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Abstract

In this paper we apply the neutrosophic set on the concept of the UP-algebra to obtain some types of neuro-
sophic sets satisfies certain conditions which are called neutrosophic Up-subalgebras. Several types of these
neutrosophic Up-subalgebras are introduced and their properties are investigated. Also, illustrative examples
are given when they are needed.
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1 Introduction

Mathematicians frequently apply algebraic structures across diverse fields, including theoretical physics, com-
puter science, control engineering, information science, coding theory, and topology. This extensive use pro-
vides strong motivation for researchers to revisit key concepts and findings in abstract algebra within the
broader framework of fuzzy settings. UP-algebras, a class of logical algebras introduced by Iampan,? exhibit
a close relationship with posets. Recently, many researchers have focused on UP-algebras, utilizing them
in various mathematical domains such as group theory, fuzzy set theory, probability theory, topology, and
functional analysis. Numerous system identification problems involve inherently non-probabilistic character-
istics.>' Neutrosophic set theory has also been applied to multiple algebraic structures, with concepts like
neutrosophic points and various UP-subalgebras (ideals) explored in studies>®®1! and” The falling shadow
representation theory guides selection based on joint degree distributions, offering a reasonable and practical
approach to advancing the theory and application of fuzzy sets and fuzzy logic.

2 Definitions and Useful Results

In this section, we give the basic definitions and results on UP-algebras which are needed in the next chapters.
Also, we present some definitions and propositions of neutrosophic sets.

Definition 2.1. "2 Let © be a non-empty set. The neutrosophic set & (NS set) is written as &f = {<
2, T (), I (2), Fg(x) >: x € Q} and the functions T : @ — [0,1], I : @ — [0,1], Fy : Q@ — [0, 1]
denotes the degree of truth membership, the degree of indeterminacy membership, the degree of falsity mem-
bership of elements of {2 respectively.

Definition 2.2. Let 2 be a non-empty set. The neutrosophic set & is called the null setif &/ = {< #,0,0,1 >:
x € Q} (denoted by 0) and it is absolute if & = {< z,1,1,0 >: z € Q} (denoted by 1). By &/* we mean
the neutrosophic set B = {< z,1 — Ty(x),1 — Fy(x),1 — Fy(x) >: z € Q}. Ty-(x) = 1 — Ty (x),
Fge(x) =1 — Fy(x) and, Fy-(x) = 1 — Ty () for all x € Q2. Obviously, 0¢ = 1.
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Definition 2.3. ¥ A UP-algebra is defined as (X, Y,0) where X # ¢, Y is a binary operation and 0 is a
constant element which satisfies the following axioms: for all z,y, z € €2,

L (zYy)Y((zYx)Y (2Yy)) =0,
2.0Yyzx=u=x,
3. 2 Y0=0,and

4. zYy=0andy Y x =0imply x = y.

In a UP-algebra (X, Y, 0) a binary relation < on ) is defined as follows: for all z,y € €,
r<y <= zxYy=0.

Proposition 2.4. © In a UP-algebra (2, the following properties hold: for all z,y, z € €,

l.zYyx=0,
2.z2Yy=0,andy Y z=0implyz Y 2 =0,
3. Yy =0implies (y Y 2) Y (z Y z) = 0, and
4. zY (yYz)=0.

Proposition 2.5. ' In a UP-algebra (2, the following properties hold: for all z,y, z € €,

1. z <ux,

2. x <yandy < zimply z =y,

3. z<yandy < zimply z < 2,

4, x <yimplies z Y £ < 2 Y v,

5.z <yimpliesy Y z < x Y z,and
6. x<yYu

Definition 2.6. ©' A subset S of a UP-algebra (2 is called a UP-subalgebra of 2 if it satisfies:

1. 0 € S, and
2. zYye Sforallz,y € S.
Lemma 2.7. "WIf U and V are two subsets of a UP-algebra 2 such that U NV # ¢, then0 € U Y V.

Proposition 2.8. %' Let ) be a non-empty set and b € 2. Define an operation Y on () as:

_Jy o x#y,
me—{ b : otherwise.

For all z,y € Q, then (X, Y, b) is a UP-algebra.

Proposition 2.9. 12/ Let ) be a non-empty totally ordered set and b € €. Define an operation Y on €2 as:

Jy  xz<y or z=b,
:I:Yy—{ b otherwise.

For all z,y € Q, then (X, Y, b) is a UP-algebra.
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Proposition 2.10. ' Let  be a non-empty totally ordered set and b € (2. Define an operation Y on {2 as:

Jy x>y or z=b,
ny_{ b otherwise.

For all z,y € Q, then (X, Y, b) is a UP-algebra.

Definition 2.11. ¥ A fuzzy set A in § is called a fuzzy UP-subalgebra of €, if for any 2,y € Q, A(z Y y) >
min{A(z), A(y)}-

Definition 2.12. °If of = {< z, Ty (), Iy (x), Fo(z) >: x € Q} is a neutrosophic set and for o, 3 € (0, 1],
v € [0,1), the following neutrosphic subsets of 2 are defined:

Jq(szi,a) {reQ:Iyx)+a>1},
I (A, B)={x e Q: Iy(x)+ L > 1},
97(4%,7) {r €Q: Fylz)+v <1}

Definition 2.13. © A neutrosophic set f = {< z, Ty (), Iy (), Fu(z) >: x € Q} of Qs called (¥, £)-
neutrosophic UP-subalgebra of 2 , if for all z,y € {2

x € Ty(d,az),y € Ty(d,ay)implies x Y y € Te(H, 0z N y),
x € Iy(d,By).y € Fy(d,By) implies . Y y € Je(, B A By),
T € Fy(d,ve), Yy € Fy(d,7yy) implies x Y y € Fe(, vz V yy)-

for all v,y € [0,1), Bz, By, @z, ay € (0,1] where ¥, & € {e, ¢}

3 Some Types of Neurosphic UP-subalgebras

Definition 3.1. Given a neutrosophic set &/ = {< z, Ty (), Sy (), Fy(x) >: © € Q} and for v € (0, 1],
B,a € [0,1), we define the following neutrosphic subsets of (2:

T, o) ={x € Q:Ty(x) <al,
I, (A, B)={x e Q: Iy(x) < B},
Fu(d,7) ={z € Q: Fuy(x) > 7}

Definition 3.2. Given a neutrosophic set &/ = {< z, Iy (z), Fu
B,a €0, 1), we define the following neutrosphic subsets of €2

x), Fg(x) > € Q} and for v € (0,1],

Te(d,a)={x€N:Ty(x)+a <1},
Ip(A,B)={x€Q: Iy(x)+ 8 <1},
Fr(d,y) ={x € Q: Fylx)+vy>1}.

Definition 3.3. Given a neutrosophic set of = {< x, Ty (), Iy (), Fo(x) >: x € Q} and for v € (0, 1],
B,a €0, 1), we define the following neutrosphic subsets of 2
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Definition 3.4. A neutrosophic set &/ = {< z, Ty (), Iy (x), Fu(x) >: & € Q} of Q is called (¢, 9)-
neutrosophic UP-subalgebra of €2, if for all =,y € Q:

€T (A, az),y €T (A, ) implies x Y y € T(, 0z V o)
r € I(d,B),y € T(A, By) impliesz Y y € F,(, BV By),
€ Fo (A, Vi) y € Fo(d, ) implies x Y y € Fy (A, ve N Yy)-

for all v, vy € (0,1], Bz, By, @z, y € [0,1) where €, € {22, £}.

Obviously, the null neutrosophic set is (2, z)-neutrosophic UP-subalgebra of (2.

Proposition 3.5. Given a neutrosophic set & = {< x, Ty (z), Iy (x), Fy(x) >: x € Q} and for v € (0, 1],
B,a € [0,1), then

Tp(d,0) =T(d?,1 - a),
jﬂ(daﬂ) :je(dc717/8),
gﬂ(da’}/) :95(527071—7)

Proof. Suppose that x € T,(,a) <= Ty(x) <

<:> xeg (&ic 1 — a). Hence, 7,(,a) = J.(4°,1 — «). By similar statements we can prove that
Tu(d,B) = I(d°,1=p).

Suppose that x € F,(d,v) <= Fulz) > 7 1-Fy(x) <1—7 <= Fy(z)<1—-7 =

xe.%(szﬁ,l—y).Hence, Fo(d,y) =F(d°,1—7). O

!

Proposition 3.6. Given a neutrosophic set of = {< x, Iy (z), Fu (), Fu(x) >: x € Q} and for y € (0, 1],
B,a €[0,1), then

Tolet, @) = Ty(at°,1 - ),
jq(ﬂvﬁ) = ‘j)%('dﬂa 1 - /6)7
Fo(d,7) = Fg(d°,1—7)

Proof. Supposethatz € I, (o, ) <= Ty(x)ta>1 = 1-Ty(x)—a <0 <= Iy-(x)+(1—a) < 1
< 1 € J4(d°,1— a). Hence, 7y (o,a) = T4 (#*,1 — a). By similar statements we can prove that
jq('Q{aﬁ) = jfé(dc7 1- ﬁ)

Suppose that z € Fy(,7) <= Fy(z)+7<1 <= 1 -Fy(x) —7>0 <= Fy(z)+(1—7)>1
= x € Fu(H°, 1 —7). Hence, Fy(A,v) = Fp(d°,1— 7). O

Proposition 3.7. If o/ = {< x, T4 (), Fy(x), Fy(x) >: x € Q} is a netrosophic set of 2 and for each
z,y € Qwith oy, oy, B8y € (0, 1], ¥a, vy € [0,1), then

(o,(1—0ay) V(1 —ay) =T(d?, az Aay).
(*Q{a (1 = Bz) V (1 - ﬁy)) = Ie(d°, Ba /\By)-
,1(.9{, (I=vnAn(1- %)) =F (A, 72V Yy).

&(? mQQ hm

Proof. Letz € T,(d,(1—0y)V(1—ay)) <= 2 € T,(d,1— (s Nay)) <= Ty(x) <1—(0zAay)
= 1-Ty(x) 2 az Aoy <= Tye > Aoy < € Te(d°, a5 Nyy). Hence, T, (o, (1 — ) V
(1- O‘y)) =T (I, ag Nay).

The proof of the second condition is similar.

Nowz € F,(d, (1= AN(1 =) <= 2 F,(d,1— (V) < Fa(x) 21— (1 Vy) =
1-Fu(2) <71 Vyy <= Fae(x) <V v € F(H, v, Vyy). Therefore, F, ( (L=, A (1= vy))
Fe(d e V Yy)-

o

Proposition 3.8. If o/ = {< z,94(x), Iy (), Fy(x) >: x € Q} is a netrosophic set of € and for each
x,y € Qwith ay, ag, 81.02 € [0,1), 71,72 € (0, 1], then
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Ti (A, 00V ag) =Tg(d°,(1—ar) A (1 —az)).
Tx (e, b1V Ba) = I (e, (1= B1) A (1= Bz2)).
Fa (o, Ay2) = Fo(A°, (1 =) V (1= 2)).

Proof. Letx € %(d,al \Y, ag), then Ty (z) + a1 V as < lifand only if 1 — Ty (z) — (1 V ag) > 0 if
and only if Ty (x) + (1 — (a1 V a2)) > 1ifand only if Ty (x) + (1 — a1) A (1 — az)) > 1 if and only if
€Ty, (1—a1) AN (1—az)). O

Proposition 3.9. A neutrosophic set f = {x :< Ty (), Iy (x), Fu(x) >, x € Q} of Qis (7, p2)-neutrosophic
UP-subalgebra of Q if and only if /¢ = {x :< 1 — Ty (x),1 — Iy(x),1 — Fy(x) >, € Q} is (¢, ¢€)-
neutrosophic UP-subalgebra of €.

Proof. Suppose that of = {x :< Ty (z), Iy (x), Fu(x) >, € Q} is (2, z)-neutrosophic subalgebra of
Qandletx € T (I, a), y € F/‘(&i ay). Hence, 7y(x) > a, and Ty-(y) > «, implies that 1 —
Tu(x) > 0y and 1 — Ty (y) > . Hence, Ty(x) < 1 — a, and Ty (y) < 1 — . Since of = {x :<
Tu(x), Ig(x), Fa(x) >, € Q} (72, 72)-neutrosophic subalgebra of Q, so z Y y € T,(, (1 — o) V
(1-ay) = T,(4,1— (az Aay)) = (7, a, A ay). By similar statements we prove that if z €
I (A, ),y € Fe(A,By), thenz Yy € F(A°, Bz A By). Now, let & € F (A, 7z), y € Fe(H7, V),
then Fye (x) < v, and Fy-(y) < vy. Hence, 1 — F4(x) < vy and 1 — F4(y) < vy implies 1 — v, < Fa(x)
and 1 — vy < Fa(y). Therefore, x € F,(,1 —~,) andy € F,(4,1 — ~,), so by hypothesis z Y y €
Fu(d,(1=72) N1 =) =Fp(d, (1 = (v V) = Fe(d, 05 V o). This completes the proof. [
Theorem 3.10. If &/ = {z : Ty(x), Iy (x), Fu(x),x € Q} is (2, n2)-neutrosophic subalgebra of Q, then
each of 7,(d , o), I,(d,B) and F, (o ,T') contain O whenever they are nonempty.

Proof. If 7,(d,a)) # ¢, then there exists a point z € {2 such that x € 7,(¢/, o). From the definition, we
have 0 =z Y 2 € 7,(, «). Similarly, .7, (<, §) and F,(/,T") contain 0. O

Theorem 3.11. A neutrosophic set &/ = {< z, Ty (x), Iy (x), Fg(r) >: x € Q} of Qis (2, 22)-neutrosophic
subalgebra of 2 if and only if for all z,y €

Ta(x Y y) < Ty (x) V Tu(y),
Ta(x Y y) < Fu(x) V Iu(y),
Fa(r Y y) > Fg(x) N Fgq(y)

Proof. Suppose that f = {< z,Ty(x), Iy (x), Fy(x) >: © € Q} of Qis (z, z2)-neutrosophic subalgebra
of Q. If there exist 2, y € Q such that T (x Y y) > Ty (x) V T4 (y). Then there exists an « € [0, 1) such that
Ta(xYy) >a>Ty(x)VIy(y). Thisimplies that x € T,(,a),y € T,(d,a)butx Yy ¢ T,(A, vV a)
which is contradiction. If Fy (2 Y y) < Fy(x) AN Fy4(y) for some z,y € €, so there exists v € (0, 1] such that
Fax Y y) <7< Fg(x)NFy(y) implies z,y € F,(,v) butx Y y ¢ F,(o,~) which is contradiction.
The third condition is similar. O

Theorem 3.12. If of = {< z,Ty (), Iy (x), Fug(x) >: x € Q} is an (7, z2)-neutrosophic UP-subalgebra
of Q, then Ty (A, ), (A, B) and Fz(d,~) are UP-subalgebras of ) for all v € (0,1] and o, 8 € [0,1)
whenever they are nonempty.

Proof. Suppose that x,y € (4, «), then by definition, Ty (x) + « < 1 and T4 (y) + o < 1. Since
A={z:Ty(x),Iu(x), Fa(z),z € Q} of Qis (2, 72)-neutrosophic subalgebra of £, so by Theorem [3.11]
Ta(@Yy) < Tg(x)VTy4(y). Hence, Ty (2 Yy)+a < Ty (2)VI4(y)+a < {Ty(z)+a}V{Tu(y)+a} < 1.
Therefore, © Y y € T4 (o, o) implies that T4 (<, «v) is a UP-subalgebras of (2. O

Example 3.13. Let X = {0,a,b, ¢} and Y be defined as following Cayley table:

Let of = {< z,T4(x), Fu(x), Fu(x) >: © € Q} be a neutrosophic set defined as:
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Table 1: UP-algebra

Q| Ta(@) | Jalz) | Falz)
0 0.6 0.6 0.5
a 0.7 0.6 0.5
b 0.7 0.7 0.5
c 0.8 0.7 0.5

Table 2: UP-algebra

For all v € (0,1] and o, 8 € [0, 1), we have

X

T (A, a) = {07a7b}

@ or

X

When «€[0,0.2),

When o €[0.2,0.3),

{0} When a€][0.3,1).

When

€ [0,0.3)

Fo(ed,B) =4 {0,a} When 56[0 0.4),

¥

W hen

€[0.4,1).

X When ~e€(0.5,1],
oz —
”(Q’”)_{ ¢ When =€ (0,0.5].

Obviously, % (o, «), Fx (o, B) and Fy (o, ~y) are UP-subalgebras of 2. But, we have T (a) = T(b)
al’ldgtqy(aYb):9M(C):O.8,509M(bYG)fggy(b) F, (.13

Q} is not a neutrosophic (2, 72) UP-subalgebra.

VJ4(a). Hence, A = {x : Ty(x), Iy (x), Fu

e

Theorem 3.14. If o = {< z,T4(x), Fu(x), Fy(x) > © € Q} is an (B, 2 V A)-neutrosophic UP-
subalgebra of ), then Tz (A, ), Fx(d, ) and Fx () are UP-subalgebras of Q for all v € (0.5,1]

and «, B € [0,0.5) whenever they are nonempty.

Proof. Letx,y € J5(4, ), then by hypothesis either 2 Yy € Ty () oraYy € T,(,ax), 80 Ty (xYy) <
a. Since @ < 0.5, s0 @ < 1 — o implies that T (z Y y) + « < 1. Therefore, x Y y € T4(, ).

By similar statements we can prove that Fx (&, 3) is a UP-subalgebras of (2.

Letx,y € Fz(d, ), so by hypothesis, either £ Yy € Fz (A, v),orxYy € F,(d,~). Hence, Fy(xYy) > 7.
Since v > 0.5, 80 Fy(x Y y) + v > 27 > 1. Therefore, z Y y € Fz(,y) implies that F; (<, ) is a UP-

subalgebras of ().

O

If A={z:9y(x), Fq(x),Fu(x),x € Q} is an (£, z)-neutrosophic UP-subalgebra of (2, then T («, «),
I (d, B) and Fx (o, ) may not be subalgebras as it is shown in the following example.

Example 3.15. Let X = {0, a,b,c} and Y be defined as following Cayley table:

Let of = {< z,Ty4(x), Iy (x), Fg(x) >: x € Q} be a neutrosophic set defined as:
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Table 3: UP-algebra

Q| Ta(@) | Jalz) | Falz)
0 0.4 0.4 0.7
a 0.3 0.7 0.5
b 0.4 0.6 0.5
c 0.8 0.6 0.5

Table 4: (£, 2 V #)-neutrosophic UP-subalgebra of {2

By simple calculation, we can see that & is an (£, 2 VV £)-neutrosophic UP-subalgebra of 2. Now we have

X When «a€[0,0.2),
Ip(d,a) =< {0,a,b} When «€]0.2,0.6),
{a} When « € [0.6,0.7).

We have when oo = 0.6, a € T4 (/,0.6)buta Y a =0 ¢ T4 (,0.6).

Theorem 3.16. A neutrosophic set &/ = {< z,Ty(x), Iy(x), Fy(xr) > x € Q} isan (n,2 V A)-
neutrosophic UP-subalgebra of €2 if and only if for all z,y € Q:

Ta(x Y y) < \{Tu(x) vV T4(y),0.5},
T Y y) < \H{Ia(z)V Iq(y),0.5},
Fa (Y y) > NMFu(x) N Fu(y),0.5}.

Proof. Suppose that & = {< x, Ty (), Iy (x), Fu(x) > x € Q} of Qis (2, 2 V £)-neutrosophic subalge-
bra of . If there exist x, y € {2 such that T (z) V T (y) > 0.5. Then, we get Ty (x Y y) < Ty (z) V T4 (y).
Suppose that Ty (z Y y) > \/{Tx(x) V T4 (y), 0.5} for some z,y € Q. Hence, we have the following cases:
(Case 1) If Ty (z) V T4 (y) > 0.5, then Ty (x Y y) > Ty (x) V T4 (y) . If we choose 0.5 < « € [0, 1), then
we get Ty(z Y y) > a > Ty(x)V Iy (y). Also, we have Ty (z Y y) +a > 1implies that z Y y ¢ T4 (A, ).
Therefore, z € T,(, ), y € T,(d, ) butz Y y ¢ T,vz(9,v V a) which is contradiction.

(Case 2)If Ty () VT4 (y) < 0.5, then Ty (xYy) > 0.5. Hence, z € T,(,0.5),y € T,(o,0.5)andz Yy ¢
T,(4,0.5). Also, we have T (zYy)+0.5 > 1implies that x Yy ¢ T (/,0.5). Hence, 2 Yy ¢ T,vz(,0.5)
which is contradiction. By similar statements, we can prove Jy(x Y y) < \/{ Iy () V Fx(y),0.5}.

Now, suppose that there exist 2,y € Q such that Fy(x Y y) < A{Fz(x) A F4(y),0.5}. Then we have the
following cases:

Case 1, if Fy(x) N Fy(y) < 0.5, then Fy(x Y y) < Fy(r) A Fu(y), so there exists v < 0.5 such that
Fa(x Y y) <v < Fg(x) AN Fy(y). Therefore, x € a"ﬂ( )Y € Fy(d,y)bute Yy & F(d, vy A7)
Also, we have Fy(x Y y) +v < L,sox Yy & Fs(,vA~). Hence, x € F,(d,v),y € F,(d,7) but
x Yy & Fove(d,y Ay) which is contradiction.

Case 2, if Fy(x) AN Fy(y) > 0.5, then Fy(x Y y) < 0.5. This implies that x € F,(,0.5),y € F,(,0.5)
and z Yy ¢ F,(o,0.5). Also, we have Fy(z Y y) + 0.5 < 1 implies that z Y y ¢ F4(&/,0.5). Hence,
x € F,(d,05),y € F,(4,05)and x Y y ¢ F,yx(,0.5) again we get a contradiction. Therefore,
Fg(x Y y) > NMFa(x) NFy(y),0.5} forall z,y € .

Conversely, suppose that the neutrosophic set A = {z : Ty (), Iy (x), Fo(z), 2 € Q} satisfies the condition
of the theorem. Let z,y € Q and a,, oy € [0,1). Letz € T,(, ;) andy € T,(H, o), then Ty (x) < oy
and 7 (y) < a,, and by hypothesis, we have T (x Y y) < \/{Tw(x)V T4 (y),0.5}. If Ty (z) VT4 (y) > 0.5,
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then we get 7 (2 Yy) < Ty (x)VT4(y) < azVoy. Hence, Yy € T,(A, azVay). If Ty (x)VTy(y) < 0.5,
then T (z Y y) < 0.5. Now for each o, oy with a; V oy < 0.5, we have T (2 Y y) + o, V oy, < 1. Hence,
x Yy € Tp(d,a,Vay). Inboth cases, we obtain that Y y € T,v4(, oz V ). Similar statements can be
done for 7. Now, if z,y € Qand ., v, € (0,1]. Letx € F,(A,7,) andy € F,(,~,), then Fgy (x) > v,
and F(y) > ~, and by hypothesis, we have Fg (2 Yy) > A{Fu(2)ANFu(y),0.5}. If Foy(2) ANFa (y) < 0.5,
then Fy(x Y y) > Fy(x) N Fy(y). Hence, Fy(x Y y) > Yo A Yy, 02 Yy € F (72 A yy). If
Fa(x) N Fg(y) > 0.5, then Fy(x Y y) > 0.5. Hence for each v, v, with v, Ay, > 0.5, we have
Fg(x Y y) + 75 Ay > 1. Therefore, x Y y € T4(o,v; N 7y,). Hence, in both cases we obtain that
TY Y € T, v Ny)- O

Theorem 3.17. A neutrosophic set &/ = {< z,94(z), Iu(x), Fy(z) > z € Q}is an (z, 2 V £)-
neutrosophic UP-subalgebra of 2 if and only if the neutrosophic subsets T4 (&, «), Jx(, ) and F4 (<, )
are UP-subalgebras of 2 for for all o, 8 € [0,0.5) and y € (0.5, 1] whenever they are nonempty.

Proof. Assume that T4 (o, o), Fx (o, B) and F (o ,~y) are nonempty for all o, 5 € [0,0.5) and v € (0.5, 1].
Letz,y € T4 (9, a). Then Ty (x)+a < 1 and T (y)+a < 1. Then by Theorem[3.16] we have T (z Y y) <
V{Tx(x)V I4(y),0.5} and hence, Ty (z Y y) + o < V{Tw(x) V T4 (y),0.5} + . Thus, Ty (x Y y) +a <
V{Tx(x) + oV T4(y) + a,0.5 + o} and since o < 1, so we obtain that T (z Y y) + a < 1. Therefore,
x Yy e Ty(d,a)implies that T4 (o, o) is a UP-subalgebras of €.

By similar statements we can prove that %% (¢, ) is a UP-subalgebras of (2.

Now, let z,y € F4(,v). Then Fy(z) +~ > 1and Fy(y) + v > 1. By Theorem 3.16] Fy(z Y
y) > N Fa(x) N Fu(y),0.5} and hence Fy(z Y y) + v > N{Fu(x) A Fu(y),0.5} + ~ implies that
FalxYy)+v > N{Fa(x) + v AN Fg(y) +7,0.5 + ~}. Since v > 0.5, so each factor in the right side of
the inequality is greater than 1. Thus, F4(z Y y) + v > 1 which implies that x Y y € F4(«, ). Therefore,
Fx () is a UP-subalgebras of 2.

Conversely, let ag, a € [0,0.5) and let x € T,(,a,), y € T,(d,ay). Thus, Ty (x) < ap and Ty (y) <
o, and because a,, oy, € [0,0.5), 50 Ty () + a, < 1and Ty (y) + o, < 1 implies that z € T4 (A, o),
y € Tx(d, o). Since Tz (o) is a UP-subalgebra of Q for for all o € [0,0.5),s0x Yy € T (o, V o).
By similar statements we can prove thatif x € %,(, B;), y € (A, By). thenz Y y € Fx (A, Bz V By).
Now, suppose that © € F,(H,7Vz), y € F,(,v,) where 75,7, € (0.5,1]. Thus, Fy(x) > v, and

Fa(y) > vy, 50 Fy(x) + v, > 1and Fy(y) + v, > 1. Hence, x € F4(A,v,), y € Fz(,y,) implies
that z Y y € Fg (A, vz A yy). Therefore, of = {< x,Ty(x), Iy (), Fg(x) >z € Q}isan (z, 2 V #)-
neutrosophic UP-subalgebra of (). O

The following example shows that if o = {< z,Ty(x), Iy(x), Fgy(xr) > = € Q}isnot (n,2 V A)-
neutrosophic UP-subalgebra of €2, then at least one of the sets T (o, a), Fx (<, ) or Fx(f,7) is not a
UP-subalgebra of €.

Example 3.18. Let X = {0, a,b,c} and Y be defined as following Cayley table:

o|lo|s ||
(=] Re] Ne) ol )
(=] Rl - SN Nou Non
ols|s|ele

o OOl |

Table 5: UP-algebra

Let of = {< z,Ty4(x), Iy (x), Fg(x) >: x € Q} be a neutrosophic set defined as:

For all v € (0.5,1] and o, 8 € [0,0.5), we have Tz (<, ) = {0, c}, Fx (A, 5) = {0,b} and Fx (A ,7) =
{0,b,c} or Q2. Obviously, Fx(,v) is not a UP-subalgebra of 2. Also, we have b,c € F,(«/,0.6) b
bYc & F,(4,0.6) and b Y ¢ ¢ F4(4,0.6). Hence, b Y ¢ ¢ F,yz(,0.6). Therefore, o = {<
2, T (), Fq (), Fu(x) > € Q} is not (2, z V £)-neutrosophic UP-subalgebra of (2.
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Q) 9:7[({,6) jﬂ(l‘) 9{91(1})
0 0.4 0.3 0.8
a 0.8 0.7 0.3
b 0.7 0.4 0.6
c 0.5 0.6 0.7

Table 6: UP-algebra

Theorem 3.19. A neutrosophic set &/ = {< z,Ty(x), Iy(x), Fy(x) > x € Q} isan (n,2 V A)-
neutrosophic UP-subalgebra of 2 if and only if the neutrosophic subsets 7, (o, «), 5, (<, 8) and F, (<, )
are UP-subalgebras of () for for all o, 8 € [0.5,1) and y € (0, 0.5] whenever they are nonempty.

Proof. Assume that 7, (4, o), .F, (<, ) and &, (&, y) are nonempty for all o, 5 € [0.5,1) and vy € (0,0.5].
Let 2,y € I,(o, ). Then Jy(x) < a and J4(y) < o. By Theorem [3.16] we have Ty (z Y y) <
VA{Ta(x) vV T4(y),0.5} = o because o > 0.5. Therefore, z Y y € T,(, ).

I,(d, B) is a UP-subalgebras of (2 can be proved similarly.

Let 2,y € F,(o,a). Then Fy(z) > ~ and Ty(y) > ~. By Theorem [3.16] we have Fy(z Y y) >
MFa(x) N Fy(y),0.5} = because v < 0.5. Therefore, x Y y € F,(, 7).

The converse is obvious. O

Proposition 3.20. For each neutrosophic set o = {< x, Ty (x), Iy (2), Fo(x) > € Q}. If T4(A, @),
Fx (9, B) and F (< ,~y) are UP-subalgebras of §, then T, 4 (<, «), S,z (o, B) and F (A, y) are UP-
subalgebras of Q for for all o, 8 € [0,0.5) and y € (0.5, 1].

Proof. Letz,y € T,(o,a), then Ty (z) < acand Ty (y)
2ac < 1. By hypothesis, z Y y € Jx(d,a),sox Y y
subalgebra of ().

The other proofs are similar. O

< a. Hence, Ty (x)+a < 2a < land Ty (y)+a <
€ J,ve(d,a). Therefore, T,y5(d, o) is a UP-

Theorem 3.21. Let of = {< x, Ty (), Iy (2), Fo(x) >: © € Q} be a neutrosophic set. The nonempty sets
T,(d, ), F,(A,3)and F (szi ~y) are UP-subalgebras of € for for all «, 5 € [0.5,1) and v € (0, 0.5] if and
only if for all x,y € L

f]:y(l’ Y y) N0.5 < eC/’:y(SC) V 9/:2{(
Jg[(.’t Y y) N0.5 < jﬂ(l’) \/jg(
gﬂ(l‘ Y y) V0.5 > g&[(x) A\ gy{(

);
)
).

e e

Proof. If thereis z,y € Q2 such that Ty (x Y y) V0.5 > Ty (2) VI (y) = a, 30 Ty (z) < avand Ty (y) < a.
Hence z,y € 7,(4, ) and by hypothesis, 7, (<, «) is a UP-subalgebra of 2 implies that z Y y € T, («, «)
but we have Ty (x Y y) A 0.5 > « and since & > 0.5 implies that Ty (z Y y) > « which is contradiction.
Therefore, Ty (x Y y) A 0.5 < Ty(z) V Ty (y). By similar statements, we prove that S (z Y y) vV 0.5 <
jgy(x) V Jg(y)
Suppose there is z,y € Q such that F (x Y y) V0.5 < Fy(2) AFo(y) = 7, 80 Fy(z) > 7y and 9}24( ) > .
Hence x,y € %,(<,~) and by hypothesis, F, (<, ) is a UP-subalgebra of 2 implies that x,y € F,(,~)
but we have Fy(z Y y) V0.5 < vy and v < 0.5 implies that 4 (x Y y) < 7 which is contradlctlon Thus
Foa(3Y 9) V 0.5 > Fog () A Fou ().
Conversely, Let z,y € 7,(, «), then Ty(z) < o and T (y) < o Therefore, Ty (x) V T4 (y) < o and by
hypothesis, Ty (x Y y) AN0.5 < Ty (z)V Ty ( ) < a. Therefore, T (x Y y) A 0.5 < o but we have o > 0.5,
s0 Ty(x Y y) < «implies that x Y y € T,(o/, ). Thus, T,(, «) is a UP-subalgebra of 2. Similarly,
I,(d,B) and F,(o,~y) are UP-subalgebras of . O

Remark 3.22. In order the conditions of Theorem to be true, we must have 7 () > J4(0), Fy(x) >
F(0) and Fy(z) < F4(0) for each x € Q.
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In the following example, we have I (a) < T4(0) and F (b) < F4(0).

Example 3.23. Let X = {0, a,b,c} and Y be defined as following Cayley table:

o|lo|s ||
(=] Re] o) ol )
o|lo|lo| o T
ole|e|ele

ol Ol ®

Table 7: A UP-algebra

Let of = {< z,T4(x), Iu(x), Fu(x) >: © € Q} be a neutrosophic set defined as:

Q) 9:?7(.%‘> jﬂ(l‘) 9{9{(1})
0 0.6 0.3 0.8
a 0.2 0.7 0.3
b 0.7 0.1 0.4
c 0.5 0.6 0.5

Table 8: T (a) < Tz(0) and Fy (b) < F(0)

In this example, we have 7,(&/, a) = {a} when a € [0.5,0.8) which is not a a UP-subalgebras of 2. Also,
Ta(aY a)N0.5 £ Ty(a)V Ty (a). Also, Iy (bY b)AN0.5 £ Fy(b)V Iy (b). Here, I,(A, 5) = {0, b} when
B € [0.5,0.7) which is a UP-subalgebra but .7, (<, 3) is not a UP-subalgebra for all 5 € [0.5, 1) because,
F,(d,B) = {b} when 8 € [0.7,0.9) which is not a UP-subalgebra.

Proposition 3.24. For a neutrosophic set &/ = {< z,Ty(x), Iy (z), Foy(x) >: x € Q}. If the subsets
Tovu(d, ), Ipun(d, B) and F,y 5 (o, ) are UP-subalgebras of {2 for all i, 8 € [0, 1) and y € (0, 1], then
A ={<x,T4(x), Fuq(x), Fug(x) > x € Q} isa (n, z V £)-neutrosophic UP-subalgebras of ().

Proof. Suppose that 7,y 5 (&, o) is a UP-algebra and if there is 2, y € Q such that T (z Y y) > V/{Tw(z) V
T4(y),0.5}. Hence, there exists & € [0.5,1) such that Ty (x Y y) > a > \/{Ty(2)V T4 (y),0.5}. Therefore,
x,y € T,(d,a). Also, we have Ty (x Y y) > avand since o € [0.5, 1), s0 T (2 Y y) +« > 1. THus, neither
Ta(x Y y) <anor Iy(x Yy)+a < limpliesz Yy & T,vz(,a) which is contradiction. Therefore,
Ta (Y y) < V{Tu(z) V Tu(y), 0.5} O
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