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Abstract

In this article, Bipolar neutrosophic nano topology is introduced and some of its properties are studied. We found
that, it is difficult to find a nano topology for every bipolar neutrosophic set. So we introduced a bipolar
neutrosophic nano —x* topology, which is a generalization of bipolar neutrosophic nano topology and its
fundamental features are investigated with appropriate examples. This approach is used for real life multi criteria
decision making situations. The practical problems may be solved by finding CORE values through the criterion
reduction.One can apply the basis of the bipolar neutrosophic nano —* topology as the key factors of a particular
decision making problem using topological reduction of attributes in complete or incomplete information system.

Keywords: Nano topology; Bipolar set, Fuzzy set; Neutrosophic set; Intuitionistic fuzzy set; Neutrosophic nano
topology; Bipolar Neutrosophic set; Bipolar Neutrosophic nano topology; Bipolar Neutrosophic nano —=* topology.

1. Introduction

Nano topology is the smallest topology that is defined in terms of approximations and boundary region of a subset of
a nonempty set[18], which is introduced by Lellis Thivagar M. et. al. In 2018, the concept of neutrosophic nano
topology was introduced by Lellis Thivagar M., Saeid Jafari et.al.[17].

In this study, we introduce a structure of Bipolar neutrosophic nano topology which is a nano topology with respect
to a bipolar neutrosophic set. When we introduce it we obtained that we cannot find nano topology for every bipolar
neutrosophic set. So we introduce and extend the nano topology to a new version called Bipolar Neutrosophic Nano
—=* Topology, which we can find as a topology for any bipolar neutrosophic set. We also studied its features with
appropriate examples.

2. Preliminaries

Definition 2.1. [11] A bipolar neutrosophic set A in X is defined as an object of the form
A= T O F T (U F(x):xeX|  where T, 1" (X)F*(x): X >[04 and  T(x),17(x),
F(x): X -[-10]. The positive membership degrees T*(x),1*(x),F*(x) denote the truth membership,
indeterminate membership and false membership of an element x e X corresponding to a bipolar neutrosophic set A
and the negative membership degrees T(x),17(x),F~(x) denote the truth membership, indeterminate membership

and false membership of an element xe X to some implicit counter-property corresponding to a bipolar
neutrosophic set A.
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Definition 2.2. [17] Let U be a nonempty set and R be an indiscernibility relationon U . Let F be a neutrosophic
setin U with the membership function x4 , indeterminacy function o and the non-membership function v;. The
neutrosophic nano lower, neutrosophic nano upper approximation and neutrosophic nano boundary of F in the
approximation space (U, R) denoted by N(F), N(F) and BN (F) are respectively defined as follows:

(M) N(F)= {<X, (:uB(A)(X)’ O'B(A)(X)v VB(A)(X))> ry el xeu }
(ii) N(F)= {< X, (yﬁ (A)(x), o (A)(X)’ﬁ(A) (x)» cyelxfp, xe U} :

(iii) BN(F)=N(F)-N(F).
Where,

yef[;]R VA(y)’

vV /UA(V)'O'E(A)(X): N O-A(y)'vﬁ(A)(X):

~ yelxls yebd

ye\[;]R Va (y) :

A oaly), VB(A)(X) =

velx]r

Ha (Y) OR(A) (X) =

RAY= L

3. Bipolar Neutrosophic Nano Topology

Definition 3.1. Let U be a nonempty set and % be an equivalence relation on U which is imperceptible. Then U
is split into disjoint equivalence classes. Let Q be a bipolar neutrosophic set (BNS) in U with the positive degree of

true membership 775 , indeterminacy ¢ and the false membership function §Q+ and the negative degree of true

membership 7, indeterminacy yo and the false membership function &5, where 75,¥4.< ‘U —[04],

Y §Q U— LO] Then the nether, higher and extremity estimations are respectively given as follows:

[-
() BN(Q)= {< )égn ( )7 )(Q)’ V/@(Q)(q)’ éE(Q)(q)» rzelaly.qeU }

() BN(Q)- ,ni(Q) Vi Q)éa(Q)(Q), &(Q)(Q)lV/é(Q)(q)vﬁ(Q)(Q)»:ZG[Q]zmqeg}-
(iii) BBN(Q)=B_(Q)—w(Q)-

Where

ﬂg(qf(CI):Ze[Aq]m “(2), v (@)= £ ¥ “(2), én)' (@)= L &' (2)
ng(Q)f(Q)iE[Vqu o (2), V/‘R(Q)i(q)zzetaln ¥q (Z),ég(q)f(QF o, &y (2),

M) @)=, 3 70" (@) vig) @)=y vo'(2) &g (@)= 4y 0" (@)

Ty @)= £ (), l//y(Q)’(Q)ie@ln vq (Z),g&@(Q)’(q):ZE[ L S (z) -

Definition3.2. Let U be a nonempty universe and K and H be the BNS’s, where

< ={. " @ @) & @ e @i (@) & (@)):a 0 Jand
H ={0. b @ @ 80" @ @vn (@) &0 @) a0

Then,
Q) the null bipolar neutrosophic nano set is given by Ogyy = {(q (0,0,L0,0,—1)> 'q elj}.
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(ii) the absolute bipolar neutrosophic nano set is given by 1gyy = {(q (110-1,-10)):q elj}.
(i) KeH iff g (@)<m @) v @<yn (@) S @)=8n" (),

ne (@)=n47(), vk (@)2wy(a), & (@)<&(a).
V) K=Hiff KcHandHcK.

0 K ={alac@vd @ @& @1y @ @) a<0f

i KGHZKQ{UK%(JWH() v @A’ (@) <>v§H+<).]>qeu}
m @V 10 @i @y @& @& (@)

i KUH:KQ[ O @i @) v v (0 & (@) g H+<q>]> qeu}
( JAm” ( Jwi @ Awn (a) & ( v & ( )
- K_H:Kq (min{mq),gm(q)},min{w+<q>.1-wm(q)},max{s;(q), (Q)}D }
{max{ne (a). &4 (@) maxdyic (@) -1-p (@) minggc (@) (a}

Definition 3.3. Let U bea nonempty set, R be an equivalence relation on U and let Q be a BNS. The collection
Ty, (Q)= e dan» BN(Q), BN(Q), Bay (Q)f is known as bipolar neutrosophic nano topology ( BNN, — topology),
if it forms a topology. Then the space (J, TR (Q)) is named as bipolar neutrosophic nano topological space. The

elements of 7 (Q) are known as bipolar neutrosophic nano open sets ( BNNq —open).

Remark 3.4. We can deduce bipolar fuzzy nano topology and bipolar intuitionistic nano topology from the
definition of bipolar neutrosophic nano topology. We consider only truth membership value for Bipolar fuzzy nano
topology and both truth and false membership values for Bipolar intuitionistic nano topology.

Definition 3.5. Let U be a nonempty universe and % be an equivalence relation ony, which is imperceptible.
Then ¢ is split into disjoint equivalence classes. Let Q be a bipolar intuitionistic fuzzy set (BIS) in U with the

positive degree of true membership 775 and the false membership function §Q+ and the negative degree of true

membership 7q and the false membership function &g, where 775,55 U > [0,1], 9% U —[-1,0]. Then the
nether, higher and extremity estimations are respectively given as follows:

(i) BIQ)= va(ﬁi(o)(Q), ég}(o)(Qlﬁg_z(q)(Q)yfi(Q)(Q)» :zefglyqe J}-

() BIQ)= {a g0 @ @ @) 2 laba T

(i) By (Q)=BI(Q)-BIQ)

Where

@) @)= ¢ 707 (@) ne) @)= 1 40" (@) ) ey (@)= 3 10 (@) i) (@)= g S0 (),
”sﬁ(qf(Q):Z%h Q" (2): S5 (@)= o .y, <@ @, Ug?(q)f(Q)iE[Aq]m nq (2), §§(Q)7(q):mfa]m £ (2)-

The collection 1z, (Q)= {OBIN e BI(Q) BI(Q) By (Q)}! where  Ogy = {(q, (071107_1» ‘gqe J} and 1gy =
{<q,(LO,—1,0)> °q el]} is known as the bipolar intuitionistic nano (BINQ) topology, if it forms a topology. Then the

space (G,T,RBIN (Q)) is known as the bipolar intuitionistic nano topological space. The elements of zy;_ (Q) are
known as bipolar intuitionistic nano open sets.
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Definition 3.6. Let U be a nonempty set and % be an equivalence relation on § which is imperceptible. Then U
is split into disjoint equivalence classes. Let Q be a bipolar fuzzy set (BFS) in U with the positive and negative

degrees of true membership function 775 and 7q respectively, where 775 U —>[0,1], U U —>[—1,0] . Then the
nether, higher and extremity estimations are respectively given as follows:

0] BF(Q)= {<q,(77$( () Ug_t(Q)(Q)» rzelaly.ae G} :
(ii) BF(Q)= {<q (%(Q)(q R(Q)( ))> :zelakyq eJ} .

~

(i) Bs(Q)=BF(Q)-BF(Q).
Where,
ng(Qf(q):ZE[Aq]% nQ+(z).n$(Q)’(q)=26m‘ o (2), nﬁ(Q)*(q)ie[Yﬂm nq"(2), ng(Q)f(Q)iE[Aq]\R o (2) .

The collection zy, _ (Q)={gry darn - BF(Q) BF(Q),Bar (Q)f,  Where  Ogpy :{<q,(0,0)>:qeﬁ} and  1gy =
{<q,(l,—l)> °q elj} is known as the bipolar fuzzy nano (|3|:|\|9) topology, if it forms a topology. Then the space

(G, Tty (Q)) is known as the bipolar fuzzy nano topological space. The elements of 7y _ (Q) are known as the
bipolar fuzzy nano open sets.

Example3.7. Let U=1{g;,0,,05} and U/%R="{g;,05}{a,}}.
Let Q={<q1 (6,5,3-4,-6-5),(0,(5,7,4-3-6-4)} U .
Then  BN(Q)={(ay,(6,5,3~4-6,-5))(0,(5,7,4-3-6,-4)},
BN(Q)={(,(6,5,3~4,-.6,-5)),(dy,(5,7,4,-3-6-4)),
BBN(Q) {(a,(3.5,.6,-4-4,-5),(d,(4,3,5-3-4-4)}.
The set 7y, (Q)= {OBNN Aenn - BN(Q), BN(Q), By (Q )} is the BNN,, —topology on U .
Now let Q ={(qy, (6,:3~4,~5)), (0}, (5,4,—.3—-4))} be a BIS. Then
- {(a,(6,3-4,-5)), <q2(5 4-3-4)},
— {0, (6,.3—4,~5)),(0. (5,4~
BBI(Q) {<Q1 (3 6,—4,— 5)> qz, 4,5—
The set 7y, Q)= {OBIN Len - BI(Q) BI(Q) By (@
Let Q= {<qL (6-4)),(q,, (5-.3))} be a BFS. Then
BF(Q)={(ax. (6~ )> <qz,(5 )},
BF(Q)= {<°a(6 4)) 3)},
Ber (Q)= o, (3- 3}
)

The setzy,  (Q)= {OBFN dgen s BF( ) (Q Bge (Q )} is the BFN, — topology on u.

3
3-4)},
3-4)}.

)

is the BIN," topology on uU.

Definition 3.8. Let U bea nonempty universe, R be an equivalence relation on U and QbeaBNSin uU.

(i) If 7q,, Q)= {OBNN Lgun - BN(Q), BN(Q), Bgy (Q)} is a BNNg —topology on U, then TR (Q)]C is
named as the duel bipolar neutrosophic nano topology whose elements are [D° for all Derg,, (Q) These
elements are known as bipolar neutrosophic nano closed sets ( BNN — closed).

(ii) The collection 7y, (Q)={0gun Lann | is Named as the indiscrete bipolar neutrosophic nano topology on

u.
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(iii)  The collection 7, (Q):{OBNN,lBNN,w(Q), BN(Q), Bgy (Q)} is named as the discrete bipolar neutrosophic

nano topology on u.

Example3.9. Let U={g,q,} be a nonempty set and U/%={{g,},{o,}}. Let Q=0gyy OF Q=1gyy. Then
Tgr, (Q)=1{0enn Lenn | is the BNNg —topology on U .

Remark 3.10.  Let U be the nonempty set, R be an equivalence relation on U and Q be a BNS.
(M) If BN(Q)=BN(Q), then zg; (Q)=1{0gun Lann - BN(Q), Bgy (Q)} is @ BNNT on U.

(ii) If BN(Q)=Bgy(Q)=BN(Q). then 7y, (Q)= {OBNN Lenn ,ﬁ(Q)} isa BNNT on U .

(iii) For Q0 guy » Bay(Q)= BN(Q)-BN(Q) # Ogyy -

Example 3.11.  Inexample 3.7, BN(Q)=BN(Q) and the topology is 7y (Q)={0gun Lenn: BN(Q). Bey (Q)}-

Example 3.12.  Let U = {g;,0,} and U /% = {{g}, {a, }}-

Let Q={(q,,(3,3.6-4-3-6)),(d,, (2 2,7-3-4-1))} <U . Then
BN(Q)= {(q, (3.3 6-4-3-6)), (0, (2,2,7,-3-4-7))},
BN(Q)={(q,(3.3,6,-4-3-6)),(0, (2.2.7-3-4-7))},

Bay (Q)= {(1,(3.3.6-4-3-6)).(a.(2.2.7-3-4-7))}.

Then the set 7, (Q):{OBNN ,1BNN,BN(Q)} is the BNN —topology on u.

Remark 3.13.  For every bipolar neutrosophic set, the collection zy (Q):{OBNN dann - BN(Q), BN(Q),
Bgy (Q)}need not be a topology.

Example 3.14.  Let U = {q,,q,,5} and U /R = {{a;, s}, {8, }}.

LetQ = {(q,,(6,5,3-4-6-5))(0,(5,.7,4-3-6-4)),(0,(7,81-2-5-6))}cU
BN(Q)= {1, (7.8.1-4,-6,-5)),(c, (5.7, 4,-3-6,-4)), (¢, (78,1 -4,-6-5))},
BN(Q)= 0,(6,5.3-2-5-6).(00(5.7,4-3-5- 4 {6, (6.53-2-5-6)),

Bay (Q)={00.(3.2.6-4-4-5)), {0y, (4, 3. 4-3-4-4),(0,(3,2, 6-4-4-5))}.

Ty Q)= {OBNN g - BN(Q), BN(Q), By (Q)} does not form a topology.

Remark 3.15. Also in the cases of bipolar intuitionistic fuzzy set and bipolar fuzzy set,

T Q)= {OBIN 1gn . BI(Q) BI(Q) By (Q)} and 7, (Q)= {OBFN Agen . BF(Q). BF(Q) Bar (Q)} need not be
topologies.

Example 3.16. Let U = {g,0,,05} and U /9t = {{g,, 05 1 {a, -
LetQ—{( (6,3-4-5),(02,(5,4,-3-4),(s,(7,1-2,-6)) | U
Q)= {(a,(7,1-4-5))(0,(5,4-3-4)).(05. (7, L-4-5))},
Q)={(a,(6,3-2-6)),(ty. (5, 4-3-4)),(0s,(6,3-2-6))],
BBI ) {0 (3.6-4-5)), (0. (4.4-3- 4)><q3§36 4-5)).

)=

oy, (Q {OB,N Len » BI(Q), BI(Q), Bg (Q); does not form a topology.
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Also letQ = {(g; (,—.4)>,<q2,(5,—.3)>,<q3(7—2))}.
BF(Q)={(a.(7-4)) (a.(5- 3>< ~4))}, BE(Q)= {a1.(6-2)) (0.(5-3)) (0. (6-2),

Ber(Q)= {(ql,( 2-4)),(d, (4-3)) (g } . (Q)= {OBFN dgen» BF(Q), BF(Q), BBF(Q)} does not form a topology.

For every bipolar neutrosophic set, we cannot find a corresponding bipolar neutrosophic nano topology in uU.

Here is an attempt to define a topology which corresponds to any bipolar neutrosophic set in U with respect to its
extremity and estimations.

4. Bipolar Neutrosophic Nano —* Topology

Definition 4.1. Let U be a nonempty set and R*be a relation on U , which is imperceptible. Then ¢ is split into
disjoint equivalence classes. Let Q be a BNS in U with the positive degree of true membership nQ+ , indeterminacy

v  and the false membership function §Q+ and the negative degree of true membership 7o, indeterminacy wq -
and the false membership function &y, where  75,v4.£4 U — [04], n5.¥a. <o :U —[-1,0]. Then

(M) BN*(Q)= {<q'(ﬂi*(Q)(Q)"/@*(Q)(Q)vfi*(o)(Q),Ug}*(Q)(Q) Va(Q ( )gﬁ* ( ))>:Z G[Q]m*:q EJ} is the nether
estimation of Q in respect of R*.

(i)  BN*(Q)= {<q,(n$*(Q)(q), N () 2 ) ¥/ () X7 )} éf*(o)(q))} 20 ] e eU} is the  upper
estimation of Q in respect of R*.

(i)  Bgy *(Q)=BN*(Q)-BN*(Q) is the extremity of Q in respect of R*.

(iv)  BN;*(Q)=BN*(Q)uBe *(Q).

(v) BNz*(Q)—m ( )mBBN (Q)

Where,

M) (@)= L. 10 (), vas(o) (@)= L. o' (2), Eymio) (a) = = &' (2).
NaxQ) (Q)=Z€[\4]W no (2), waxo) (@)= e wo (7)) énxo) (@)= AR & (@),
Tw) @= 1 10" (@) ¥aig) @)=,y vo (D)6 (@)= 1y S07(2)
M) W=, () M0 (@) vig) W= vo @) &gy @)= &)

Then the collection 7, *(Q)= {OBNN*,lBNN*,m*(Q),W*(Q), Bey *(Q) BN, *(Q), BNZ*(Q)} is a topology which is
named as a bipolar neutrosophic nano—#* topology (BNN,*-topology). The space (G'TWBNN *(Q)) is a bipolar
neutrosophic nano —#* topological space. The elements of 7y, *(Q) are bipolar neutrosophic nano —#* open sets
(BNNg *— open). The complements of these elements are bipolar neutrosophic nano —# closed sets ( BNN,*—
closed).

Remark 4.2. The null and absolute bipolar neutrosophic nano —#* open sets are given by
O = {(q,(0,0,l,0,0,—l)) ‘qe U} and 1. = {(q,(Ll,o,—L—Lo» qe G} respectively. Then

1. OBNN* ClBNN*

2. Ogynx Ulgyne =1anne

3. OBNN* ﬁ]-BNN* :OBNN*

Example 4.3.  Let U ={q,,05,05,9,}and U/R = {{o,95}, {0,094 }}-
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Let - {(ql(s 5,2,-.6,-5-3)),(0,, (7, 4,3-4,-.6,-6))
(d3,(4,.6,6,-.6,—.3-3)), (ty, (.6.5.3—.3—.4 6)
{(q1 (8,6,.2,-.6,—5-3)),
(0,(8,6,.2,-.6,-.5,-.3)),
{<q1,456—6—3 3)

{

Gz, (4,.5,6,-.6,-3-3)).(as,

) (a2,

6,4,3-3-4- 6)>

ol
}
3,5,6-4-6 e»}
}
i

(
(
{<Q1(654 35— 6)><Q2(
(93,(.6,.5,4,~.3-5-.6)),(04.(3, 5,6,—4,-.6,.6))
(4,(6,5,4,-.6-5-.3)),(dy.(6,5,3-4,-.6,-6)),
{(qa,(ﬁ 5,4,-6,-5-.3)),(0,.(6,5.3-.4,-.6-56))
ql,(4 5,6,-.3,-3-.6)),(t,,(3 4,6,~3-4,-6))
03.(4,5,6-3-.3-6)),(ds,(3,4,6-3-4-6))

The set zy (Q)z{OBNN*,lBNN*, BN *(Q), BN *(Q), Bgy *(Q), BN, *(Q), BNZ*(Q)} is the BNN,*-topology. The
elements are BNN,, *— open sets of Q in U .

Ga:

BNN, *_closed sets of Q in U are as follows:

(EN*@)f - {< &.(2.4.8-3-5-6))(0.(3 5.7.-6-4-

(d3,(2,4,8-3-5-6)),(dy,(3,5,.7,-.6,—4,~

BN+ Q)F {qu (6,5,4,~3-.7,-.6)),(d,(:3,.6,6,—.6,—.6,~

4
( 4))
), (2 3)),
Gs.(6,.5,4,—.3-.7,-.6)),(q,.(3,6,6,—.6,—.6,-.3))
t.(4,5,6,-.6,-5-.3)),(0,.(6,5,.3-.6,-4,-.4))
(. 4))

( 4))

(. 4))

{
(B
N {<q3, (4,5,6,-.6,-5,-.3)),(d1.(6,55,3,-.6,—.4,-
(BN, * _ [(a,(4.5,6,-3-5-6)),(0y.(3 5,6,-6,-4,-4))
' * (03.(4.5,6,-3-5-6)),(04,(:3,5,6,~6,~4,-4)) |

(BN, +( {éql ((6 5,4,~.6,-7,-3)),(a,.(6,.6,.3-.6,—6,-.3)) }

<
U3, (.6,.5,.4,—.6,—.7,—.3)),(0s,(.6,.6,.3~.6,—.6,-.3))

Also (TRBNN *(Q)): :{OBNN*rlBNN*’(ﬁ*(Q)jC1@*(Q))C’(BBN*(Q))Qv(BNl*(Q)):r(BNZ*(Q)):}'

Theorem 4.4.  Every BNN, —open set is BNN,, *—open.
The proof follows from the definition of BNN, *— open sets.
In the similar manner, we can deduce the following definitions.

Definition 4.5. Let U be a nonempty set and R*be a relation on U which is imperceptible. Then U is split into
disjoint equivalence classes. Let Q be a BIS in U with the positive degree of true membership 775 and the false
membership function §Q+ and the negative degree of true membership 75 and the false membership function &g

where 775,84 ‘U —>[O,1], o &o :U > [-10] . Then
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(i) BI *(Q)= {<q (779{* (@) Eiix(0) (@ are(0) (@) )@ ))> z e[l eU} is the nether estimation of Q in respect
of ®*

(ii) BI *(Q)= {<q( 154(0)( @ Earn() (W) @) e%*(Q)(q)b ze[qla eU} is the higher estimation of Q in respect
of R*

,\
<
~
=z
N
2
O
\_/
A
\_/v
D)
[09)
E
/—\
O
~

773*(Q)+ (q) A ’7Q+ (Z) ' égg*(Q)Jr (Q) = M §Q+ (Z) ' g+(Q) (Q) = ZE[\q/]W g (Z) gﬁ*(o)i(Q) = /\] §Q7(Z) '

= ZE[\q/]W no" (z), §§*(Q)+ (a)= ZE[{]\]W &' (2), M5x) (a)= 26[11\]:.3* o (2), 5?*(Q)7(q) = v ) fo(Z) ,

The collection 7y *Q)= {OBIN**lBIN** BI*(Q). BI *(Q). By *(Q). BI, *(Q). BI, *(Q)}. where  Ogy» = {<q
(010-1):qe U} and 1. = {(q,(],O,A,O)) q eG} is a topology named as bipolar intuitionistic nano —* topology and
(G'T‘RB.N *(Q)) is the bipolar intuitionistic nano —=* topological space. The elements of Tt *(Q) are bipolar
intuitionistic nano —=* open sets.

Definition 4.6. Let U be a nonempty universe and R*be a relation on U which is imperceptible. Then U is split
into disjoint equivalence classes. Let Q be a BFS in y with the positive and negative degrees of true membership

functions ¢ and g , where 74 ‘U —[o], 179 :U —[-1,0]. Then

(M BF *(Q)= {<q,(r7§ 77);* (q )> Ze q]m*,q € U} is the nether estimation of Q in respect of R*.
o) )> zelqlmae U} is the higher estimation of Q in respect of ;3 *.

ivg)(9)

(Q) is the extremity of Q in respect of R*.
(Vi) BR*(Q)=BF*(Q)uBs *(Q).

V) BR*Q)=BE*(Q)NBsx*(Q):

Where, 773*(Q)+ () ZE[/q\]\ * ny" (2), NaxQ) (a)= ZE[\q’]\ ) N (2),
T @)=, 3 70" (@) g @= oy 707(2):

The collection 7y *(Q)= {OBFN*!lBFN*IE*(Q)'ﬁ*(Q) Ber *(Q) BF. *(Q), BF, *(Q)} where, Oy = {<q
(00):qe l]} and 1o« :{<q,(1,71)>:q <(} is a topology named as bipolar fuzzy nano —* topology and (G,T\RBFN *(Q))
is the bipolar fuzzy nano —+ topological space. The elements of 7, *(Q) are bipolar fuzzy nano —+* open sets.

4.1 Bipolar Neutrosophic Nano * Interior and Closure

Definition 4.7. Let (J'TSRBNN *(Q)) be a BNN," —topological space in respect of a BNS QgL] and let B be

any BNS of U . Then
(1 the bipolar neutrosophic nano —:* interior of B is defined as the union of all bipolar neutrosophic nano —
open sets in B and it is denoted by BNN, *int(B). It is the biggest bipolar neutrosophic nano —* open subset of B.

(i) the bipolar neutrosophic nano —=* closure of B is defined as the intersection of all bipolar neutrosophic
nano —* closed sets containing B and it is denoted by BNN,*cl(B). It is the least bipolar neutrosophic nano —*

closed set having B.

26
DOT: https://doi.org/10.54216/JNFS.030202
Received: March 15,2022  Accepted: June 30, 2022




Journal of Neutrosophic and Fuzzy Systms (INEFS) 10l 03, No. 02, PP. 19-31, 2022

Example4.8. Let g_ (00,(6.6,3-7-5-2)).(02:(8.5.2-3-5-6)\| po 5 BNS in U, in example 4.3,
(03,(5,.7,3-.7,—.6,-.2)),(q,.(6,5,3-.5-5-4))
a

BNNg *int(B) = U{Oguy» BN *(Q), BN, *(Q)} = BN *(Q) and BNNg *cl(B) :mlBNN*} Tonns

Theorem 4.9. (J, T *(Q)) isa BNN," — topological space, where Q U isaBNS. Forany BNS P inU ,
(i) BNNG *¢l g+ — P) = BNNg *cl (P® )= [BNNg *int(P)F =1y —~ BNNg *int(P).

(i) BNNg*intllguy-—P)= BNNg *int(PC )= [BNNg *cl(P)F =gy« — BNNg *cl (P).

Let P = {a, (7 (@) (0) & @7 (@hwr @) S @)

Suppose that the family of BNNQ* — open sets G, contained in Q is indexed by the family

{028, @& (0) £ (@), @, (@) &5, @) i e 3

BNNg *int(P) = (. 75, @i, (@0 (@, (@avs, (@5, (@) -

(BN, *int(P)) =(a,(r & (@)1—virg, @, (@) s, (@1~ avg (@, @) - (1)

We obtain that{<q,(§gi(q),l—y/éi(q),rygi(q),f(gi(q),flft//gi(q),n{;i(q)»:ieJ} is the family of BNN,"—closed sets
containing P°.

BNNG *l(PC )= (0. ( & (@Al y (@)hvig (@) g (v 1-vg [@)vig, (@)

BNNg *cl (P° )= (a,(r & (@)1 vir&, @) (@hves, (@)1 g, @hnrg @) oo (2)
From (1) and (2) and the result that1,,. —P = P, (i) follows.

Similarly we can prove (ii).

Remark 4.10.  Taking complements of equations of (i) and (ii) of Theorem 4.9, we have
(i) Lgun~ — BNNg * ¢l (Lgyp — P) = (BN Ng *cl (PC ))C = BNN *int(P).

(ii) Lgun= — BNNg *int(Lgyy+ — P) = (BNNQ *int(PC ))C = BNNg *cl(P).
Example 411, LetU = {o;,0;,05,04}, U/% = {{ay, 62} 6s}, {ae}} and let us consider a BNS Q of U, where

Q={a,(2.5,6-7-5-2))(0,(3 4,6,-6-4-3)),(dy,(4,5,5-5-5-4))}.
We have BN NQ* —open sets are as follows:

BN (Q)={(.(3 5,6-7,~5-2)),(0,,(3,56~7-5-2)),(ds,(4,5,5-5-5-4),
BN*(Q)={(,(2.4,6,~6-4-3)),(0y,(2,4,6-6-4,-3)),(0(4,5,5-5-5-4)},
Ban *(Q)={(01.(3 5,6-3-5-6)),(0,(3,5.6-3-5-6)),(dg. (4, 5,5-4-5-5)),
BN, *(Q) = {(c.(3 5,6-6,-5-3)),(a.(3 5,6,-6,-5-3)),(0y,(4,5,5-5-5-4))},
BN, *(Q) = {1 (2, 4,6,-3-4,-6)),(a,.(2 4,.6,3-.4,-6)),(0s,(4,5,5-4,-5-5))}.

BNNQ* —closed sets are as follows:

(ﬁ*(Q)]c:{<q1,(.6,.5,.3,-.2,-.5,-.7)),<q2,(.6,.5,.3,—.2,—.5,—.7)) (05.(5,5,4,-4,~5-5))},
(BN *(Q)F = {(a.(6..6,2,~3-.6,-.6)),(a.(:6,6,2,-3-6,~6)).(0s, (5,5,4,-.4,~5-5))}
(Ben *(Q)F = {(e.(6.5.3-6-5-3)),(c.(6.5.3-6,-5-3)).(¢s.(5.5.4-5-5-4)},
(BN*(Q) - {(a..(6,5,3-3-5-6)),(a,,(6,5,3-3-5-6)),(qs.(5,5,4,-4,-5-5))},

° = {(,(6,6,2,-6,-6-3)),(q,(6,6,2—6-6,-3)),(cs,(5,5,4,-5-5-4).
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Ogyn+ and lgyy« are both BNN,"— openand BNN" —closed.

Let K ={(q,(7,6,3-3-2-7)).(0,(7,7,2~3-3-6)),(0s,(6,6,3~4,-4,-6))}.
Lo —K = {0,(34,7,-7-8-3)),(0,,(2,3,.7,-6,-7,-3)),(0s,(3 4,6-6-6-4))}.
Here BNNq" int(K )= Ogyy~ and BNNg"cl(Lgyy« — K) = 1gyy» = Igyn~ — BNNg *int(K),

BNNG"cl(K) = Lgyy» @A BNNg " int(Lgy« — K ) = Ogyy» = Lgyy< — BNNg *cl (K) -

Theorem 4.12. For ((j, TRBNN*(Q)) , Q gG is a BNS, let K and H be bipolar neutrosophic subsets of U . Then
(i) K < BNNgcl(K) .

(ii) Kis BNN," - closed < BNNy'cl(K)=K .

(i) BNNG'd(0

)= 0y ANA BNNGdlfL

BNN* BNN‘)ZlBNN*'

(iv) K < H = BNNQ"cl(K) = BNNg"cl(H).

(v) BNNg"cl (K UH)=BNNg"cl(K)UBNNgcl(H).
(vi) BNNg el (K N H) < BNNg el (K) 1 BNNgcl(H).
(vii)  BNNyd (BNNQ*CI(K))z BNNg el (K).

Proof:
(i) By the definition of BNNy" — closure, K < BNN,cl(K)
(ii) K'is BNN," —closed <> the least BNN," —closed set having itself is K.

< BNNyd(K)=K -

(iii) Since 0,

and 1., . are BNNg" —closed, then by (ii), BNNQ*CI(OBNN*)=OBNN* and BNNQ*cl(lBNN*)leNN*

N*

(iv)  Let KcH.Since H < BNNGcl(H) , then K = BNNg'cl(H) . That is, BNN,cl(H)is @ BNN," —closed set
containing K. But BNNy'cl(K) is the smallest BNN, - closed set containing K. Hence
BNN,cl(K) = BNNgcl(H) .

(v) KcKUHand HcKUH < BNNg'dl(K)< BNNg'ol (K UH) and BNNy'cl(H) = BNNGcl (K UH).

< BNNq el (K)UBNNg"cl(H) = BNNG el (K UH).
Now, since K UH < BNN,'cl(K)U BNNy"cl(H), and since BNN,'cl(K UH) is the smallest BNN," —closed set
containing K UH , BNNg'cl (K UH )< BNNg el (K)UBNNg cl(H).
Thus BNN,"cl (K UH ) = BNNg"cl (K)UBNNg"cl(H).
(vi) Since KNH cKandKNHcH ,
<> BNNg ol (K MH) < BNNGcl(K)and BNNg"cl (K N H) < BNNg el (H).
<> BNNg ol (K NH) < BNNg el (K)NBNNg el (H).
(vii)  Since BNNycl(K) is BNN," - closed, BNN,'cl (BNNQ*cI(K))z BNNg el (K).

Example 4.13.  Consider example 4.11.
(i) BNNg "l (K) = Igyy» then P < BNNg'cl(K).

(ii) For elements belongs to (T‘RBNN *Q)F BN al (K)=K .
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(iii)

(iv)

v)

Let K ={q,(7,6,3-3-2-7)),(0,,(7,.7,2-3~3-6)),(qs,(6,6,3-4-4-6))},

H = {(a.(8,7,1-5-4,-4)),(0y,(9,8,1-4-4,-5)),(05,(7,.7,2-5-5-4)}.

Here K < H and BNN,"cl (K ) =1gyy~ = BNNg el (H) .

LetK, = {ay,(2,2,.7,-3-5-7)),(0,(3 3 6,~2,—4-8)),(0s.,(2,3,6,~3~-4-6))},

Hy = {0 (3.4, 6—4—5—6)> (0,(4,5,5,~3,~5,-6)),(qs,(4,4,4,~5-5-5))}.

BNNG *cl(K,) = N{BN *(Q)F  (Bax *(Q)F (BN *(Q)F (BN, *(Q)F == (BN, *(Q)F
BNNG *dl(Q; n{(ssN (Q)F (BN, *(Q)F Ao+ = (Bay *(Q)F -

Ky < Hy = BNNg *cl(Ky) = (BNl*(Q))C < (Ban*Q)f = BNNq *cl(Hy).

\_,\./

K UH,; = {(ql, (3.4,6,-.4,~5-6)),(dy,(4,5,.5-3-5-6)),(s, (4, .4,.4,—.5,—.5,—.5))}.
BNNgcl (K; UH;) = (Bgy *(Q))° = BNNg el (K, )UBNNg el (H, ).

Ky = {(00,(3.5,5-7-5-2)),(0,(3.4,6~7,-4,-2)),(d,(5,5,4,-6,~6-3))}.

H, = {<q1,(.8, 7,1-5-4-4)),(d,.(9, .8,.1,—.4,—.4,—.5)),<q3,(.7,.7,.2,—.5,—.5,-.4))}.

K, MH, = {6, (3,5,5,-5,-4,-4)),(0,,(3,4,6,—4,—4,-5)),(0s,(5,5,4,-5-5-4))}
BNNQ*CI(KZ):lBNN* =BNNg *cl(H,).

BNNG *¢l(Kz M H) = Ban *(Q)F (BN *(Q)F Lo = (Ban *(Q)F

BNN, *cl(K, m H )c BNNQ*CI(KZ)ﬂ BNNg *cl(H,)

Theorem 4.14. For (J'TWBNN *(Q)), Qc Uisa BNS, let K and H be bipolar neutrosophic subsets of U . Then

(M)
(i)
(iii)
(iv)
v)
(vi)
(vii)

Proof:

(i)
(i)

(iii)

(iv)

v)

BNN, *int(K)c K .

K'isBNN,"— 0pen < BNNg *int(K)=K .

BNNg *int(Ogyn) = Ognn+ 8Nd BNNg *int(Loy+) = Ly« -
K < H = BNNg *int(K ) = BNNg *int(H ).

BNN,, *int(K )U BNNg *int(H ) = BNNg *int(K UH).
BNNg *int(K N H)=BNNg *int(K )N BNN,, *int(H ).
BNNq *int(BNNg *int(K )= BNNg *int(K).

By the definition of BNN,"—open, BNN, *int(K)c K -
K'is BNN," —open < Kiis the biggest BNN," —open set = K.
< BNNg'int(K)=K .

Since 0y, and 1,,.. are BNNy —open, then by (i), BNNQ*int<OBNN*)=OBNN*and

BNNg' intlL, . )= oy -

Let K < H . Since BNN, int(K)= K , then BNN,"int(K)< H . That is, BNN,"int(K) is a BNN," —open set
contained in H. But BNN,"int(H) is the largest BNN,"- open set contained in H. Hence
BNNg"int(K) < BNNoint(H).

KcKUHandH c KUH <> BNNG"int(K)< BNNG int(K UH) and BNN,"int(H)< BNN, int(K UH)
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< BN int(K)UBNgint(H) < BNgint(K UH).
(vi) KNHcKandKNHcH <> BNNG int(K MH )< BNNg"int(K )and BNN," int(K N H) < BNN," int(H)
<> BNNG"int(K MH) < BNN"int(K) N BNNg"int(H) .
Now, since BNN, " int(K)NBNN"int(H)< K NH , and since BNN,"int(K NH) is the largest BNN,"— open
set contained in KNH , BNNg" int(K)NBNNg" int(H)< BNNG" int(K N H).
Thus BNN,"int(K N H)=BNNg" int(K)N BNNG"int(H).
(vii)  Since BNN, int(K) is BNN," - open, BNNQ*int(BNNQ*int(K)): BNN"int(K).

Example 4.15. Consider example 4.11,
(i) LetK = {(q,(7,6,3-3-2-7)(0,(7,7,2-3-3-6)),(0,(6,.6,3-4,-4,-6))}.
H = {c.(8,7,1-5-4,-4)),(d,,(9, 8 .1,—4-4-5)),(0s,(7,7,2-5-5-4))} .
Here K < H and BNNg *int(K) = Ogyy+» BNN *int(H)= BN, *(Q). Hence BNN'int(K)c BNN,"int(H) .
(i) Letk, = {q,(456-6-6-3),(0,(36,6-4-5-3))(d,(44,5-5-3-2))
H, = {0, (3,5,5-7,-5-2)),(0,,(3,4,6-7,-4,-2)),(0y,(5,5,4,-.6,-6,-3))}.
K, UH; = {(,(4,5,5-.7,~6,-2)),(d,(3 6,6,~7,-5-2)), (0, (5,5, 4,-6,-6,~2))}.
BNNg *int(K; )=0gyy«, BNNg *int(H;)=BN *(Q) and BNN, *int(K, UH,)= BN *(Q)-
Hence BNN,, *int(K, )U BNNg *int(H, ) = BNNg, *int(K; UH, ).
(iii) KyNH; = {(q,,(3,5,6,~6,~5-3)),(0,(3,4,6—4,-4,-3)),(qs, (4, 4,5-5-3-3))}.
BNNg *int(K; )N BNNg *int(H; ) = 0 gy N BN *(Q) = 0gyn~ = BNNg *int(K, NH; ).

5. Conclusion

This study discovers a new nano topology for every bipolar neutrosophic set. We have introduced two topologies
called Bipolar Neutrosophic Nano Topology and Bipolar Neutrosophic Nano —#* Topology and deduced these
topologies to fuzzy sets and intuitionistic fuzzy sets. We studied the structural properties of the topologies. This
paper can be further developed into several possible theories and applications. The concept can be used for real life
decision making problems, where the situations of indeterminacy occur. The practical problems may be solved by
finding CORE values through the criterion reduction.
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