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Abstract

In this paper we apply the neutrosophic set on the concept of the UP-algebra to obtain some types of neuro-
sophic sets satisfies certain conditions which are called neutrosophic Up-subalgebras. Several types of these
neutrosophic Up-subalgebras are introduced and their properties are investigated. Also, illustrative examples
are given when they are needed.
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1 Introduction

Mathematicians frequently apply algebraic structures across diverse fields, including theoretical physics, com-
puter science, control engineering, information science, coding theory, and topology. This extensive use pro-
vides strong motivation for researchers to revisit key concepts and findings in abstract algebra within the
broader framework of fuzzy settings. UP-algebras, a class of logical algebras introduced by Iampan,4 exhibit
a close relationship with posets. Recently, many researchers have focused on UP-algebras, utilizing them
in various mathematical domains such as group theory, fuzzy set theory, probability theory, topology, and
functional analysis. Numerous system identification problems involve inherently non-probabilistic character-
istics.15 Neutrosophic set theory has also been applied to multiple algebraic structures, with concepts like
neutrosophic points and various UP-subalgebras (ideals) explored in studies5, 6, 8, 11 and.7 The falling shadow
representation theory guides selection based on joint degree distributions, offering a reasonable and practical
approach to advancing the theory and application of fuzzy sets and fuzzy logic.

2 Definitions and Useful Results

In this section, we give the basic definitions and results on UP-algebras which are needed in the next chapters.
Also, we present some definitions and propositions of neutrosophic sets.

Definition 2.1. 12 Let Ω be a non-empty set. The neutrosophic set A (NS set) is written as A = {<
x,TA(x),IA(x),FA(x) >: x ∈ Ω} and the functions TA : Ω → [0, 1], IA : Ω → [0, 1], FA : Ω → [0, 1]
denotes the degree of truth membership, the degree of indeterminacy membership, the degree of falsity mem-
bership of elements of Ω respectively.

Definition 2.2. Let Ω be a non-empty set. The neutrosophic set A is called the null set if A = {< x, 0, 0, 1 >:
x ∈ Ω} (denoted by 0) and it is absolute if A = {< x, 1, 1, 0 >: x ∈ Ω} (denoted by 1). By Ac we mean
the neutrosophic set B = {< x, 1 − TA(x), 1 − IA(x), 1 − FA(x) >: x ∈ Ω}. TAc(x) = 1 − TA(x),
IAc(x) = 1−IA(x) and, FAc(x) = 1−TA(x) for all x ∈ Ω. Obviously, 0c = 1.
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Definition 2.3. 3 A UP-algebra is defined as (X,⋎, 0) where X ̸= φ, ⋎ is a binary operation and 0 is a
constant element which satisfies the following axioms: for all x, y, z ∈ Ω,

1. (x⋎ y)⋎ ((z ⋎ x)⋎ (z ⋎ y)) = 0,

2. 0⋎ x = x,

3. x⋎ 0 = 0, and

4. x⋎ y = 0 and y ⋎ x = 0 imply x = y.

In a UP-algebra (X,⋎, 0) a binary relation ≤ on Ω is defined as follows: for all x, y ∈ Ω,

x ≤ y ⇐⇒ x⋎ y = 0.

Proposition 2.4. 3 In a UP-algebra Ω, the following properties hold: for all x, y, z ∈ Ω,

1. x⋎ x = 0,

2. x⋎ y = 0, and y ⋎ z = 0 imply x⋎ z = 0,

3. x⋎ y = 0 implies (y ⋎ z)⋎ (x⋎ z) = 0, and

4. x⋎ (y ⋎ x) = 0.

Proposition 2.5. 1 In a UP-algebra Ω, the following properties hold: for all x, y, z ∈ Ω,

1. x ≤ x,

2. x ≤ y and y ≤ x imply x = y,

3. x ≤ y and y ≤ z imply x ≤ z,

4. x ≤ y implies z ⋎ x ≤ z ⋎ y,

5. x ≤ y implies y ⋎ z ≤ x⋎ z, and

6. x ≤ y ⋎ x.

Definition 2.6. 3 A subset S of a UP-algebra Ω is called a UP-subalgebra of Ω if it satisfies:

1. 0 ∈ S, and

2. x⋎ y ∈ S for all x, y ∈ S.

Lemma 2.7. 10 If U and V are two subsets of a UP-algebra Ω such that U ∩ V ̸= φ, then 0 ∈ U ⋎ V .

Proposition 2.8. 13 Let Ω be a non-empty set and b ∈ Ω. Define an operation ⋎ on Ω as:

x⋎ y =

{
y : x ̸= y,
b : otherwise.

For all x, y ∈ Ω, then (X,⋎, b) is a UP-algebra.

Proposition 2.9. 13 Let Ω be a non-empty totally ordered set and b ∈ Ω. Define an operation ⋎ on Ω as:

x⋎ y =

{
y : x < y or x = b,
b : otherwise.

For all x, y ∈ Ω, then (X,⋎, b) is a UP-algebra.
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Proposition 2.10. 13 Let Ω be a non-empty totally ordered set and b ∈ Ω. Define an operation ⋎ on Ω as:

x⋎ y =

{
y : x > y or x = b,
b : otherwise.

For all x, y ∈ Ω, then (X,⋎, b) is a UP-algebra.

Definition 2.11. 14 A fuzzy set λ in Ω is called a fuzzy UP-subalgebra of Ω, if for any x, y ∈ Ω, λ(x ⋎ y) ≥
min{λ(x), λ(y)}.

Definition 2.12. 9 If A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is a neutrosophic set and for α, β ∈ (0, 1],
γ ∈ [0, 1), the following neutrosphic subsets of Ω are defined:

Tϵ(A, α) = {x ∈ Ω : TA(x) ≥ α},
Iϵ(A, β) = {x ∈ Ω : IA(x) ≥ β},
Fϵ(A, γ) = {x ∈ Ω : FA(x) ≤ γ}.

Tq(A, α) = {x ∈ Ω : TA(x) + α > 1},
Iq(A, β) = {x ∈ Ω : IA(x) + β > 1},
Fq(A, γ) = {x ∈ Ω : FA(x) + γ < 1}.

Definition 2.13. 9 A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} of Ω is called (ψ, ξ)-
neutrosophic UP-subalgebra of Ω , if for all x, y ∈ Ω:

x ∈ Tψ(A, αx), y ∈ Tψ(A, αy) implies x⋎ y ∈ Tξ(A, αx ∧ αy),
x ∈ Iψ(A, βx), y ∈ Iψ(A, βy) implies x⋎ y ∈ Iξ(A, βx ∧ βy),
x ∈ Fψ(A, γx), y ∈ Fψ(A, γy) implies x⋎ y ∈ Fξ(A, γx ∨ γy).

for all γx, γy ∈ [0, 1), βx, βy, αx, αy ∈ (0, 1] where ψ, ξ ∈ {ϵ, q}.

3 Some Types of Neurosphic UP-subalgebras

Definition 3.1. Given a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} and for γ ∈ (0, 1],
β, α ∈ [0, 1), we define the following neutrosphic subsets of Ω:

Tp(A, α) = {x ∈ Ω : TA(x) ≤ α},
Ip(A, β) = {x ∈ Ω : IA(x) ≤ β},
Fp(A, γ) = {x ∈ Ω : FA(x) ≥ γ}

Definition 3.2. Given a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} and for γ ∈ (0, 1],
β, α ∈ [0, 1), we define the following neutrosphic subsets of Ω:

Tk(A, α) = {x ∈ Ω : TA(x) + α < 1},
Ik(A, β) = {x ∈ Ω : IA(x) + β < 1},
Fk(A, γ) = {x ∈ Ω : FA(x) + γ > 1}.

Definition 3.3. Given a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} and for γ ∈ (0, 1],
β, α ∈ [0, 1), we define the following neutrosphic subsets of Ω:

Tp∨k(A, α) = {x ∈ Ω : TA(x) + α < 1 or TA(x) ≤ α},
Ip∨k(A, β) = {x ∈ Ω : IA(x) + β < 1 or IA(x) ≤ β},
Fp∨k(A, γ) = {x ∈ Ω : FA(x) + γ > 1 or FA(x) ≥ γ}.
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Definition 3.4. A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} of Ω is called (e, s)-
neutrosophic UP-subalgebra of Ω, if for all x, y ∈ Ω:

x ∈ Te(A, αx), y ∈ Te(A, αy) implies x⋎ y ∈ Ts(A, αx ∨ αy)
x ∈ Ie(A, βx), y ∈ Ie(A, βy) implies x⋎ y ∈ Is(A, βx ∨ βy),
x ∈ Fe(A, γx), y ∈ Fe(A, γy) implies x⋎ y ∈ Fs(A, γx ∧ γy).

for all γx, γy ∈ (0, 1], βx, βy, αx, αy ∈ [0, 1) where e, s ∈ {p,k}.

Obviously, the null neutrosophic set is (p,p)-neutrosophic UP-subalgebra of Ω.

Proposition 3.5. Given a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} and for γ ∈ (0, 1],
β, α ∈ [0, 1), then

Tp(A, α) = Tϵ(A
c, 1− α),

Ip(A, β) = Iϵ(A
c, 1− β),

Fp(A, γ) = Fϵ(A
c, 1− γ).

Proof. Suppose that x ∈ Tp(A, α) ⇐⇒ TA(x) ≤ α ⇐⇒ 1 − TA(x) ≥ 1 − α ⇐⇒ TAc(x) ≥ 1 − α
⇐⇒ x ∈ Tϵ(A

c, 1 − α). Hence, Tp(A, α) = Tϵ(A
c, 1 − α). By similar statements we can prove that

Ip(A, β) = Iϵ(A
c, 1− β).

Suppose that x ∈ Fp(A, γ) ⇐⇒ FA(x) ≥ γ ⇐⇒ 1 − FA(x) ≤ 1 − γ ⇐⇒ FAc(x) ≤ 1 − γ ⇐⇒
x ∈ Fϵ(A

c, 1− γ). Hence, Fp(A, γ) = Fϵ(A
c, 1− γ).

Proposition 3.6. Given a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} and for γ ∈ (0, 1],
β, α ∈ [0, 1), then

Tq(A, α) = Tk(A
c, 1− α),

Iq(A, β) = Ik(A
c, 1− β),

Fq(A, γ) = Fk(A
c, 1− γ).

Proof. Suppose that x ∈ Tq(A, α) ⇐⇒ TA(x)+α > 1 ⇐⇒ 1−TA(x)−α < 0 ⇐⇒ TAc(x)+(1−α) < 1
⇐⇒ x ∈ Tk(A

c, 1 − α). Hence, Tq(A, α) = Tk(A
c, 1 − α). By similar statements we can prove that

Iq(A, β) = Ik(A
c, 1− β).

Suppose that x ∈ Fq(A, γ) ⇐⇒ FA(x) + γ < 1 ⇐⇒ 1−FA(x)− γ > 0 ⇐⇒ FAc(x) + (1− γ) > 1
⇐⇒ x ∈ Fk(A

c, 1− γ). Hence, Fq(A, γ) = Fk(A
c, 1− γ).

Proposition 3.7. If A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is a netrosophic set of Ω and for each
x, y ∈ Ω with αx, αy, βx.βy ∈ (0, 1], γx, γy ∈ [0, 1), then

Tp

(
A, (1− αx) ∨ (1− αy)

)
= Tϵ(A

c, αx ∧ αy).
Ip

(
A, (1− βx) ∨ (1− βy)

)
= Iϵ(A

c, βx ∧ βy).
Fp

(
A, (1− γx ∧ (1− γy)

)
= Fϵ(A

c, γx ∨ γy).

Proof. Let x ∈ Tp

(
A, (1−αx)∨ (1−αy)

)
⇐⇒ x ∈ Tp

(
A, 1− (αx∧αy)

)
⇐⇒ TA(x) ≤ 1− (αx∧αy)

⇐⇒ 1−TA(x) ≥ αx ∧ αy ⇐⇒ TAc ≥ αx ∧ αy ⇐⇒ x ∈ Tϵ(A
c, αx ∧ αy). Hence, Tp

(
A, (1− αx) ∨

(1− αy)
)
= Tϵ(A

c, αx ∧ αy).
The proof of the second condition is similar.
Now x ∈ Fp

(
A, (1− γx ∧ (1− γy)

)
⇐⇒ x ∈ Fp

(
A, 1− (γx ∨ γy)

)
⇐⇒ FA(x) ≥ 1− (γx ∨ γy) ⇐⇒

1−FA(x) ≤ γx∨γy ⇐⇒ FAc(x) ≤ γx∨γy x ∈ Fϵ(A
c, γx∨γy). Therefore, Fp

(
A, (1−γx∧(1−γy)

)
=

Fϵ(A
c, γx ∨ γy).

Proposition 3.8. If A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is a netrosophic set of Ω and for each
x, y ∈ Ω with α1, α2, β1.β2 ∈ [0, 1), γ1, γ2 ∈ (0, 1], then
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Tk

(
A, α1 ∨ α2

)
= Tq(A

c, (1− α1) ∧ (1− α2)).
Ik

(
A, β1 ∨ β2

)
= Iq(A

c, (1− β1) ∧ (1− β2)).
Fk

(
A, γ1 ∧ γ2

)
= Fq(A

c, (1− γ1) ∨ (1− γ2)).

Proof. Let x ∈ Tk

(
A, α1 ∨ α2

)
, then TA(x) + α1 ∨ α2 < 1 if and only if 1 − TA(x) − (α1 ∨ α2) > 0 if

and only if TAc(x) + (1 − (α1 ∨ α2)) > 1 if and only if TAc(x) + (1 − α1) ∧ (1 − α2)) > 1 if and only if
x ∈ Tq(A

c, (1− α1) ∧ (1− α2)).

Proposition 3.9. A neutrosophic set A = {x :< TA(x),IA(x),FA(x) >, x ∈ Ω} of Ω is (p,p)-neutrosophic
UP-subalgebra of Ω if and only if Ac = {x :< 1 − TA(x), 1 − IA(x), 1 − FA(x) >, x ∈ Ω} is (ϵ, ϵ)-
neutrosophic UP-subalgebra of Ω.

Proof. Suppose that A = {x :< TA(x),IA(x),FA(x) >, x ∈ Ω} is (p,p)-neutrosophic subalgebra of
Ω and let x ∈ Tϵ(A

c, αx), y ∈ Tϵ(A
c, αy). Hence, TAc(x) ≥ αx and TAc(y) ≥ αy implies that 1 −

TA(x) ≥ αx and 1 − TA(y) ≥ αy . Hence, TA(x) ≤ 1 − αx and TA(y) ≤ 1 − αy . Since A = {x :<
TA(x),IA(x),FA(x) >, x ∈ Ω} is (p,p)-neutrosophic subalgebra of Ω, so x ⋎ y ∈ Tp

(
A, (1 − αx) ∨

(1 − αy)
)
= Tp

(
A, 1 − (αx ∧ αy)

)
= Tϵ(A

c, αx ∧ αy). By similar statements we prove that if x ∈
Iϵ(A

c, βx), y ∈ Iϵ(A
c, βy), then x ⋎ y ∈ Iϵ(A

c, βx ∧ βy). Now, let x ∈ Fϵ(A
c, γx), y ∈ Fϵ(A

c, γy),
then FAc(x) ≤ γx and FAc(y) ≤ γy . Hence, 1−FA(x) ≤ γx and 1−FA(y) ≤ γy implies 1−γx ≤ FA(x)
and 1 − γy ≤ FA(y). Therefore, x ∈ Fp(A, 1 − γx) and y ∈ Fp(A, 1 − γy), so by hypothesis x ⋎ y ∈
Fp

(
A, (1− γx) ∧ (1− γy)

)
= Fp

(
A, (1− (γx ∨ γy)

)
= Fϵ(A

c, αx ∨ αy). This completes the proof.

Theorem 3.10. If A = {x : TA(x),IA(x),FA(x), x ∈ Ω} is (p,p)-neutrosophic subalgebra of Ω, then
each of Tp(A, α), Ip(A, β) and Fp(A,Γ) contain 0 whenever they are nonempty.

Proof. If Tp(A, α) ̸= φ, then there exists a point x ∈ Ω such that x ∈ Tp(A, α). From the definition, we
have 0 = x⋎ x ∈ Tp(A, α). Similarly, Ip(A, β) and Fp(A,Γ) contain 0.

Theorem 3.11. A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} of Ω is (p,p)-neutrosophic
subalgebra of Ω if and only if for all x, y ∈ Ω:

TA(x⋎ y) ≤ TA(x) ∨TA(y),
IA(x⋎ y) ≤ IA(x) ∨IA(y),
FA(x⋎ y) ≥ FA(x) ∧FA(y).

Proof. Suppose that A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} of Ω is (p,p)-neutrosophic subalgebra
of Ω. If there exist x, y ∈ Ω such that TA(x⋎ y) > TA(x)∨TA(y). Then there exists an α ∈ [0, 1) such that
TA(x⋎y) > α ≥ TA(x)∨TA(y). This implies that x ∈ Tp(A, α), y ∈ Tp(A, α) but x⋎y /∈ Tp(A, γ∨α)
which is contradiction. If FA(x⋎y) < FA(x)∧FA(y) for some x, y ∈ Ω, so there exists γ ∈ (0, 1] such that
FA(x ⋎ y) < γ ≤ FA(x) ∧FA(y) implies x, y ∈ Fp(A, γ) but x ⋎ y /∈ Fp(A, γ) which is contradiction.
The third condition is similar.

Theorem 3.12. If A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (p,p)-neutrosophic UP-subalgebra
of Ω, then Tk(A, α), Ik(A, β) and Fk(A, γ) are UP-subalgebras of Ω for all γ ∈ (0, 1] and α, β ∈ [0, 1)
whenever they are nonempty.

Proof. Suppose that x, y ∈ Tk(A, α), then by definition, TA(x) + α < 1 and TA(y) + α < 1. Since
A = {x : TA(x),IA(x),FA(x), x ∈ Ω} of Ω is (p,p)-neutrosophic subalgebra of Ω, so by Theorem 3.11,
TA(x⋎y) ≤ TA(x)∨TA(y). Hence, TA(x⋎y)+α ≤ TA(x)∨TA(y)+α ≤ {TA(x)+α}∨{TA(y)+α} < 1.
Therefore, x⋎ y ∈ Tk(A, α) implies that Tk(A, α) is a UP-subalgebras of Ω.

Example 3.13. Let X = {0, a, b, c} and ⋎ be defined as following Cayley table:

Let A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} be a neutrosophic set defined as:
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⋎ 0 a b c
0 0 a b c
a 0 0 c b
b 0 a 0 c
c 0 a a 0

Table 1: UP-algebra

Ω TA(x) IA(x) FA(x)
0 0.6 0.6 0.5
a 0.7 0.6 0.5
b 0.7 0.7 0.5
c 0.8 0.7 0.5

Table 2: UP-algebra

For all γ ∈ (0, 1] and α, β ∈ [0, 1), we have

Tk(A, α) =

 X When α ∈ [0, 0.2),
{0, a, b} When α ∈ [0.2, 0.3),

φ or {0} When α ∈ [0.3, 1).

Ik(A, β) =

 X When β ∈ [0, 0.3),
{0, a} When β ∈ [0.3, 0.4),
φ When β ∈ [0.4, 1).

Fk(A, γ) =

{
X When γ ∈ (0.5, 1],
φ When γ ∈ (0, 0.5].

Obviously, Tk(A, α), Ik(A, β) and Fk(A, γ) are UP-subalgebras of Ω. But, we have TA(a) = TA(b) = 0.7
and TA(a⋎b) = TA(c) = 0.8, so TA(b⋎a) ≰ TA(b)∨TA(a). Hence,A = {x : TA(x),IA(x),FA(x), x ∈
Ω} is not a neutrosophic (p,p) UP-subalgebra.

Theorem 3.14. If A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (k,p ∨ k)-neutrosophic UP-
subalgebra of Ω, then Tk(A, α), Ik(A, β) and Fk(A, γ) are UP-subalgebras of Ω for all γ ∈ (0.5, 1]
and α, β ∈ [0, 0.5) whenever they are nonempty.

Proof. Let x, y ∈ Tk(A, α), then by hypothesis either x⋎y ∈ Tk(A, α) or x⋎y ∈ Tp(A, α), so TA(x⋎y) ≤
α. Since α < 0.5, so α < 1− α implies that TA(x⋎ y) + α < 1. Therefore, x⋎ y ∈ Tk(A, α).
By similar statements we can prove that Ik(A, β) is a UP-subalgebras of Ω.
Let x, y ∈ Fk(A, γ), so by hypothesis, either x⋎y ∈ Fk(A, γ), or x⋎y ∈ Fp(A, γ). Hence, FA(x⋎y) ≥ γ.
Since γ > 0.5, so FA(x ⋎ y) + γ ≥ 2γ > 1. Therefore, x ⋎ y ∈ Fk(A, γ) implies that Fk(A, γ) is a UP-
subalgebras of Ω.

If A = {x : TA(x),IA(x),FA(x), x ∈ Ω} is an (k,p)-neutrosophic UP-subalgebra of Ω, then Tk(A, α),
Ik(A, β) and Fk(A, γ) may not be subalgebras as it is shown in the following example.

Example 3.15. Let X = {0, a, b, c} and ⋎ be defined as following Cayley table:

Let A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} be a neutrosophic set defined as:
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⋎ 0 a b c
0 0 a b c
a 0 0 b c
b 0 0 0 c
c 0 a b 0

Table 3: UP-algebra

Ω TA(x) IA(x) FA(x)
0 0.4 0.4 0.7
a 0.3 0.7 0.5
b 0.4 0.6 0.5
c 0.8 0.6 0.5

Table 4: (k,p ∨ k)-neutrosophic UP-subalgebra of Ω

By simple calculation, we can see that A is an (k,p ∨ k)-neutrosophic UP-subalgebra of Ω. Now we have

Tk(A, α) =

 X When α ∈ [0, 0.2),
{0, a, b} When α ∈ [0.2, 0.6),
{a} When α ∈ [0.6, 0.7).

We have when α = 0.6, a ∈ Tk(A, 0.6) but a⋎ a = 0 /∈ Tk(A, 0.6).

Theorem 3.16. A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (p,p ∨ k)-
neutrosophic UP-subalgebra of Ω if and only if for all x, y ∈ Ω:

TA(x⋎ y) ≤
∨
{TA(x) ∨TA(y), 0.5},

IA(x⋎ y) ≤
∨
{IA(x) ∨IA(y), 0.5},

FA(x⋎ y) ≥
∧
{FA(x) ∧FA(y), 0.5}.

Proof. Suppose that A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} of Ω is (p,p ∨k)-neutrosophic subalge-
bra of Ω. If there exist x, y ∈ Ω such that TA(x)∨TA(y) ≥ 0.5. Then, we get TA(x⋎ y) ≤ TA(x)∨TA(y).
Suppose that TA(x⋎ y) >

∨
{TA(x) ∨TA(y), 0.5} for some x, y ∈ Ω. Hence, we have the following cases:

(Case 1) If TA(x) ∨TA(y) ≥ 0.5, then TA(x ⋎ y) > TA(x) ∨TA(y) . If we choose 0.5 < α ∈ [0, 1), then
we get TA(x⋎ y) > α ≥ TA(x)∨TA(y). Also, we have TA(x⋎ y)+α > 1 implies that x⋎ y /∈ Tk(A, α).
Therefore, x ∈ Tp(A, α), y ∈ Tp(A, α) but x⋎ y /∈ Tp∨k(A, γ ∨ α) which is contradiction.
(Case 2) If TA(x)∨TA(y) ≤ 0.5, then TA(x⋎y) > 0.5. Hence, x ∈ Tp(A, 0.5), y ∈ Tp(A, 0.5) and x⋎y /∈
Tp(A, 0.5). Also, we have TA(x⋎y)+0.5 > 1 implies that x⋎y /∈ Tk(A, 0.5). Hence, x⋎y /∈ Tp∨k(A, 0.5)
which is contradiction. By similar statements, we can prove IA(x⋎ y) ≤

∨
{IA(x) ∨IA(y), 0.5}.

Now, suppose that there exist x, y ∈ Ω such that FA(x ⋎ y) <
∧
{FA(x) ∧FA(y), 0.5}. Then we have the

following cases:
Case 1, if FA(x) ∧ FA(y) ≤ 0.5, then FA(x ⋎ y) < FA(x) ∧ FA(y), so there exists γ < 0.5 such that
FA(x ⋎ y) < γ ≤ FA(x) ∧FA(y). Therefore, x ∈ Fp(A, γ), y ∈ Fp(A, γ) but x ⋎ y /∈ Fp(A, γ ∧ γ).
Also, we have FA(x ⋎ y) + γ < 1, so x ⋎ y /∈ Fk(A, γ ∧ γ). Hence, x ∈ Fp(A, γ), y ∈ Fp(A, γ) but
x⋎ y /∈ Fp∨k(A, γ ∧ γ) which is contradiction.
Case 2, if FA(x)∧FA(y) ≥ 0.5, then FA(x⋎ y) < 0.5. This implies that x ∈ Fp(A, 0.5), y ∈ Fp(A, 0.5)
and x ⋎ y /∈ Fp(A, 0.5). Also, we have FA(x ⋎ y) + 0.5 < 1 implies that x ⋎ y /∈ Fk(A, 0.5). Hence,
x ∈ Fp(A, 0.5), y ∈ Fp(A, 0.5) and x ⋎ y /∈ Fp∨k(A, 0.5) again we get a contradiction. Therefore,
FA(x⋎ y) ≥

∧
{FA(x) ∧FA(y), 0.5} for all x, y ∈ Ω.

Conversely, suppose that the neutrosophic set A = {x : TA(x),IA(x),FA(x), x ∈ Ω} satisfies the condition
of the theorem. Let x, y ∈ Ω and αx, αy ∈ [0, 1). Let x ∈ Tp(A, αx) and y ∈ Tp(A, αy), then TA(x) ≤ αx
and TA(y) ≤ αy and by hypothesis, we have TA(x⋎y) ≤

∨
{TA(x)∨TA(y), 0.5}. If TA(x)∨TA(y) ≥ 0.5,
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then we get TA(x⋎y) ≤ TA(x)∨TA(y) ≤ αx∨αy . Hence, x⋎y ∈ Tp(A, αx∨αy). If TA(x)∨TA(y) ≤ 0.5,
then TA(x⋎ y) ≤ 0.5. Now for each αx, αy with αx ∨αy < 0.5, we have TA(x⋎ y)+αx ∨αy < 1. Hence,
x⋎ y ∈ Tk(A, αx ∨αy). In both cases, we obtain that x⋎ y ∈ Tp∨k(A, αx ∨αy). Similar statements can be
done for IA . Now, if x, y ∈ Ω and γx, γy ∈ (0, 1]. Let x ∈ Fp(A, γx) and y ∈ Fp(A, γy), then FA(x) ≥ γx
and FA(y) ≥ γy and by hypothesis, we have FA(x⋎y) ≥

∧
{FA(x)∧FA(y), 0.5}. If FA(x)∧FA(y) ≤ 0.5,

then FA(x ⋎ y) ≥ FA(x) ∧ FA(y). Hence, FA(x ⋎ y) ≥ γx ∧ γy , so x ⋎ y ∈ Fp(A, γx ∧ γy). If
FA(x) ∧ FA(y) ≥ 0.5, then FA(x ⋎ y) ≥ 0.5. Hence for each γx, γy with γx ∧ γy > 0.5, we have
FA(x ⋎ y) + γx ∧ γy > 1. Therefore, x ⋎ y ∈ Tk(A, γx ∧ γy). Hence, in both cases we obtain that
x⋎ y ∈ Tp∨k(A, γx ∧ γy).

Theorem 3.17. A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (p,p ∨ k)-
neutrosophic UP-subalgebra of Ω if and only if the neutrosophic subsets Tk(A, α), Ik(A, β) and Fk(A, γ)
are UP-subalgebras of Ω for for all α, β ∈ [0, 0.5) and γ ∈ (0.5, 1] whenever they are nonempty.

Proof. Assume that Tk(A, α), Ik(A, β) and Fk(A, γ) are nonempty for all α, β ∈ [0, 0.5) and γ ∈ (0.5, 1].
Let x, y ∈ Tk(A, α). Then TA(x)+α < 1 and TA(y)+α < 1. Then by Theorem 3.16, we have TA(x⋎y) ≤∨
{TA(x)∨TA(y), 0.5} and hence, TA(x⋎ y)+α ≤

∨
{TA(x)∨TA(y), 0.5}+α. Thus, TA(x⋎ y)+α ≤∨

{TA(x) + α ∨ TA(y) + α, 0.5 + α} and since α < 1, so we obtain that TA(x ⋎ y) + α < 1. Therefore,
x⋎ y ∈ Tk(A, α) implies that Tk(A, α) is a UP-subalgebras of Ω.
By similar statements we can prove that Ik(A, α) is a UP-subalgebras of Ω.
Now, let x, y ∈ Fk(A, γ). Then FA(x) + γ > 1 and FA(y) + γ > 1. By Theorem 3.16, FA(x ⋎
y) ≥

∧
{FA(x) ∧ FA(y), 0.5} and hence FA(x ⋎ y) + γ ≥

∧
{FA(x) ∧ FA(y), 0.5} + γ implies that

FA(x ⋎ y) + γ ≥
∧
{FA(x) + γ ∧FA(y) + γ, 0.5 + γ}. Since γ > 0.5, so each factor in the right side of

the inequality is greater than 1. Thus, FA(x ⋎ y) + γ > 1 which implies that x ⋎ y ∈ Fk(A, γ). Therefore,
Fk(A, γ) is a UP-subalgebras of Ω.
Conversely, let αx, αy ∈ [0, 0.5) and let x ∈ Tp(A, αx), y ∈ Tp(A, αy). Thus, TA(x) ≤ αx and TA(y) ≤
αy and because αx, αy ∈ [0, 0.5), so TA(x) + αx < 1 and TA(y) + αy < 1 implies that x ∈ Tk(A, αx),
y ∈ Tk(A, αy). Since Tk(A, α) is a UP-subalgebra of Ω for for all α ∈ [0, 0.5), so x⋎ y ∈ Tk(A, αx ∨αy).
By similar statements we can prove that if x ∈ Ip(A, βx), y ∈ Ip(A, βy), then x⋎ y ∈ Ik(A, βx ∨ βy).
Now, suppose that x ∈ Fp(A, γx), y ∈ Fp(A, γy) where γx, γy ∈ (0.5, 1]. Thus, FA(x) ≥ γx and
FA(y) ≥ γy , so FA(x) + γx > 1 and FA(y) + γy > 1. Hence, x ∈ Fk(A, γx), y ∈ Fk(A, γy) implies
that x ⋎ y ∈ Fk(A, γx ∧ γy). Therefore, A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (p,p ∨ k)-
neutrosophic UP-subalgebra of Ω.

The following example shows that if A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is not (p,p ∨ k)-
neutrosophic UP-subalgebra of Ω, then at least one of the sets Tk(A, α), Ik(A, β) or Fk(A, γ) is not a
UP-subalgebra of Ω.

Example 3.18. Let X = {0, a, b, c} and ⋎ be defined as following Cayley table:

⋎ 0 a b c
0 0 a b c
a 0 0 a a
b 0 0 0 a
c 0 a 0 0

Table 5: UP-algebra

Let A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} be a neutrosophic set defined as:

For all γ ∈ (0.5, 1] and α, β ∈ [0, 0.5), we have Tk(A, α) = {0, c}, Ik(A, β) = {0, b} and Fk(A, γ) =
{0, b, c} or Ω. Obviously, Fk(A, γ) is not a UP-subalgebra of Ω. Also, we have b, c ∈ Fp(A, 0.6) but
b ⋎ c /∈ Fp(A, 0.6) and b ⋎ c /∈ Fk(A, 0.6). Hence, b ⋎ c /∈ Fp∨k(A, 0.6). Therefore, A = {<
x,TA(x),IA(x),FA(x) >: x ∈ Ω} is not (p,p ∨ k)-neutrosophic UP-subalgebra of Ω.
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Ω TA(x) IA(x) FA(x)
0 0.4 0.3 0.8
a 0.8 0.7 0.3
b 0.7 0.4 0.6
c 0.5 0.6 0.7

Table 6: UP-algebra

Theorem 3.19. A neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is an (p,p ∨ k)-
neutrosophic UP-subalgebra of Ω if and only if the neutrosophic subsets Tp(A, α), Ip(A, β) and Fp(A, γ)
are UP-subalgebras of Ω for for all α, β ∈ [0.5, 1) and γ ∈ (0, 0.5] whenever they are nonempty.

Proof. Assume that Tp(A, α), Ip(A, β) and Fp(A, γ) are nonempty for all α, β ∈ [0.5, 1) and γ ∈ (0, 0.5].
Let x, y ∈ Tp(A, α). Then TA(x) ≤ α and TA(y) ≤ α. By Theorem 3.16, we have TA(x ⋎ y) ≤∨
{TA(x) ∨TA(y), 0.5} = α because α > 0.5. Therefore, x⋎ y ∈ Tp(A, α).

Ip(A, β) is a UP-subalgebras of Ω can be proved similarly.
Let x, y ∈ Fp(A, α). Then FA(x) ≥ γ and TA(y) ≥ γ. By Theorem 3.16, we have FA(x ⋎ y) ≥∧
{FA(x) ∧FA(y), 0.5} = γ because γ ≤ 0.5. Therefore, x⋎ y ∈ Fp(A, γ).

The converse is obvious.

Proposition 3.20. For each neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω}. If Tk(A, α),
Ik(A, β) and Fk(A, γ) are UP-subalgebras of Ω, then Tp∨k(A, α), Ip∨k(A, β) and Fp∨k(A, γ) are UP-
subalgebras of Ω for for all α, β ∈ [0, 0.5) and γ ∈ (0.5, 1].

Proof. Let x, y ∈ Tp(A, α), then TA(x) ≤ α and TA(y) ≤ α. Hence, TA(x)+α ≤ 2α < 1 and TA(y)+α ≤
2α < 1. By hypothesis, x ⋎ y ∈ Tk(A, α), so x ⋎ y ∈ Tp∨k(A, α). Therefore, Tp∨k(A, α) is a UP-
subalgebra of Ω.
The other proofs are similar.

Theorem 3.21. Let A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} be a neutrosophic set. The nonempty sets
Tp(A, α), Ip(A, β) and Fp(A, γ) are UP-subalgebras of Ω for for all α, β ∈ [0.5, 1) and γ ∈ (0, 0.5] if and
only if for all x, y ∈ Ω:

TA(x⋎ y) ∧ 0.5 ≤ TA(x) ∨TA(y),
IA(x⋎ y) ∧ 0.5 ≤ IA(x) ∨IA(y),
FA(x⋎ y) ∨ 0.5 ≥ FA(x) ∧FA(y).

Proof. If there is x, y ∈ Ω such that TA(x⋎ y)∨ 0.5 > TA(x)∨TA(y) = α, so TA(x) ≤ α and TA(y) ≤ α.
Hence x, y ∈ Tp(A, α) and by hypothesis, Tp(A, α) is a UP-subalgebra of Ω implies that x⋎ y ∈ Tp(A, α)
but we have TA(x ⋎ y) ∧ 0.5 > α and since α > 0.5 implies that TA(x ⋎ y) > α which is contradiction.
Therefore, TA(x ⋎ y) ∧ 0.5 ≤ TA(x) ∨ TA(y). By similar statements, we prove that IA(x ⋎ y) ∨ 0.5 ≤
IA(x) ∨IA(y).
Suppose there is x, y ∈ Ω such that FA(x⋎ y)∨ 0.5 < FA(x)∧FA(y) = γ, so FA(x) ≥ γ and FA(y) ≥ γ.
Hence x, y ∈ Fp(A, γ) and by hypothesis, Fp(A, γ) is a UP-subalgebra of Ω implies that x, y ∈ Fp(A, γ)
but we have FA(x ⋎ y) ∨ 0.5 < γ and γ < 0.5 implies that FA(x ⋎ y) < γ which is contradiction. Thus
FA(x⋎ y) ∨ 0.5 ≥ FA(x) ∧FA(y).
Conversely, Let x, y ∈ Tp(A, α), then TA(x) ≤ α and TA(y) ≤ α. Therefore, TA(x) ∨TA(y) ≤ α and by
hypothesis, TA(x⋎ y) ∧ 0.5 ≤ TA(x) ∨TA(y) ≤ α. Therefore, TA(x⋎ y) ∧ 0.5 ≤ α but we have α > 0.5,
so TA(x ⋎ y) ≤ α implies that x ⋎ y ∈ Tp(A, α). Thus, Tp(A, α) is a UP-subalgebra of Ω. Similarly,
Ip(A, β) and Fp(A, γ) are UP-subalgebras of Ω.

Remark 3.22. In order the conditions of Theorem 3.21 to be true, we must have TA(x) ≥ TA(0), IA(x) ≥
IA(0) and FA(x) ≤ FA(0) for each x ∈ Ω.
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In the following example, we have TA(a) < TA(0) and IA(b) < IA(0).

Example 3.23. Let X = {0, a, b, c} and ⋎ be defined as following Cayley table:

⋎ 0 a b c
0 0 a b c
a 0 0 b c
b 0 a 0 c
c 0 a b 0

Table 7: A UP-algebra

Let A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} be a neutrosophic set defined as:

Ω TA(x) IA(x) FA(x)
0 0.6 0.3 0.8
a 0.2 0.7 0.3
b 0.7 0.1 0.4
c 0.5 0.6 0.5

Table 8: TA(a) < TA(0) and IA(b) < IA(0)

In this example, we have Tp(A, α) = {a} when α ∈ [0.5, 0.8) which is not a a UP-subalgebras of Ω. Also,
TA(a⋎a)∧0.5 ̸≤ TA(a)∨TA(a). Also, IA(b⋎ b)∧0.5 ̸≤ IA(b)∨IA(b). Here, Ip(A, β) = {0, b} when
β ∈ [0.5, 0.7) which is a UP-subalgebra but Ip(A, β) is not a UP-subalgebra for all β ∈ [0.5, 1) because,
Ip(A, β) = {b} when β ∈ [0.7, 0.9) which is not a UP-subalgebra.

Proposition 3.24. For a neutrosophic set A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω}. If the subsets
Tp∨k(A, α), Ip∨k(A, β) and Fp∨k(A, γ) are UP-subalgebras of Ω for all α, β ∈ [0, 1) and γ ∈ (0, 1], then
A = {< x,TA(x),IA(x),FA(x) >: x ∈ Ω} is a (p,p ∨ k)-neutrosophic UP-subalgebras of Ω.

Proof. Suppose that Tp∨k(A, α) is a UP-algebra and if there is x, y ∈ Ω such that TA(x⋎ y) >
∨
{TA(x)∨

TA(y), 0.5}. Hence, there exists α ∈ [0.5, 1) such that TA(x⋎y) > α ≥
∨
{TA(x)∨TA(y), 0.5}. Therefore,

x, y ∈ Tp(A, α). Also, we have TA(x⋎ y) > α and since α ∈ [0.5, 1), so TA(x⋎ y)+α > 1. THus, neither
TA(x ⋎ y) ≤ α nor TA(x ⋎ y) + α < 1 implies x ⋎ y ̸∈ Tp∨k(A, α) which is contradiction. Therefore,
TA(x⋎ y) ≤

∨
{TA(x) ∨TA(y), 0.5}.
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