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Abstract 

 

The objective of this paper is to give a good review about the 2-plithogenic algebraic structures. Three kinds of 

algebraic structures will be revisited and discussed, symbolic 2-plithogenic rings, symbolic 2-plithogenic vector 

spaces, and 2-plithogenic modules. 
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1. Introduction 

The concept of symbolic n-plithogenic sets was defined by Smarandache. This concept has made a good 

generalization of classical algebraic structures. Also, these structures have similar structures of neutrosophic and 

n-refined neutrosophic algebraic structures [10-40]. 

For n=2, we get symbolic 2-plithogenic algebraic structures, where we find symbolic 2-plithogenic equations, 

rings, spaces, and modules [1-10]. 

In this paper, we give the interested reader a good review for three different types of 2-plithogenic algebraic 

structures, symbolic 2-plithogenic rings, modules, and vector spaces. 

2-plithogenic rings [1] 

Definition.  

Let 𝑅 be a ring, the symbolic 2-plithogenic ring is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2;  𝑎𝑖 ∈ 𝑅, 𝑃𝑗
2 = 𝑃𝑗 , 𝑃1 × 𝑃2 = 𝑃𝑚𝑎𝑥(1,2) = 𝑃2}. 

Smarandache has defined algebraic operations on 2 − 𝑆𝑃𝑅 as follows: 

Addition: 
[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2] + [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = (𝑎0 + 𝑏0) + (𝑎1 + 𝑏1)𝑃1 + (𝑎2 + 𝑏2)𝑃2. 

Multiplication: 

[𝑎0 + 𝑎1𝑃1 + 𝑎2𝑃2]. [𝑏0 + 𝑏1𝑃1 + 𝑏2𝑃2] = 𝑎0𝑏0 + 𝑎0𝑏1𝑃1 + 𝑎0𝑏2𝑃2 + 𝑎1𝑏0𝑃1
2 + 𝑎1𝑏2𝑃1𝑃2 + 𝑎2𝑏0𝑃2 +

𝑎2𝑏1𝑃1𝑃2 + 𝑎2𝑏2𝑃2
2 + 𝑎1𝑏1𝑃1𝑃1 = 𝑎0𝑏0 + (𝑎0𝑏1 + 𝑎1𝑏0 + 𝑎1𝑏1)𝑃1 + (𝑎0𝑏2 + 𝑎1𝑏2 + 𝑎2𝑏0 + 𝑎2𝑏1 +

𝑎2𝑏2)𝑃2. 

It is clear that (2 − 𝑆𝑃𝑅) is a ring. 

Also, if 𝑅 is commutative, then 2 − 𝑆𝑃𝑅 is commutative, and if 𝑅 has a unity (1), than 2 − 𝑆𝑃𝑅 has the same 

unity (1). 

Example. 

Consider the ring 𝑅 = 𝑍4 = {0,1,2,3}, the corresponding 2 − 𝑆𝑃𝑅 is: 

2 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑍4}. 
If 𝑋 = 1 + 2𝑃1 + 3𝑃2, 𝑌 = 𝑃1 + 2𝑃2, then: 

𝑋 + 𝑌 = 1 + 3𝑃1 + 𝑃2, 𝑋 − 𝑌 = 1 + 𝑃1 + 𝑃2, 𝑋. 𝑌 = 𝑃1 + 2𝑃2 + 2𝑃1 + 4𝑃2 + 3𝑃2 + 6𝑃2 = 3𝑃1 + 3𝑃2. 

Definition. 

Let 𝑄0, 𝑄1, 𝑄2 be ideals of the ring 𝑅, we define the symbolic 2-plithogenic AH-ideal as follows: 

𝑄 = 𝑄0 + 𝑄1𝑃1 + 𝑄2𝑃2 = {𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2;  𝑥𝑖 ∈ 𝑄𝑖}. 
If 𝑄0 = 𝑄1 = 𝑄2, then 𝑄 is called an AHS-ideal. 

Example. 

Let 𝑅 = 𝑍 be the ring of integers, then 𝑄0 = 2𝑍, 𝑄1 = 3𝑍, 𝑄2 = 5𝑍 are ideals of 𝑅. 

𝑄 = {2𝑚 + 3𝑛𝑃1 + 5𝑡𝑃2;  𝑚. 𝑛. 𝑡 ∈ 𝑍} is an AHS-ideal of 2 − 𝑆𝑃𝑍. 
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𝑀 = {2𝑚 + 2𝑛𝑃1 + 2𝑡𝑃2;  𝑚. 𝑛. 𝑡 ∈ 𝑍} is an AHS-ideal of 2 − 𝑆𝑃𝑍. 

Theorem. 

Let 𝑄 be an AHS- ideal of 2 − 𝑆𝑃𝑅, then 𝑄 is an ideal by the classical meaning. 

Definition. 

Let 𝑅, 𝑇 be two rings, 2 − 𝑆𝑃𝑅 , 2 − 𝑆𝑃𝑇 are the corresponding symbolic 2-plithogenic rings, let 𝑓0, 𝑓1, 𝑓2: 𝑅 → 𝑇 

be three homomorphisms, we define the AH-homomorphism as follows: 

𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑇 such that: 

𝑓(𝑎 + 𝑏𝑃1 + 𝑐𝑃2) = 𝑓0(𝑎) + 𝑓1(𝑏)𝑃1 + 𝑓2(𝑐)𝑃2 

If 𝑓0 = 𝑓1 = 𝑓2, then 𝑓 is called AHS-homomorphism. 

Remark. 

If 𝑓0, 𝑓1, 𝑓2 is isomorphisms, then 𝑓 is called AH-isomorphism. 

Example. 

Take 𝑅 = 𝑍, 𝑇 = 𝑍6, 𝑓0, 𝑓1: 𝑅 → 𝑇 such that: 

𝑓0(𝑥) = 𝑥(𝑚𝑜𝑑 6), 𝑓1(2) = 3𝑥(𝑚𝑜𝑑 6). It is clear that 𝑓0, 𝑓1 are homomorphism. 

We define 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑇 , where:  
𝑓(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝑓0(𝑥) + 𝑓1(𝑦)𝑃1 + 𝑓2(𝑧)𝑃2 = 𝑥(𝑚𝑜𝑑 6) + 𝑦(𝑚𝑜𝑑 6)𝑃1 + (3𝑧 𝑚𝑜𝑑 6)𝑃2 

Which is an AH-homomorphism. 

For example. If 𝑋 = 15 + 3𝑃1 + 4𝑃2, we get: 

𝑓(𝑋) = 15(𝑚𝑜𝑑 6) + (3 𝑚𝑜𝑑 6)𝑃1 + (12 𝑚𝑜𝑑 6)𝑃2 = 3 + 3𝑃1 

Theorem. 

Let 𝑓 = 𝑓0 + 𝑓1𝑃1 + 𝑓2𝑃2: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑇  be a mapping, then: 

1. If 𝑓 is an AHS-homomorphism, then 𝑓 is a ring homomorphism by the classical meaning. 

2. If 𝑓 is an AHS-homomorphism, then it is an isomorphism by the classical meaning. 

Definition. 

Let 𝑓 = 𝑓0 + 𝑓1𝑃1 + 𝑓2𝑃2: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑇  be an AH-homomorphism, we define: 

1. AH-𝑘𝑒𝑟(𝑓) = 𝑘𝑒𝑟(𝑓0) + 𝑘𝑒𝑟(𝑓1)𝑃1 + 𝑘𝑒𝑟(𝑓2)𝑃2 = {𝑚0 +𝑚1𝑃1 +𝑚2𝑃2;  𝑚𝑖 ∈ 𝑘𝑒𝑟(𝑓𝑖)}. 
2. AH-factor 2 − 𝑆𝑃𝑅 AH⁄ − 𝑘𝑒𝑟(𝑓) = 𝑅 𝑘𝑒𝑟(𝑓0)⁄ + 𝑅 𝑘𝑒𝑟(𝑓1)⁄ 𝑃1 + 𝑅 𝑘𝑒𝑟(𝑓2)⁄ 𝑃2 

If 𝑓0 = 𝑓1 = 𝑓2, then we get an AHS- 𝑘𝑒𝑟(𝑓) and AHS-factor. 

Example. 

Take 𝑅 = 𝑍10, 𝑓0: 𝑅 → 𝑇, 𝑓0(𝑥) = (𝑥 𝑚𝑜𝑑 10), 𝑘𝑒𝑟(𝑓0) = 10𝑍. 

The corresponding AHS-homomorphism is 𝑓 = 𝑓0 + 𝑓1𝑃1 + 𝑓2𝑃2: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑇, such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑓0(𝑥0) + 𝑓0(𝑥1)𝑃1 + 𝑓0(𝑥2)𝑃2 = (𝑥0 𝑚𝑜𝑑 10) + (𝑥1 𝑚𝑜𝑑 10)𝑃1 + (𝑥2𝑚𝑜𝑑 10)𝑃2 

AHS-𝑘𝑒𝑟(𝑓) = 10𝑍 + 10𝑍𝑃1 + 10𝑍𝑃2 = {10𝑥 + 10𝑦𝑃1 + 10𝑧𝑃2;  𝑥, 𝑦, 𝑧 ∈ 𝑍} 
AHS-factor= 𝑍 10𝑍⁄ + 𝑍 10𝑍⁄ 𝑃1 + 𝑍 10𝑍⁄ 𝑃2 

Remark. 

AH-𝑘𝑒𝑟(𝑓) is an AH-ideal of 2 − 𝑆𝑃𝑅, that is because 𝑘𝑒𝑟(𝑓0), 𝑘𝑒𝑟(𝑓1), 𝑘𝑒𝑟(𝑓2) are ideals of 𝑅. 

Definition.  

Let (𝐹, +, . ) be a field, then (2 − 𝑆𝑃𝐹 , +, . ) Is called a symbolic 2-plithogenic field. 

(2 − 𝑆𝑃𝐹 , +, . ) Is not a field in the algebraic meaning, that is because 𝑃1, 𝑃2 are not invertible, but it is a ring. 

Example. 

Let 𝐹 = 𝑄 the field of rational numbers, then the corresponding symbolic 2-plithogenic field 

2 − 𝑆𝑃𝑄 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑄}. 

Remark. 

The 2 − 𝑆𝑃𝐹 has only the following AH-ideals: 
{0}, 2 − 𝑆𝑃𝐹 , 𝐹𝑃1 + 𝐹𝑃2, 𝐹 + 𝐹𝑃1, 𝐹 + 𝐹𝑃2, 𝐹𝑃1 , 𝐹𝑃2, 𝐹. 

That is because the field 𝐹 has only two ideals {0} and 𝐹. 

Example. 

Find all AH-ideals in 2 − 𝑆𝑃𝐶 , where 𝐶 is the complex field. 

Solution. 

𝐿1 = {0}, 𝐿2 = 𝐶, 𝐿3 = 𝐶 + 𝐶𝑃1 = {𝑥 + 𝑦𝑃1; 𝑥, 𝑦 ∈ 𝐶}, 𝐿4 = 𝐶 + 𝐶𝑃2 = {𝑥 + 𝑦𝑃2; 𝑥, 𝑦 ∈ 𝐶}, 𝐿5 = 2 − 𝑆𝑃𝐶  

𝐿6 = 𝐶𝑃1 + 𝐶𝑃2 = {𝑥𝑃1 + 𝑦𝑃2; 𝑥, 𝑦 ∈ 𝐶}, 𝐿7 = 𝐶𝑃1 = {𝑥𝑃1; 𝑥 ∈ 𝐶}, 𝐿8 = 𝐶𝑃2 = {𝑦𝑃2; 𝑦 ∈ 𝐶}. 
2-plithogenic vector spaces [2] 

Definition.  

Let 𝑉 be a vector space over the field 𝐹, let 2 − 𝑆𝑃𝐹  be the corresponding symbolic 2-plithogenic field.  

2 − 𝑆𝑃𝐹 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥, 𝑦, 𝑧 ∈ 𝐹, 𝑃𝑖
2 = 𝑃𝑖 , 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2}. 

We define the symbolic 2-plithogenic vector space as follows: 

2 − 𝑆𝑃𝑉 = 𝑉 + 𝑉𝑃1 + 𝑉𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑉}. 
Operations on 2 − 𝑆𝑃𝑉 can be defined as follows: 

Addition: (+): 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉, such that: 

https://doi.org/10.54216/GJMSA.050101
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[𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] + [𝑦0 + 𝑦1𝑃1 + 𝑦𝑠2𝑃2] = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑃1 + (𝑥2 + 𝑦2)𝑃2 

Multiplication: (. ): 2 − 𝑆𝑃𝐹 × 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑉, such that: 

[𝑎 + 𝑏𝑃1 + 𝑐𝑃2]. [𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] = 𝑎𝑥0 + (𝑎𝑥1 + 𝑏𝑥0 + 𝑏𝑥1)𝑃1 + (𝑎𝑥2 + 𝑏𝑥2 + 𝑐𝑥0 + 𝑐𝑥1 + 𝑐𝑥2)𝑃2 

where 𝑥𝑖 , 𝑦𝑖 ∈ 𝑉, 𝑎, 𝑏, 𝑐 ∈ 𝐹 

Theorem. 

Let (2 − 𝑆𝑃𝑉 , +, . ) Is a module over the ring 2 − 𝑆𝑃𝐹. 

Example. 

Let 𝑉 = 𝑅3 be the Euclidean space over the field 𝐹 = 𝑅. 

The corresponding symbolic 2-plithogenic vector space over 2 − 𝑆𝑃𝐹 is: 

2 − 𝑆𝑃𝑅3 = {(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2; 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ∈ 𝑅} 
Consider 𝑋 = (1,1,0) + (2, −1,1)𝑃1 + (0,1, −1)𝑃2 ∈ 2 − 𝑆𝑃𝑅3 , 𝐴 = 2 + 𝑃1 + 𝑃2 ∈ 2 − 𝑆𝑃𝑅 . We have: 

𝐴. 𝑋 = (2,2,0) + [(4, −2,2) + (1,1,0) + (2, −1,1)]𝑃1 + [(0,2,2) + (0,1,1) + (1,1,0) + (2, −1,1) + (0,1,1)]𝑃2
= (2,2,0) + (7, −2,3)𝑃1 + (3,4,5)𝑃2 

Definition. 

Let 2 − 𝑆𝑃𝑉 be a symbolic 2-plithogenic vector space over 2 − 𝑆𝑃𝐹 , let 𝑉0, 𝑉1, 𝑉2 be the three subspaces of 𝑉, we 

define the AH-subspace as follows: 

𝑊 = 𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥 ∈ 𝑉0, 𝑦 ∈ 𝑉1, 𝑧 ∈ 𝑉2} 
If 𝑉0 = 𝑉1 = 𝑉2, then 𝑊 is called an AHS-subspace. 

Example. 

Consider 2 − 𝑆𝑃𝑅3 , we have 𝑉0 = {(𝑎, 0,0);  𝑎 ∈ 𝑅}, 𝑉1 = {(0, 𝑏, 0);  𝑏 ∈ 𝑅}, 𝑉2 = {(0,0, 𝑐);  𝑐 ∈ 𝑅} are three 

subspaces of 𝑉 = 𝑅3. 

𝑊 = 𝑉0 + 𝑉1𝑃1 + 𝑉2𝑃2 = {(𝑎, 0,0) + (0, 𝑏, 0)𝑃1 + (0,0, 𝑐)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑅} is an AH-subspace of 2 − 𝑆𝑃𝑅3 . 

𝑇 = 𝑉1 + 𝑉1𝑃1 + 𝑉1𝑃2 = {(0, 𝑎, 0) + (0, 𝑏, 0)𝑃1 + (0, 𝑐, 0)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑅} is an AHS-subspace. 

Theorem. 

Let 2 − 𝑆𝑃𝑉 be a symbolic 2-plithogenic vector space over 2 − 𝑆𝑃𝐹 , let 𝑊 be an AHS-subspace of 2 − 𝑆𝑃𝑉, then 

𝑊 is a submodule of 2 − 𝑆𝑃𝑉. 

Definition. 

Let 𝑉,𝑊 be two vector spaces over the field 𝐹. Let 2 − 𝑆𝑃𝑉, 2 − 𝑆𝑃𝑊 be the corresponding symbolic 2-

plithogenic vector spaces over 2 − 𝑆𝑃𝐹 . 

Let 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 be three linear transformations, we define the AH-linear transformation as follows: 

𝐿: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 , 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2 ; 𝐿(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝐿0(𝑥) + 𝐿1(𝑦)𝑃1 + 𝐿2(𝑧)𝑃2. 

If 𝐿0 = 𝐿1 = 𝐿2, then 𝐿 is called AHS-linear transformation. 

Definition. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-linear transformation, we define: 

1. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + 𝑘𝑒𝑟(𝐿1)𝑃1 + 𝑘𝑒𝑟(𝐿2)𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2}; 𝑥 ∈ 𝑘𝑒𝑟(𝐿0), 𝑦 ∈
𝑘𝑒𝑟(𝐿1), 𝑧 ∈ 𝑘𝑒𝑟(𝐿2). 

2. 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + 𝐼𝑚(𝐿1)𝑃1 + 𝐼𝑚(𝐿2)𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2}; 𝑎 ∈ 𝐼𝑚(𝐿0), 𝑏 ∈ 𝐼𝑚(𝐿1), 𝑐 ∈
𝐼𝑚(𝐿2) 

If 𝐿 is AHS-linear transformation, then we get 𝐴𝐻𝑆 − 𝑘𝑒𝑟𝑛𝑒𝑙, 𝐴𝐻𝑆 − 𝐼𝑚𝑎𝑔𝑒. 

Theorem. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-linear transformation, then: 

1. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is AH-subspace of 2 − 𝑆𝑃𝑉. 

2. 𝐴𝐻 − 𝐼𝑚(𝐿) is AH-subspace of 2 − 𝑆𝑃𝑊. 

Remark. 

If 𝐿0, 𝐿1, 𝐿2 are isomorphism, then 𝑘𝑒𝑟(𝐿0) = 𝑘𝑒𝑟(𝐿1) = 𝑘𝑒𝑟(𝐿2) = {0}, 𝐼𝑚(𝐿0) = 𝐼𝑚(𝐿1) = 𝐼𝑚(𝐿2) = 𝑊, 

thus 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {0}, 𝐴𝐻 − 𝐼𝑚(𝐿) = 2 − 𝑆𝑃𝑊. 

Example. 

Take 𝑉 = 𝑅3, 𝑊 = 𝑅3, 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 such that: 

𝐿0(𝑥, 𝑦, 𝑧) = (𝑥, 𝑦), 𝐿1(𝑥, 𝑦, 𝑧) = (2𝑥, 𝑧), 𝐿2(𝑥, 𝑦, 𝑧) = (𝑥 − 𝑦, 𝑦 − 𝑧) 
The corresponding AH-linear transformation is: 

𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑅3 → 2 − 𝑆𝑃𝑅2: 

𝐿[(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2] = 𝐿0(𝑥0, 𝑦0, 𝑧0) + 𝐿1(𝑥1, 𝑦1, 𝑧1)𝑃1 + 𝐿2(𝑥2, 𝑦2, 𝑧2)𝑃2
= (𝑥0, 𝑦0) + (2𝑥1, 𝑧1)𝑃1 + (𝑥2 − 𝑦2, 𝑦2 − 𝑧2)𝑃2 

For example, take 𝑋 = (1,2,1) + (4,3, −5)𝑃1 + (1,1,1)𝑃2, then: 

𝐿(𝑋) = (1,2) + (8, −5)𝑃1 + (0,0)𝑃2 = (1,2) + (8, −5)𝑃1. 

{
 

 
𝑘𝑒𝑟(𝐿0) = {(0,0, 𝑧0); 𝑧0 ∈ 𝑅}

𝑘𝑒𝑟(𝐿1) = {(0, 𝑦1, 0); 𝑦1 ∈ 𝑅}

𝑘𝑒𝑟(𝐿2) = {(𝑥2, 𝑥2, 𝑥2);  𝑥2 ∈ 𝑅}

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {(0,0, 𝑧0) + (0, 𝑦1, 0)𝑃1 + (𝑥2, 𝑥2, 𝑥2)𝑃2; 𝑧0, 𝑦1 , 𝑥2 ∈ 𝑅}
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Also,  

{
 
 

 
 𝐼𝑚(𝐿0) = 𝑅

2

𝐼𝑚(𝐿1) = 𝑅
2

𝐼𝑚(𝐿2) = 𝑅
2

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝑅2 + 𝑅2𝑃1 + 𝑅
2𝑃2 = 2 − 𝑆𝑃𝑊

 

Example. 

Take 𝑊 = 𝑉 = 𝑅2, 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 such that: 

𝐿0(𝑥, 𝑦) = (3𝑥, −2𝑥), 𝐿1(𝑥, 𝑦) = (𝑥 − 𝑦, 2𝑥), 𝐿2(𝑥, 𝑦, 𝑧) = (𝑥 + 2𝑦, 𝑦) 
The corresponding AH-linear transformation is 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊; 
𝐿[(𝑥0, 𝑦0) + (𝑥1, 𝑦1)𝑃1 + (𝑥2, 𝑦2)𝑃2] = 𝐿0(𝑥0, 𝑦0) + 𝐿1(𝑥1, 𝑦1)𝑃1 + 𝐿2(𝑥2, 𝑦2)𝑃2

= (3𝑥0, −2𝑥0) + (𝑥1 − 𝑦1, 2𝑥1)𝑃1 + (𝑥2 + 2𝑦2, 𝑦2)𝑃2 

For example 𝑋 = (1,4) + (2,8)𝑃1 + (3,−1)𝑃2 

𝐿(𝑋) = (1,4) + (2,8)𝑃1 + (3,−1)𝑃2. 

{
 

 
𝑘𝑒𝑟(𝐿0) = {(0, 𝑦0);  𝑦0 ∈ 𝑅}

𝑘𝑒𝑟(𝐿1) = {0}

𝑘𝑒𝑟(𝐿2) = {0}

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {(0, 𝑦0) + 0𝑃1 + 0𝑃2; 𝑦0 ∈ 𝑅}

 

Also,  

{
 

 
𝐼𝑚(𝐿0) = {(𝑎, 0);  𝑎 ∈ 𝑅}

𝐼𝑚(𝐿1) = 𝑅
2

𝐼𝑚(𝐿2) = 𝑅
2

𝐴𝐻 − 𝐼𝑚(𝐿) = {(𝑎, 0) + (𝑎1, 𝑏1)𝑃1 + (𝑎2, 𝑏2)𝑃2; 𝑎, 𝑎1, 𝑎2, 𝑏2, 𝑏1 ∈ 𝑅}

 

Theorem. 

Let 𝐿 = 𝑓 + 𝑓𝑃1 + 𝑓𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AHS-linear transformation, then 𝐿 is a module 

homomorphism. 

2-plithogenic modules [3] 

Definition.  

Let 𝑀 be a module over the ring R, let 2 − 𝑆𝑃𝑅 be the corresponding symbolic 2-plithogenic ring.  

2 − 𝑆𝑃𝑅 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥, 𝑦, 𝑧 ∈ 𝑅, 𝑃𝑖
2 = 𝑃𝑖 , 𝑃1𝑃2 = 𝑃2𝑃1 = 𝑃2}. 

We define the symbolic 2-plithogenic module as follows: 

2 − 𝑆𝑃𝑀 = 𝑀 +𝑀𝑃1 +𝑀𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑀}. 
Operations on 2 − 𝑆𝑃𝑀 can be defined as follows: 

Addition: (+): 2 − 𝑆𝑃𝑀 → 2 − 𝑆𝑃𝑀, such that: 

[𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] + [𝑦0 + 𝑦1𝑃1 + 𝑦𝑠2𝑃2] = (𝑥0 + 𝑦0) + (𝑥1 + 𝑦1)𝑃1 + (𝑥2 + 𝑦2)𝑃2 

Multiplication: (. ): 2 − 𝑆𝑃𝑅 × 2 − 𝑆𝑃𝑀 → 2 − 𝑆𝑃𝑀, such that: 
[𝑎 + 𝑏𝑃1 + 𝑐𝑃2]. [𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2] = 𝑎𝑥0 + (𝑎𝑥1 + 𝑏𝑥0 + 𝑏𝑥1)𝑃1 + (𝑎𝑥2 + 𝑏𝑥2 + 𝑐𝑥0 + 𝑐𝑥1 + 𝑐𝑥2)𝑃2. 

where 𝑥𝑖 , 𝑦𝑖 ∈ 𝑀, 𝑎, 𝑏, 𝑐 ∈ 𝑅 

Theorem. 

Let (2 − 𝑆𝑃𝑀 , +, . ) Is a module over the ring 2 − 𝑆𝑃𝑅. 

Example. 

Let 𝑀 = 𝑍3 be the module over the ring 𝑅 =. 

The corresponding symbolic 2-plithogenic vector space over 2 − 𝑆𝑃𝑍 is: 

2 − 𝑆𝑃𝑍3 = {(𝑥0, 𝑦0 , 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2; 𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ∈ 𝑍} 
Consider 𝑋 = (1,1,0) + (2, −1,1)𝑃1 + (0,1, −1)𝑃2 ∈ 2 − 𝑆𝑃𝑍3 , 𝐴 = 2 + 𝑃1 + 𝑃2 ∈ 2 − 𝑆𝑃𝑍. We have: 

𝐴. 𝑋 = (2,2,0) + [(4, −2,2) + (1,1,0) + (2, −1,1)]𝑃1 + [(0,2,2) + (0,1,1) + (1,1,0) + (2, −1,1) +
(0,1,1)]𝑃2 = (2,2,0) + (7, −2,3)𝑃1 + (3,4,5)𝑃2. 

Definition. 

Let 2 − 𝑆𝑃𝑀 be a symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅, let 𝑀0, 𝑀1, 𝑀2 be the three sub-modules of 𝑉, 

we define the AH-submodule as follows: 

𝑊 = 𝑀0 +𝑀1𝑃1 +𝑀2𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2;  𝑥 ∈ 𝑀0, 𝑦 ∈ 𝑀1, 𝑧 ∈ 𝑀2}. 
If 𝑀0 = 𝑀1 = 𝑀2, then 𝑊 is called an AHS-sub-module. 

Example. 

Consider 2 − 𝑆𝑃𝑍3 , we have 𝑀0 = {(𝑎, 0,0);  𝑎 ∈ 𝑅},𝑀1 = {(0, 𝑏, 0);  𝑏 ∈ 𝑅},𝑀2 = {(0,0, 𝑐);  𝑐 ∈ 𝑍} are three 

sub-modules of 𝑀 = 𝑍3. 

𝑊 = 𝑀 +𝑀1𝑃1 +𝑀2𝑃2 = {(𝑎, 0,0) + (0, 𝑏, 0)𝑃1 + (0,0, 𝑐)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑍} is an AH-submodule of 2 − 𝑆𝑃𝑍3 . 

𝑇 = 𝑀1 +𝑀𝑃1 +𝑀1𝑃2 = {(0, 𝑎, 0) + (0, 𝑏, 0)𝑃1 + (0, 𝑐, 0)𝑃2;  𝑎, 𝑏, 𝑐 ∈ 𝑍} is an AHS-submodule. 
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Theorem. 

Let 2 − 𝑆𝑃𝑀 be a symbolic 2-plithogenic module over 2 − 𝑆𝑃𝑅, let 𝑊 be an AHS-submodule of 2 − 𝑆𝑃𝑀, then 

𝑊 is a submodule of 2 − 𝑆𝑃𝑀. 

Definition. 

Let 𝑉,𝑊 be two modules over the ring R. Let 2 − 𝑆𝑃𝑉, 2 − 𝑆𝑃𝑊 be the corresponding symbolic 2-plithogenic 

modules over 2 − 𝑆𝑃𝑅. 

Let 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 be three homomorphisms, we define the AH-homomorphism as follows: 

𝐿: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 , 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2 ; 𝐿(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = 𝐿0(𝑥) + 𝐿1(𝑦)𝑃1 + 𝐿2(𝑧)𝑃2. 

If 𝐿0 = 𝐿1 = 𝐿2, then 𝐿 is called AHS-homomorphism. 

Definition. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-homomorphism, we define: 

3. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = 𝑘𝑒𝑟(𝐿0) + 𝑘𝑒𝑟(𝐿1)𝑃1 + 𝑘𝑒𝑟(𝐿2)𝑃2 = {𝑥 + 𝑦𝑃1 + 𝑧𝑃2}; 𝑥 ∈ 𝑘𝑒𝑟(𝐿0), 𝑦 ∈
𝑘𝑒𝑟(𝐿1), 𝑧 ∈ 𝑘𝑒𝑟(𝐿2). 

4. 𝐴𝐻 − 𝐼𝑚(𝐿) = 𝐼𝑚(𝐿0) + 𝐼𝑚(𝐿1)𝑃1 + 𝐼𝑚(𝐿2)𝑃2 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2}; 𝑎 ∈ 𝐼𝑚(𝐿0), 𝑏 ∈ 𝐼𝑚(𝐿1), 𝑐 ∈
𝐼𝑚(𝐿2) 

If 𝐿 is AHS-linear homomorphism, then we get 𝐴𝐻𝑆 − 𝑘𝑒𝑟𝑛𝑒𝑙, 𝐴𝐻𝑆 − 𝐼𝑚𝑎𝑔𝑒. 

Theorem. 

Let 𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AH-homomorphism, then: 

3. 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) is AH-submodule of 2 − 𝑆𝑃𝑉. 

4. 𝐴𝐻 − 𝐼𝑚(𝐿) is AH-submodule of 2 − 𝑆𝑃𝑊. 

Remark. 

If 𝐿0, 𝐿1, 𝐿2 are isomorphisms, then 𝑘𝑒𝑟(𝐿0) = 𝑘𝑒𝑟(𝐿1) = 𝑘𝑒𝑟(𝐿2) = {0}, 𝐼𝑚(𝐿0) = 𝐼𝑚(𝐿1) = 𝐼𝑚(𝐿2) = 𝑊, 

thus 𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {0}, 𝐴𝐻 − 𝐼𝑚(𝐿) = 2 − 𝑆𝑃𝑊. 

Example. 

Take 𝑉 = 𝑍3, 𝑊 = 𝑍, 𝐿0, 𝐿1, 𝐿2: 𝑉 → 𝑊 such that: 

𝐿0(𝑥, 𝑦, 𝑧) = (𝑥), 𝐿1(𝑥, 𝑦, 𝑧) = (𝑦), 𝐿2(𝑥, 𝑦, 𝑧) = (𝑧) 
The corresponding AH-homomorphism is: 

𝐿 = 𝐿0 + 𝐿1𝑃1 + 𝐿2𝑃2: 2 − 𝑆𝑃𝑍3 → 2 − 𝑆𝑃𝑍: 

𝐿[(𝑥0, 𝑦0, 𝑧0) + (𝑥1, 𝑦1, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 𝑧2)𝑃2] = 𝐿0(𝑥0, 𝑦0, 𝑧0) + 𝐿1(𝑥1, 𝑦1, 𝑧1)𝑃1 + 𝐿2(𝑥2, 𝑦2, 𝑧2)𝑃2 = (𝑥0) +
(𝑦1)𝑃1 + (𝑧2)𝑃2. 

For example, take 𝑋 = (1,9,8) + (9,10, −9)𝑃1 + (3,2,1)𝑃2, then: 

𝐿(𝑋) = 1 + (10)𝑃1 + 𝑃2. 

{
 

 
𝑘𝑒𝑟(𝐿0) = { (0, 𝑦0, 𝑧0);  𝑦0, 𝑧0 ∈ 𝑍}

𝑘𝑒𝑟(𝐿1) = {(𝑥1, 0, 𝑧1);  𝑥1, 𝑧1 ∈ 𝑍}

𝑘𝑒𝑟(𝐿2) = {(𝑥2, 𝑦2, 0);  𝑥2, 𝑦2 ∈ 𝑍}

𝐴𝐻 − 𝑘𝑒𝑟(𝐿) = {(0, 𝑦0, 𝑧0) + (𝑥1, 0, 𝑧1)𝑃1 + (𝑥2, 𝑦2, 0)𝑃2; 𝑦0, 𝑧0, 𝑥1, 𝑧1, 𝑥2, 𝑦2 ∈ 𝑍}

 

Also,  

{
 

 
𝐼𝑚(𝐿0) = 𝑍

𝐼𝑚(𝐿1) = 𝑍

𝐼𝑚(𝐿2) = 𝑍

𝐴𝐻 − 𝐼𝑚(𝐿) = 𝑍 + 𝑍𝑃1 + 𝑍𝑃2 = 2 − 𝑆𝑃𝑊

 

 

Theorem. 

Let 𝐿 = 𝑓 + 𝑓𝑃1 + 𝑓𝑃2: 2 − 𝑆𝑃𝑉 → 2 − 𝑆𝑃𝑊 be an AHS-homomorphism, then 𝐿 is a module homomorphism. 
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