenxeGadex,hence%ig.

Xy z G. X~y YV ~2Z
Letg,g,geg,gsg,gsg,hence
§§§=>Elaeg,bega<b=a_x(mod9)b‘y(mod@):)x/\y_a/\b:a(mod@)
A|so,§§§=>a e-de—-c<d=>c=y(mod9),d=z(mod9)=>y/\z=c/\d=d(mod9)
Thus,xAyS}/VZ::»x;\y<yvZ thus:
azd_xzZ
6=6 "6 6

Xy yz=x xz=y
Letg,EEE,ESE,ESE we have:
22=3ael,be;asbhb=a=x(mod0),b=y(modf) = xAy=aAb=ax=x(mod6)
%§§=>EI Ezde—c<d$c_y(mod9)d_x(mode)=>x/\y_c/\d—c_y(mod9)

Hence, x = x Ay = y(mod 9), thusg = g-

Theorem:
Let G be an I-group, 0 be a congruence relation on G.

- ~ o~ G
We define +,V,A on 58 follows:

a~»b a+b
ete= 0
a~Db avb
A e
axb_anb
o6 6
(§<+V A) is I-group.
Proof:
X X y1 Y2 o 6.
Assumethatg,e,g,eee,
5 _n
X1 X Yi Y2 6 6
G =GP e »n
0 0
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( x; = y;(mod 6)
X, = y,(mod 6)

= 4% +x, = y; + y,(mod 0)
X1+ X _ Y1+

6 6
= %-T—%Z = 3;—1-T-3;—2, this means that F is well defined.
By a similar argument, we prove the same for AV.
Nowvz,z,gegthen:
a_b _c a+b_c a+b+c a_b+c a_b_c
. G T Tt Te a6
VEE—,then5+5=T=5

On the other hand, we have:
Forz,2e2,xy€G,x<xVy,y<xVy, hence

=
<
<

IAU A
<
<

DR DI R
=

Thus, x\ny is an upper bound of %% with respect to <.
Assume thatg is another upper bound of (g,%), then

< Hae ,bE ,'a<b
ElCEy,dE ,'C<d

<
0

DR R

{azx(mod@),bzz(modﬁ); a<b
c=y(mod®8),d=2z(mod0);, c<d

xVy=aVc(mod8),bvd=z(modb); avc<bvd
=>{ v exVy deEZ‘ ve<bvd
) avce ] Q,a c
:%igwhlch meansthat Y is the minimal upper bound of = o ,sothat
xX_y xVy
_V_ —
60 0 sup (5

By a similar method, we get:

{ a = x (mod 9)
b=y(@mod®8); a<b

Forany c € g, ¢ € G, and G is I-group, we get:

at+c<b+c
a+c_b+c
<
0 6
aiczb$c
6 66 6
*rZz¥xZ
o 0 076 6

By a similar argument, we get

X =y ~x~z~yz

EGSE$§+E —+——E—thUS

(5, <, F.V.A) is I-group.
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Theorem:

Let G be I-group, and (g,g) € gwith
Proof:

Assume that x = y(mod®), then:

< 2 then x = y(mod0) if and only if “y XYT"

{x/\yEx/\x = x(mod 9)
xVy=xVx = x(mod 8)

Hence, x Ay = x V y(mmod 0), thusmy x;y.
For the converse, assumethat x‘;y hence:
A v
IRY g IGY XAV XX VY
g 66 06 06 0 0 0
x/\yzxzx/\y:x/\y X (mod 0)
= < —< = — X = x(mo
6 -6 6 9 0 y

By a similar argument, we find that x A y = y(mmod 8), thus x = y(mod )

Theorem:
Let G be I-group, a: G — %; a(x) = % is an ordering surjective homomorphism.

Proof:
V x.y € G, we have:

Y —xvy—xvy v
[atvy) =5 =575 =a@Va®)
= { aGeny) =222 X5 2 (A
x+y x_y
alx+y) = 7 =§+§—a(x)+a(y)
Ifx<y,thenx<y=>x—x/\y=>a(x)—a(x/\y):x %=§K%:

Also, fory = g > then a(x) = 5 =y, hence a is surjective.
Theorem:

g'é%:' a(x) < a(y)

Let G, G, be two I-groups, then every anti-ordering homomorphism f: G; — G, defines a congruence relation 6,

on G, by the following:

x =y(mod b)) = f(x) =f(¥);x,y € G,
Proof:
V x € Gy, then f(x) = f(y), hence x = x(mod 6)

Forx,y € Gy, then x = y(mod 0;) = f(x) = f(y) = f(¥) = f(x) = y = x(mod 6;).

For x,y,z € Gy, if {f] Ezzy((r:ln:;;f))
We get: { ]’:((;)) :}fg)) = f(x) = f(z) = x = z(mod 6;)

x = x;(mod Hf)
y = y1(mod 6¢)
f() = f(x1) fVIY) =fx) V)
= {f(y) =fon) { fvy) =fx V)
= xVy=xVy(mod 6f)
XAy = x; Ay (mod 6f)
x+y=x; +yi(mod 6)

Let x,x;,y, v, € Gy, then: {

By a similar argument, we get {

Theorem:
Let G, G, be two I-groups, f: G; = G, be an anti-ordering homomorphism, then = f(Gy)

Proof:

We define: W: 2% = £(G,); ;) = £ ().

IS =5 =x=y(mod6) = f(x) = f0) = ¥G) = ¥,
v x yE GI, then:

WG V5 = WE) = fxvy) = O V) = W) V¥,
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By a similar method, we get lP(i A l) = l}’(3) A lL’(l).
WG ¥ = WE) = fx+ y) = f(x) +f(y) = Lv(—) + LP(—)
If lv(e—> =¥ = f() = () = x = y(mod 6) = - ;
f f f
Foranyy € f(Gl), there exists x € G;; f(y) =y, thus e_f € e_f’ thus lP(eif) =f(x)=y.
Y is ordering mapping: for x,y € Gl, then:
XY _ XSy _ ¥y _xVy_y
SV ="=
o "6, 6 6 6 6 &
[x Vy = y(mod 6¢)

fxvy) = f(y)
fx) v f(y) = f(y)
f(x) < f(y)
X <widy
‘P(ef) <%,
The mapping W1 is an ordering mapping, that is be cause:
If yi, v, € f(G,), there exists x;, x, € f(G,) such that:

{f(xl) =)

f(x2) =y,

If y; < y,, then:

y1 S ¥z = f(x) < f(x2) = f(x1) V£(x2) < f(x2) = (x4 ‘V(—) efxz

_ X2 Xy X2 X X1 ~ Xp 1 1 1 1
S ZVZ =2 222 S WIl(f(x)) < Y (f(x2))=>‘P ) =¥ (r2)
ef O Of O 0 ~ B¢
Hence, & f(Gy).
Of

3. Conclusion
In this paper, we have studied the concept of congruencies in I-groups, where we proved the following main
results:

1) 1If0 is a congruence relation on I-group G, then % is I-group.

2) IfE is I-group, then for 5 X € 9 holds:
X/\y xVy

x = y(mod 6) if and only If— =

In the future, we aim that our results can be transmitted to rings, and semi-groups.
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