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Abstract  

 

In this article, Bipolar neutrosophic nano topology is introduced and some of its properties are studied. We found 

that, it is difficult to find a nano topology for every bipolar neutrosophic set. So we introduced a bipolar 

neutrosophic nano   topology, which is a generalization of bipolar neutrosophic nano topology and its 

fundamental features are investigated with appropriate examples. This approach is used for real life multi criteria 

decision making situations. The practical problems may be solved by finding CORE values through the criterion 

reduction.One can apply the basis of the bipolar neutrosophic nano   topology as the key factors of  a particular 

decision making problem using topological reduction of attributes in complete or incomplete information system. 

 

Keywords: Nano topology; Bipolar set, Fuzzy set; Neutrosophic set; Intuitionistic fuzzy set; Neutrosophic nano 

topology; Bipolar Neutrosophic set; Bipolar Neutrosophic nano topology; Bipolar Neutrosophic nano    topology. 

  

 

1. Introduction  

  

Nano topology is the smallest topology that is defined in terms of approximations and boundary region of a subset of 

a nonempty set[18], which is introduced by Lellis Thivagar M. et. al.   In 2018, the concept of neutrosophic nano 

topology was introduced by Lellis Thivagar  M., Saeid Jafari et.al.[17]. 

 

In this study, we introduce a structure of Bipolar neutrosophic nano topology which is a nano topology with respect 

to a bipolar neutrosophic set. When we introduce it we obtained that we cannot find nano topology for every bipolar 

neutrosophic set. So we introduce and extend the nano topology to a new version called Bipolar Neutrosophic Nano 

  Topology, which we can find as a topology for any bipolar neutrosophic set.  We also studied its features with 

appropriate examples. 

 

 

2. Preliminaries 

 

Definition 2.1. [11] A bipolar neutrosophic set A in X is defined as an object of the form 

            XxxFxIxTxFxIxTxA   :,,,,,,
 

where       ]1,0[:,,  XxFxIxT
 

and    ,, xIxT   

  ]0,1[:  XxF . The positive membership degrees      xFxIxT  ,,  denote the truth membership, 

indeterminate membership and false membership of an element Xx corresponding to a bipolar neutrosophic set A 

and the negative membership degrees      xFxIxT  ,,  denote the truth membership, indeterminate membership 

and false membership of an element Xx  to some implicit counter-property corresponding to a bipolar 

neutrosophic set A. 
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Definition 2.2.  [17] Let U  be a nonempty set and R be an indiscernibility relation on U .   Let F be a neutrosophic 

set in U  with the membership function F  , indeterminacy function F
 
and the non-membership function F . The 

neutrosophic nano lower, neutrosophic nano upper approximation and neutrosophic nano boundary of F in the 

approximation space  RU ,  denoted by  FN ,  FN  and  FBN  are respectively defined as follows:  

(i)               UxxyxxxxFN RARARAR
 ,:,,,  .  

(ii)  
 
 

 
 

 
    







  UxxyxxxxFN RARARAR

,:,,,  .  

(iii)      FNFNFBN  . 

Where, 

  
 

 yx A
xyAR

R



 , 

  
 

 yx A
xyAR

R



 , 

  
 

 yx A
xyAR

R



 , 

  
 

 yx A
xy

AR
R



 ,   

 
 yx A

xy
AR

R



 ,   

 
 yx A

xy
AR

R



 . 

 

3. Bipolar Neutrosophic Nano Topology 
 

Definition 3.1. Let U
~  be a nonempty set and   be an equivalence relation on U

~  which is imperceptible. Then U
~  

is split into disjoint equivalence classes. Let Q be a bipolar neutrosophic set (BNS) in U
~  with the positive degree of 

true membership 
Q  , indeterminacy 

Q  
and the false membership function 


Q  

and the negative degree of true 

membership 
Q , indeterminacy 

Q
 

and the false membership function 


Q , where  1,0
~

:,,  UQQQ  , 

 0,1
~

:,,  UQQQ  . Then the nether, higher and extremity estimations are respectively given as follows: 

(i)                        UqqzqqqqqqqQBN QQQQQQ

~
,:,,,,,,  

















  .  

(ii)  
 
 

 
 

 
 

 
 

 
 

 
     UqqzqqqqqqqQBN

QQQQQQ

~
,:,,,,,,  
























 .  

(iii)      QBNQBNQBBN  .  

Where   

   
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









   ,  

   
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









   , 

 

   
 

 zq Q
qzQ










  , 
 

 
 

 zq Q
qzQ










  ,
   

 
 zq Q

qzQ










   ,  

   
 

 zq Q
qzQ










  , 
   

 
 zq Q

qzQ










  ,
   

 
 zq Q

qzQ










   .  

 

Definition 3.2.  Let U
~

 be a nonempty universe and K and H be the BNS’s, where

             UqqqqqqqqK KKKKKK

~
:,,,,,, 


 and

             UqqqqqqqqH HHHHHH

~
:,,,,,, 


 .  

Then,  

(i)  the null bipolar neutrosophic nano set is given by   UqqBNN

~
:1,0,0,1,0,0,0  .
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(ii)  the absolute bipolar neutrosophic nano set is given by   UqqBNN

~
:0,1,1,0,1,1,1  .  

(iii)  HK    iff      qq HK


 ,    qq HK


 ,    qq HK


   ,  

                                   
   qq HK


 ,    qq HK


 ,    qq HK


  .  

(iv)  HK  iff HK  and KH  . 

(v)               UqqqqqqqqK KKKKKK
C ~

:,1,,,1,, 


 . 

(vi) 
           

            





































Uq
qqqqqq

qqqqqq
qHK

HKHKHK

HKHKHK ~
:

,,

,,,
,




. 

(vii)  
           

            





































Uq
qqqqqq

qqqqqq
qHK

HKHKHK

HKHKHK ~
:

,,

,,,
,




. 

(viii)   
           

            





































Uq
qqqqqq

qqqqqq
qHK

HKHKHK

HKHKHK ~
:

},min{,1,max{,,max{

},,max{},1,min{},,min{
,




. 

 

Definition 3.3. Let U
~

 be a nonempty set,  be an equivalence relation on U
~

and let Q be a BNS. The collection 

        QBQBNQBNQ BNBNNBNNBNN
,,,1,0  is known as bipolar neutrosophic nano topology ( QBNN topology), 

if it forms a topology. Then the space   QU
BNN,

~
 is named as bipolar neutrosophic nano topological space. The 

elements of  Q
BNN

 
are known as bipolar neutrosophic nano open sets ( QBNN open). 

 

Remark 3.4.  We can deduce bipolar fuzzy nano topology and bipolar intuitionistic nano topology from the 

definition of bipolar neutrosophic nano topology. We consider only truth membership value for Bipolar fuzzy nano 

topology and both truth and false membership values for Bipolar intuitionistic nano topology. 

 

Definition 3.5. Let U
~  be a nonempty universe and   be an equivalence relation onU

~ , which is imperceptible. 

Then U
~  is split into disjoint equivalence classes.  Let Q be a bipolar intuitionistic fuzzy  set (BIS) in U

~  with the 

positive degree of true membership 
Q  

and the false membership function 


Q  
and the negative degree of true 

membership 
Q  

and the false membership function 


Q , where  1,0
~

:,  UQQ  ,  0,1
~

:,  UQQ  . Then the 

nether, higher and extremity estimations are respectively given as follows: 

 

(i)                  UqqzqqqqqQBI QQQQ

~
,:,,,,  











  .  

(ii)  
 
 

 
 

 
 

 
     UqqzqqqqqQBI

QQQQ

~
,:,,,,  
















 .  

(iii)      QBIQBIQBBI  . 

Where, 

   
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









   ,    
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









  ,
 
 

   
 

 zq Q
qzQ










  ,
   

 
 zq Q

qzQ










   ,
 

   
 

 zq Q
qzQ










  , 
   

 
 zq Q

qzQ










   . 

The collection         QBQBIQBIQ BIBINBINBIN
,,,1,0 , where   UqqBIN

~
:1,0,1,0,0 

 
and BIN1

  Uqq
~

:0,1,0,1,   is known as the bipolar intuitionistic nano (
Q

BIN ) topology, if it forms a topology. Then the 

space   QU
BIN,

~
 is known as the bipolar intuitionistic nano topological space. The elements of  Q

BIN
 
are 

known as bipolar intuitionistic nano open sets. 
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Definition 3.6. Let U
~  be a nonempty set and   be an equivalence relation on U

~  which is imperceptible. Then U
~   

is split into disjoint equivalence classes.  Let Q be a bipolar fuzzy set (BFS) in U
~  with the positive and negative 

degrees of true membership function 
Q  and 

Q  
respectively, where  1,0

~
:  UQ ,  0,1

~
:  UQ  

. Then the 

nether, higher and extremity estimations are respectively given as follows: 

 (i)            UqqzqqqQBF QQ

~
,:,,  





   . 

(ii)  
 
 

 
     UqqzqqqQBF

QQ

~
,:,,  








  . 

(iii)      QBFQBFQBBF  . 

Where, 

   
 

 zq Q
qz

Q









  ,    
 

 zq Q
qz

Q









  , 
   

 
 zq Q

qzQ










  ,
 

   
 

 zq Q
qzQ










   . 

The collection         QBQBFQBFQ BFBFNBFNBFN
,,,1,0 , where   UqqBFN

~
:0,0,0 

 
and BFN1   

  Uqq
~

:1,1, 
 
 is known as the bipolar fuzzy nano (

Q
BFN ) topology, if it forms a topology. Then the space 

  QU
BFN,

~
 is known as the bipolar fuzzy nano topological space. The elements of  Q

BFN
 
are known as the 

bipolar fuzzy nano open sets. 

 

Example 3.7. Let  321 ,,
~

qqqU 
 
and     231 ,,/

~
qqqU  .  

Let            4.,6.,3.,4,.7,.5.,,5.,6.,4.,3,.5,.6., 21  qqQ U
~

 .  

Then       4.,6.,3.,4,.7,.5.,,5.,6.,4.,3,.5,.6., 21  qqQBN ,

      4.,6.,3.,4,.7,.5.,,5.,6.,4.,3,.5,.6., 21  qqQBN ,

      4.,4.,3.,5,.3,.4.,,5.,4.,4.,6,.5,.3., 21  qqQBBN . 

The set         QBQBNQBNQ BNBNNBNNBNN
,,,1,0  is the QBNN topology on U

~
.  

Now let     4.,3.,4,.5.,,5.,4.,3,.6., 21  qqQ
 
be a BIS. Then  

       4.,3.,4,.5.,,5.,4.,3,.6., 21  qqQBI , 

       4.,3.,4,.5.,,5.,4.,3,.6., 21  qqQBI , 

       4.,3.,5,.4.,,5.,4.,6,.3., 21  qqQBBI . 

The set         QBQBIQBIQ BIBINBINBIN
,,,1,0  is the 

Q
BIN - topology on U

~
.
 

Let     3.,5.,,4.,6., 21  qqQ
 
be a BFS. Then    

       3.,5.,,4.,6., 21  qqQBF , 

      3.,5.,,4.,6., 21  qqQBF , 

      3.,4.,,4.,3., 21  qqQBBF
.  

The set         QBQBFQBFQ BFBFNBFNBFN
,,,1,0  is the 

Q
BFN  topology on U

~
. 

 

Definition 3.8. Let U
~

 be a nonempty universe,   be an equivalence relation on U
~

 and Q be a BNS in U
~

.  

(i)   If         QBQBNQBNQ BNBNNBNNBNN
,,,1,0  

is a QBNN topology on U
~

, then   CQ
BNN is 

named as the duel bipolar neutrosophic nano topology whose elements are  CD  for all  QD
BNN . These 

elements are known as bipolar neutrosophic nano closed sets ( QBNN closed). 

(ii)  The collection    BNNBNNQ
BNN

1,0  is named as the indiscrete bipolar neutrosophic nano topology on 

U
~

. 
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(iii)  The collection         QBQBNQBNQ BNBNNBNNBNN
,,,1,0  is named as the discrete bipolar neutrosophic 

nano topology on U
~

. 

 

Example 3.9. Let  21,
~

qqU 
 
be a nonempty set and    21 ,/

~
qqU  . Let BNNQ 0

 
or BNNQ 1 . Then

   BNNBNNQ
BNN

1,0   is the QBNN topology on U
~

. 

 

Remark 3.10. Let U
~

 be the nonempty set,   be an equivalence relation on U
~

 and Q be a BNS.  

(i) If    QBNQBN  , then       QBQBNQ BNBNNBNNBNN
,,1,0  

is a BNNT on U
~

. 

(ii) If      QBNQBQBN BN  , then     QBNQ BNNBNNBNN
,1,0  is a  BNNT on U

~
. 

(iii) For BNNQ 0 ,       BNNBN QBNQBNQB 0 . 

 

Example 3.11. In example 3.7,    QBNQBN 
 
and the topology is     ,,1,0 QBNQ BNNBNNBNN

  QBBN . 

 

Example 3.12. Let  21,
~

qqU   and    21 ,/
~

qqU  .  

Let     7.,4.,3.,7,.2,.2.,,6.,3.,4.,6,.3,.3., 21  qqQ  U
~

 . Then 

      7.,4.,3.,7,.2,.2.,,6.,3.,4.,6,.3,.3., 21  qqQBN ,

      7.,4.,3.,7,.2,.2.,,6.,3.,4.,6,.3,.3., 21  qqQBN ,

      7.,4.,3.,7,.2,.2.,,6.,3.,4.,6,.3,.3., 21  qqQBBN . 

Then the set     QBNQ BNNBNNBNN
,1,0  is the QBNN topology on U

~
.

  

Remark 3.13. For every bipolar neutrosophic set, the collection       ,,,1,0 QBNQBNQ BNNBNNBNN
  

 

 QBBN need not be a topology. 

 

Example 3.14. Let  321 ,,
~

qqqU   and     231 ,,/
~

qqqU  .  

Let        UqqqQ
~

6.,5.,2.,1,.8,.7.,,4.,6.,3.,4,.7,.5.,,5.,6.,4.,3,.5,.6., 321  .

        5.,6.,4.,1,.8,.7.,,4.,6.,3.,4,.7,.5.,,5.,6.,4.,1,.8,.7., 321  qqqQBN , 

        6.,5.,2.,3,.5,.6.,,4.,6.,3.,4,.7,.5.,,6.,5.,2.,3,.5,.6., 321  qqqQBN ,
 

        5.,4.,4.,6,.2,.3.,,4.,4.,3.,4,.3,.4.,,5.,4.,4.,6,.2,.3., 321  qqqQBBN .
 

        QBQBNQBNQ BNBNNBNNBNN
,,,1,0  does not form a topology. 

 

Remark 3.15. Also in the cases of bipolar intuitionistic fuzzy set and bipolar fuzzy set, 

        QBQBIQBIQ BIBINBINBIN
,,,1,0  and         QBQBFQBFQ BFBFNBFNBFN

,,,1,0  need not be 

topologies. 

 

Example 3.16. Let  321 ,,
~

qqqU   and    231 ,,/
~

qqqU  .  

Let        UqqqQ
~

6.,2.,1,.7.,,4.,3.,4,.5.,,5.,4.,3,.6., 321   .  

        5.,4.,1,.7.,,4.,3.,4,.5.,,5.,4.,1,.7., 321  qqqQBI , 

        6.,2.,3,.6.,,4.,3.,4,.5.,,6.,2.,3,.6., 321  qqqQBI ,  

        5.,4.,6,.3.,,4.,3.,4,.4.,,5.,4.,6,.3., 321  qqqQBBI .  

        QBQBIQBIQ BIBINBINBIN
,,,1,0  

does not form a topology.  
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Also let       2.,7.,,3.,5.,,4.,6., 321  qqqQ  .  

        4.,7.,,3.,5.,,4.,7., 321  qqqQBF ,         2.,6.,,3.,5.,,2.,6., 321  qqqQBF ,

        4.,3.,,3.,4.,,4.,2., 321  qqqQBBF .         QBQBFQBFQ BFBFNBFNBFN
,,,1,0  

does not form a topology.  

 

For every bipolar neutrosophic set, we cannot find a corresponding bipolar neutrosophic nano topology in U
~

. 

Here is an attempt to define a topology which corresponds to any bipolar neutrosophic set in U
~

 with respect to its 

extremity and estimations.
 

 

 

4. Bipolar Neutrosophic Nano   Topology  

 

Definition 4.1. Let U
~  be a nonempty set and * be a relation on U

~  , which is imperceptible. Then U
~  is split into 

disjoint equivalence classes. Let Q be a BNS in U
~  with the positive degree of true membership 


Q  , indeterminacy 


Q

 
and the false membership function 


Q  

and the negative degree of true membership 


Q , indeterminacy 


Q
 

and the false membership function 


Q , where  1,0
~

:,,  UQQQ  ,   0,1
~

:,,  UQQQ  . Then  

(i)                        UqqzqqqqqqqQBN QQQQQQ

~
,:,,,,,,* *******  

















   is the nether 

estimation of Q in respect of * . 

(ii)  
 
 

 
 

 
 

 
 

 
 

 
     UqqzqqqqqqqQBN

QQQQQQ

~
,:,,,,,,* *******
 
























  is the upper 

estimation of Q in respect of * . 

(iii)      QBNQBNQBBN *** 
 
is the extremity of Q in respect of * .

  
(iv)      QBQBNQBN BN ***1  .

  
(v)      QBQBNQBN BN ***2  .  

Where, 

   
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

*  ,  

   
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

*  ,  

   
 

 zq Q
qzQ










 
*

*
, 

 
 

 
 zq Q

qzQ










 
*

*
,

   
 

 zq Q
qzQ










 
*

*
 ,  

   
 

 zq Q
qzQ










 
*

*
, 

   
 

 zq Q
qzQ










 
*

*
,

 
 

 
 zq Q

qzQ










 
*

*
 .  

Then the collection             QBNQBNQBQBNQBNQ BNBNNBNNBNN
*,*,*,*,*,1,0* 21  is a topology which is 

named as a bipolar neutrosophic nano   topology ( *QBNN topology). The space   QU
BNN

*,
~

  is a bipolar 

neutrosophic nano   topological space. The elements of  Q
BNN

*  
are bipolar neutrosophic nano   open sets   

( *QBNN  open). The complements of these elements are bipolar neutrosophic nano   closed sets ( *QBNN  

closed). 

 

Remark 4.2. The null and absolute bipolar neutrosophic nano   open sets are given by

  UqqBNN

~
:1,0,0,1,0,0,0 * 

 
and   UqqBNN

~
:0,1,1,0,1,1,1 * 

 
respectively. Then 

1. ** 10 BNNBNN   

2. *** 110 BNNBNNBNN   

3. *** 010 BNNBNNBNN   

 

Example 4.3. Let  4321 ,,,
~

qqqqU  and    4231 ,,,/
~

qqqqU  .  
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Let 
   

    
















6.,4.,3.,3,.5,.6.,,3.,3.,6.,6,.6,.4.,

,6.,6.,4.,3,.4,.7.,,3.,5.,6.,2,.5,.8.,

43

21

qq

qq
Q U

~
  . Then 

 
   

    
















6.,6.,4.,3,.5,.7.,,3.,5.,6.,2,.6,.8.,

,6.,6.,4.,3,.5,.7.,,3.,5.,6.,2,.6,.8.,
*

43

21

qq

qq
QBN , 

 
   

    
















6.,4.,3.,3,.4,.6.,,3.,3.,6.,6,.5,.4.,

,6.,4.,3.,3,.4,.6.,,3.,3.,6.,6,.5,.4.,
*

43

21

qq

qq
QBN , 

 
   

    
















6.,6.,4.,6,.5,.3.,,6.,5.,3.,4,.5,.6.,

,6.,6.,4.,6,.5,.3.,,6.,5.,3.,4,.5,.6.,
*

43

21

qq

qq
QBBN

, 

 
   

    
















6.,6.,4.,3,.5,.6.,,3.,5.,6.,4,.5,.6.,

,6.,6.,4.,3,.5,.6.,,3.,5.,6.,4,.5,.6.,
*

43

21

1
qq

qq
QBN , 

 
   

    
















6.,4.,3.,6,.4,.3.,,6.,3.,3.,6,.5,.4.,

,6.,4.,3.,6,.4,.3.,,6.,3.,3.,6,.5,.4.,
*

43

21

2
qq

qq
QBN . 

The set             QBNQBNQBQBNQBNQ BNBNNBNNBNN
*,*,*,*,*,1,0* 21**  is the *QBNN topology. The 

elements are *QBNN  open sets of Q in U
~

 . 

*QBNN closed sets of Q in U
~

 are as follows:  

  
   

    
















4.,4.,6.,7,.5,.3.,,6.,5.,3.,8,.4,.2.,

,4.,4.,6.,7,.5,.3.,,6.,5.,3.,8,.4,.2.,
*

43

21

qq

qq
QBN

C
,

 

  
   

    
















3.,6.,6.,6,.6,.3.,,6.,7.,3.,4,.5,.6.,

,3.,6.,6.,6,.6,.3.,,6.,7.,3.,4,.5,.6.,
*

43

21

qq

qq
QBN

C ,

 

  
   

    
















4.,4.,6.,3,.5,.6.,,3.,5.,6.,6,.5,.4.,

,4.,4.,6.,3,.5,.6.,,3.,5.,6.,6,.5,.4.,
*

43

21

qq

qq
QB

C
BN

,  

  
   

    
















4.,4.,6.,6,.5,.3.,,6.,5.,3.,6,.5,.4.,

,4.,4.,6.,6,.5,.3.,,6.,5.,3.,6,.5,.4.,
*

43

21

1
qq

qq
QBN

C , 

  
   

    
















3.,6.,6.,3,.6,.6.,,3.,7.,6.,4,.5,.6.,

,3.,6.,6.,3,.6,.6.,,3.,7.,6.,4,.5,.6.,
*

43

21

2
qq

qq
QBN

C .  

Also                 
























CCC

BN

C
C

BNNBNN
C

QBNQBNQBQBNQBNQ
BNN 21** ,,,,,1,0* .

 
 

Theorem 4.4. Every QBNN open set is *QBNN open. 

The proof follows from the definition of *QBNN open sets. 

In the similar manner, we can deduce the following definitions. 

 

Definition 4.5. Let U
~  be a nonempty set and * be a relation on U

~  which is imperceptible. Then U
~  is split into 

disjoint equivalence classes.  Let Q be a BIS in U
~  with the positive degree of true membership 

Q  
and the false 

membership function 


Q  
and the negative degree of true membership 

Q  
and the false membership function


Q , 

where  1,0
~

:,  UQQ  ,  0,1
~

:,  UQQ 
 
. Then  
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(i)                  UqqzqqqqqQBI QQQQ

~
,:,,,,* *****  











   is the nether estimation of Q in respect 

of * .  

(ii)  
 
 

 
 

 
 

 
     UqqzqqqqqQBI

QQQQ

~
,:,,,,* *****
 
















  is the higher estimation of Q in respect 

of * .  

(iii)      QBIQBIQBBI ***   is the extremity of Q in respect of * . 

(vi)      QBQBIQBI BI ***1  .  

(v)      QBQBIQBI BI ***2  .  

Where,

  
   

 
 zq Q

qz
Q










 
*

* ,     
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

* ,  

   
 

 zq Q
qzQ










 
*

*
,  

   
 

 zq Q
qzQ










 
*

*
, 

   
 

 zq Q
qzQ










 
*

*
, 

 
 

 
 zq Q

qzQ










 
*

*
.   

The collection             QBIQBIQBQBIQBIQ BIBINBINBIN
*,*,*,*,*,1,0* 21** , where  ,0 * qBIN 

  Uq
~

:1,0,1,0 
 
and   UqqBIN

~
:0,1,0,1,1 * 

 
is a topology named as bipolar intuitionistic nano    topology and 

  QU
BIN

*,
~

  is the bipolar intuitionistic nano   topological space. The elements of  Q
BIN

*  
are bipolar 

intuitionistic nano   open sets. 

 

Definition 4.6. Let U
~  be a nonempty universe and * be a relation on U

~  which is imperceptible. Then U
~  is split 

into disjoint equivalence classes. Let Q be a BFS in U
~  with the positive and negative degrees of true membership 

functions 
Q  and 

Q , where  1,0
~

:  UQ ,  0,1
~

:  UQ . Then  

 

(i)            UqqzqqqQBF QQ

~
,:,,* ***  





   is the nether estimation of Q in respect of * .  

(ii)  
 
 

 
     UqqzqqqQBF

QQ

~
,:,,* ***
 








  is the higher estimation of Q in respect of * .  

(iii)      QBFQBFQBBF ***   is the extremity of Q in respect of * . 

 (vi)      QBQBFQBF BF ***1  .  

(v)      QBQBFQBF BF ***2  .  

Where,    
 

 zq Q
qz

Q









 
*

* ,    
 

 zq Q
qz

Q









 
*

* ,  

   
 

 zq Q
qzQ










 
*

*
,

   
 

 zq Q
qzQ










 
*

*
.    

The collection             QBFQBFQBQBFQBFQ BFBFNBFNBFN
*,*,*,*,*,1,0* 21**  

where,  ,0 * qBFN   

  Uq
~

:0,0 
 
and   UqqBFN

~
:1,1,1 * 

 
is a topology named as bipolar fuzzy nano   topology and   QU

BFN
*,

~
  

is the bipolar fuzzy nano   topological space. The elements of  Q
BFN

*  
are bipolar fuzzy nano   open sets. 

 

 

4.1 Bipolar Neutrosophic Nano * Interior and Closure 

 

Definition 4.7.     Let   QU
BNN

*,
~

  
be a 


QBNN topological space in respect of a BNS UQ

~
  and let B be 

any BNS of U
~

. Then  

(i) the bipolar neutrosophic nano   interior of B is defined as the union of all bipolar neutrosophic nano   

open sets in B and it is denoted by  BBNNQ int* . It is the biggest bipolar neutrosophic nano    open subset of B. 

(ii) the bipolar neutrosophic nano   closure of B is defined as the intersection of all bipolar neutrosophic 

nano   closed sets containing B and it is denoted by  BclBNNQ * . It is the least bipolar neutrosophic nano   

closed set having B. 
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Example 4.8. Let 
   

    
















4.,5.,5.,3,.5,.6.,,2.,6.,7.,3,.7,.5.,

,6.,5.,3.,1,.5,.8.,,2.,5.,7.,3,.6,.6.,

43

21

qq

qq
B

 

be a BNS in U
~

, in example 4.3,
 

        QBNQBNQBNBBNN BNNQ **,*,0int* 2*  
 
and     ** 11* BNNBNNQ BclBNN   . 

 

Theorem 4.9.     QU
BNN

*,
~

  is a 


QBNN  topological space, where UQ
~

  is a BNS. For any BNS P inU
~

,  

(i)         PBNNPBNNPclBNNPclBNN QBNN
C

Q
C

QBNNQ int*1int**1* **  .  

(ii)         PclBNNPclBNNPBNNPBNN QBNN
C

Q
C

QBNNQ *1*int*1int* **  .  

Let              qqqqqqqP PPPPPP
  ,,,,,, . 

Suppose that the family of 


QBNN  open sets iG contained in Q is indexed by the family  

             Jiqqqqqqq
iiiiii GGGGGG  :,,,,,,  .

              qqqqqqqPBNN
iiiiii GGGGGGQ
   ,,,,,,int* .

               qqqqqqqPBNN
iiiiii GGGGGG

C
A

   ,1,,,1,,int* .……. (1) 

We obtain that              Jiqqqqqqq
iiiiii GGGGGG   :,1,,,1,,   is the family of 


QBNN closed sets 

containing P
C
. 

                qqqqqqqPclBNN
iiiiii GGGGGG

C
Q

   ,1,,,1,,* .

              qqqqqqqPclBNN
iiiiii GGGGGG

C
Q

   ,1,,,1,,* .…….. (2) 

From (1) and (2) and the result that C
BNN PP *1 , (i) follows. 

Similarly we can prove (ii). 

 

Remark 4.10. Taking complements of equations of (i) and (ii) of Theorem 4.9, we have 

(i)       PBNNPclBNNPclBNN Q

CC
QBNNQBNN int**1*1 **  .  

(ii)       PclBNNPBNNPBNN Q

CC
QBNNQBNN *int*1int*1 **  . 

 

Example 4.11. Let  4321 ,,,
~

qqqqU  ,     4321 ,,,/
~

qqqqU   and let us consider a BNS Q ofU
~

, where  

      4.,5.,5.,5,.5,.4.,,3.,4.,6.,6,.4,.3.,,2.,5.,7.,6,.5,.2., 321  qqqQ . 

We have 


QBNN open sets are as follows:
 

        4.,5.,5.,5,.5,.4.,,2.,5.,7.,6,.5,.3.,,2.,5.,7.,6,.5,.3., 321 


qqqQBN ,
 

        4.,5.,5.,5,.5,.4.,,3.,4.,6.,6,.4,.2.,,3.,4.,6.,6,.4,.2.,* 321  qqqQBN ,
 

        5.,5.,4.,5,.5,.4.,,6.,5.,3.,6,.5,.3.,,6.,5.,3.,6,.5,.3.,* 321  qqqQBBN ,

        4.,5.,5.,5,.5,.4.,,3.,5.,6.,6,.5,.3.,,3.,5.,6.,6,.5,.3.,* 3211  qqqQBN ,

        5.,5.,4.,5,.5,.4.,,6.,4.,3.,6,.4,.2.,,6.,4.,3.,6,.4,.2.,* 3212  qqqQBN . 




QBNN closed sets are as follows:
 

        5.,5.,4.,4,.5,.5.,,7.,5.,2.,3,.5,.6.,,7.,5.,2.,3,.5,.6., 321 






 
qqqQBN

C

,

         5.,5.,4.,4,.5,.5.,,6.,6.,3.,2,.6,.6.,,6.,6.,3.,2,.6,.6.,* 321  qqqQBN
C ,

         4.,5.,5.,4,.5,.5.,,3.,5.,6.,3,.5,.6.,,3.,5.,6.,3,.5,.6.,* 321  qqqQB
C

BN
, 

         5.,5.,4.,4,.5,.5.,,6.,5.,3.,3,.5,.6.,,6.,5.,3.,3,.5,.6.,* 3211  qqqQBN
C , 

         4.,5.,5.,4,.5,.5.,,3.,6.,6.,2,.6,.6.,,3.,6.,6.,2,.6,.6.,* 3212  qqqQBN
C . 
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*0BNN  
and *1BNN  are both 


QBNN  open and  


QBNN closed.

 
Let       6.,4.,4.,3,.6,.6.,,6.,3.,3.,2,.7,.7.,,7.,2.,3.,3,.6,.7., 321  qqqK . 

      4.,6.,6.,6,.4,.3.,,3.,7.,6.,7,.3,.2.,,3.,8.,7.,7,.4,.3.,1 321*  qqqKBNN . 

Here   *0int BNNQ KBNN 


 
and    KBNNKclBNN QBNNBNNBNNQ int*111 *** 

 , 

             *1BNNQ KclBNN 


 
and    KclBNNKBNN QBNNBNNBNNQ *101int *** 

  . 

 

Theorem 4.12. For   QU
BNNR *

,
~
  , UQ

~
  is a BNS, let K and H be bipolar neutrosophic subsets of U

~
. Then  

(i)  KclBNNK Q


  . 

(ii) K is 


QBNN  closed     KKclBNNQ 
 . 

(iii)    


BNNBNNQ clBNN 00 and    


BNNBNNQ clBNN 11 . 

(iv)    HclBNNKclBNNHK QQ


 . 

(v)      HclBNNKclBNNHKclBNN QQQ


  . 

(vi)      HclBNNKclBNNHKclBNN QQQ


  . 

(vii)     KclBNNKclBNNclBNN QQQ


 . 

Proof: 

(i) By the definition of 


QBNN  closure,  .KclBNNK Q


  

(ii)  K is 


QBNN closed   the least 


QBNN closed set having itself is K. 

   KKclBNNQ 
 .

 
 

(iii) Since BNN
0  and BNN

1
 
are 


QBNN closed, then by (ii),    



BNNBNNQ clBNN 00  and    


BNNBNNQ clBNN 11

. 

(iv) Let HK  . Since  HclBNNH Q


  , then  HclBNNK Q


  . That is,  HclBNNQ
 is a 


QBNN closed set 

containing K. But  KclBNNQ


 
is the smallest 


QBNN  closed set containing K. Hence 

   HclBNNKclBNN QQ


  . 

(v) HKK  and HKH   
    HKclBNNKclBNN QQ 


 
and    HKclBNNHclBNN QQ 

 .  

      HKclBNNHclBNNKclBNN QQQ  
 . 

Now, since    HclBNNKclBNNHK QQ


  , and since  HKclBNNQ   is the smallest 


QBNN closed set 

containing HK  ,      HclBNNKclBNNHKclBNN QQQ


  .  

Thus      HclBNNKclBNNHKclBNN QQQ


  . 

(vi)  Since KHK  and HHK   , 

    KclBNNHKclBNN QQ


 and    HclBNNHKclBNN QQ


 .  

      HclBNNKclBNNHKclBNN QQQ


  .
 

(vii) Since  KclBNNQ
  is 


QBNN closed,     KclBNNKclBNNclBNN QQQ


 .  

 

Example 4.13. Consider example 4.11. 

(i)   *1BNNQ KclBNN 
 , then  KclBNNP Q


 . 

 

(ii) For elements belongs to   CQ
BNN

* ,   KKclBNNK 
 . 
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(iii) Let       6.,4.,4.,3,.6,.6.,,6.,3.,3.,2,.7,.7.,,7.,2.,3.,3,.6,.7., 321  qqqK ,
        

      4.,5.,5.,2,.7,.7.,,5.,4.,4.,1,.8,.9.,,4.,4.,5.,1,.7,.8., 321  qqqH .  

Here HK  and    HclBNNKclBNN QBNNQ


 *1  .
 

Let       6.,4.,3.,6,.3,.2.,,8.,4.,2.,6,.3,.3.,,7.,5.,3.,7,.2,.2., 3211  qqqK ,

      5.,5.,5.,4,.4,.4.,,6.,5.,3.,5,.5,.4.,,6.,5.,4.,6,.4,.3., 3211  qqqH . 

                 CBNN
CCC

BN
C

Q QBNQBNQBNQBQBNKclBNN *1,*,*,*,** 1*211   .

           CBNBNN
CC

BNQ QBQBNQBQclBNN *1,*,** *11    .
           

         11111 **** HclBNNQBQBNKclBNNHK Q
C

BN
C

Q  . 

 

(iv)       5.,5.,5.,4,.4,.4.,,6.,5.,3.,5,.5,.4.,,6.,5.,4.,6,.4,.3., 32111  qqqHK  .

 
        1111 * HclBNNKclBNNQBHKclBNN QQ

C
BNQ


  . 

 

(v)       3.,6.,6.,4,.5,.5.,,2.,4.,7.,6,.4,.3.,,2.,5.,7.,5,.5,.3., 3212  qqqK ,

      4.,5.,5.,2,.7,.7.,,5.,4.,4.,1,.8,.9.,,4.,4.,5.,1,.7,.8., 3212  qqqH .

      4.,5.,5.,4,.5,.5.,,5.,4.,4.,6,.4,.3.,,4.,4.,5.,5,.5,.3., 32122  qqqHK  .

   2*2 *1* HclBNNKclBNN QBNNQ  .

           CBNBNN
CC

BNQ QBQBNQBHKclBNN *1,*,** *222   .

     .*** 2222 HclBNNKclBNNHKclBNN QQQ  
 

 

Theorem 4.14. For   QU
BNN

*,
~

 , UQ
~

  is a BNS, let K and H be bipolar neutrosophic subsets of U
~

. Then 
 

(i)   KKBNNQ int*  . 

(ii) K is 


QBNN   open   KKBNNQ int* . 

(iii)   ** 00int* BNNBNNQBNN  and   ** 11int* BNNBNNQBNN  . 

(iv)    HBNNKBNNHK QQ int*int*  . 

(v)      HKBNNHBNNKBNN QQQ  int*int*int*  . 

(vi)      HBNNKBNNHKBNN QQQ int*int*int*   . 

(vii)     KBNNKBNNBNN QQQ int*int*int*  . 

Proof: 

(i) By the definition of 


QBNN open,
 

  KKBNNQ int*  .
 
   

 (ii)  K is 


QBNN open   K is the biggest 


QBNN open set   K. 

    KKBNNQ 

int . 

(iii) Since BNN
0  and BNN

1
 

are 


QBNN open, then by (ii),    


BNNBNNQBNN 00int and 

   


BNNBNNQBNN 11int . 

(iv) Let HK  . Since   KKBNNQ 

int  , then   HKBNNQ 


int  . That is,  KBNNQ int

  is a 


QBNN open set 

contained in H. But  HBNNQ int


 
is the largest 


QBNN  open set contained in H. Hence

   HBNNKBNN QQ intint


 . 

(v)  HKK  and HKH 
 
    HKBNNKBNN QQ intint




 
and    HKBNNHBNN QQ intint


   
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      HKBNHBNKBN QQQ  intintint  . 

(vi) KHK  and HHK       KBNNHKBNN QQ intint


 and    HBNNHKBNN QQ intint


  

          HBNNKBNNHKBNN QQQ intintint


   .  

Now, since     HKHBNNKBNN QQ  

intint , and since  HKBNNQ int

  is the largest 


QBNN  open 

set contained in HK  ,      HKBNNHBNNKBNN QQQ  intintint


 .  

Thus      HBNNKBNNHKBNN QQQ intintint


  . 

(vii) Since  KBNNQ int
  is 


QBNN open,     KBNNKBNNBNN QQQ intintint


 .  

 

Example 4.15.  Consider example 4.11, 

(i)  Let       6.,4.,4.,3,.6,.6.,,6.,3.,3.,2,.7,.7.,,7.,2.,3.,3,.6,.7., 321  qqqK .

      4.,5.,5.,2,.7,.7.,,5.,4.,4.,1,.8,.9.,,4.,4.,5.,1,.7,.8., 321  qqqH  .
                                    

Here HK  and   *0int* BNNQ KBNN  ,    QBNHBNNQ *int* 2 . Hence    HBNNKBNN QQ intint


  . 

(ii) Let       2.,3.,5.,5,.4,.4.,,3.,5.,4.,6,.6,.3.,,3.,6.,6.,6,.5,.4., 3211  qqqK .

      3.,6.,6.,4,.5,.5.,,2.,4.,7.,6,.4,.3.,,2.,5.,7.,5,.5,.3., 3211  qqqH .

      2.,6.,6.,4,.5,.5.,,2.,5.,7.,6,.6,.3.,,2.,6.,7.,5,.5,.4., 32111  qqqHK  .
                

  *1 0int* BNNQ KBNN  ,    QBNHBNNQ *int* 1   and    QBNHKBNNQ *int* 11  .  

Hence      1111 int*int*int* HKBNNHBNNKBNN QQQ   . 

(iii)        3.,3.,5.,5,.4,.4.,,3.,4.,4.,6,.4,.3.,,3.,5.,6.,6,.5,.3., 32111  qqqHK  .
 

 
       11**11 int*0*0int*int* HKBNNQBNHBNNKBNN QBNNBNNQQ   .  

 

 

5. Conclusion  
 

This study discovers a new nano topology for every bipolar neutrosophic set. We have introduced two topologies 

called Bipolar Neutrosophic Nano Topology and Bipolar Neutrosophic Nano   Topology and deduced these 

topologies to fuzzy sets and intuitionistic fuzzy sets. We studied the structural properties of the topologies. This 

paper can be further developed into several possible theories and applications. The concept can be used for real life 

decision making problems, where the situations of indeterminacy occur. The practical problems may be solved by 

finding CORE values through the criterion reduction.    
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