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Abstract

In this study, we establish fixed point theorems for Pw,-contractions within b-metric spaces by utilizing w;-
distance mappings. Subsequently, we demonstrate fixed point results pertaining to nonlinear contraction con-
ditions of the Geraghty type, again employing w;-distance mappings in the context of a complete b-metric
space. Additionally, we bolster our findings with appropriate examples to illustrate the applicability of our
results.
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1 Introduction and Preliminary

In mathematics, a fixed-point theorem is a result saying that a self-map function f on a non-empty set U will
have at least one fixed point in U ( i.e., there is some £ € U such that f¢ = £ ). This theorem holds true
under certain conditions on f, which can be expressed in general terms. In a variety of mathematical contexts,
the presence of a solution is often synonymous with the existence of a fixed point for an appropriate mapping.
Consequently, the identification of fixed points carries significant ramifications across multiple domains within
mathematics and other scientific disciplines. This theory represents a profound integration of analysis (both
pure and applied) topology, and geometry. In the past five decades, the fixed point theory has emerged as a
highly influential and essential instrument in the exploration of nonlinear analysis.

The Banach fixed-point theorem,! known also as the Banach contraction principle, plays a crucial role in the
field of mathematics, particularly in the study of metric spaces. This theorem guarantees the presence and
uniqueness of fixed points for certain self-maps in metric spaces. Moreover, it presents a methodical approach
to determining these fixed points. Essentially, the Banach fixed-point theorem can be seen as a generalized
version of Picard’s method of successive approximations. It is named after Stefan Banach (1892-1945), who
first introduced this theorem in 1922.

Numerous mathematicians have subsequently explored a range of generalizations of Banach’s theorem across
different contexts see for example.” #2149 A notable example is the concept of b-metric spaces, which was
first introduced by Bakhtin’and later refined and named by Czerwik? This framework has been employed
to examine various fixed point theorems. Additionally, Hussain et al® introduced the idea of wt-distance
mappings, utilizing this concept to investigate several fixed point results.

Definition 1.1. ¥ Let U denote a set. Define a function d : U x U — [0, 00) that fulfills the following
conditions:

1. d(&,¢) = 0if and only if £ is equal to (;
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2. d(€,¢) = d(¢, &) forall €, ¢ € Uy

3. There exists a constant s > 1 such that for any points &, (, p € U, the inequality d(&, () < s(d(&, p) +
d(p,)) holds.

The triplet (U, d, s) is referred to as a b-metric space.

It should be noted that in the case where s equals 1, the triplet (U, d, s) forms a metric space. This implies that
the properties of a metric space hold true when s is equal to 1.

Definition 1.2. 2

Let (U, d, s) represent a b-metric space.

1. A sequence (&) is said to converge to an element ¢ € U if and only if the limit lim d(&,, &) = 0 holds
n—oo
true.

2. The sequence (&) is classified as Cauchy if and only if the limit lim d(&,,&,,) = 0 is satisfied.

n,Mm—00

3. The space (U, d, s) is defined as complete if and only if every Cauchy sequence within U converges.

Kada et al* presented the notion of w-distance within a metric space in 1996 and established several fixed
point theorems. In the current study, we define the concept of w;-distance and articulate a lemma that will be
utilized in the principal sections of this research.

Definition 1.3.  Let (U, d, s) represent a b-metric space where the constant s satisfies s > 1. A function
p: U x U — [0,00) is designated as a w; on U if it fulfills the following conditions:

(a) For any points ¢, ¢, p € U, the inequality p(&, p) < s(p(§,¢) + p(¢, p)) holds;
(b) For every ¢ € U, the mapping p(&, ) : U — [0, 00) is s-lower semi-continuous;

(c) For any given € > 0, there exists a 0 > 0 such that if p(p,&) < § and p(p, ) < 4, then it follows that

d(§,¢) <e.

A real-valued function f defined on a b-metric space U is considered to be s-lower semi-continuous at a point
&o in U if one of the following conditions holds: either lgm i?f f(&,) =o0or f(&) < lgim i?f sf(&n)- This is
n—80 n—>80

applicable for sequences &, that belong to U for every n € N and converge to &g.
Next, we recall some examples on w; mappings.

Example 1.4. ¥ Let (U, d, s) represent a b-metric space. In this context, the function p = d serves as an
wy-distance on the set U.

Proof. The statements (a) and (b) are self-evident. To demonstrate (c), let us consider any ¢ > 0 and set
§ = 5. It follows that if p(¢, p) < 6 and p(p, () < 4, then it can be concluded that d(§, () < e. O

Example 1.5. ¥ Let U = R and define the distance function as d(&, ¢) = (£ — ¢)2. The function p : U x U —
[0, 00), given by p(&,¢) = |€|2 + [¢]? for all £, ¢ € U, serves as an w;-distance on the set .

Proof. The assertions (a) and (b) are self-evident. To demonstrate (c), let us consider any € > 0 and set § = §.
Consequently, we obtain the following inequality:

d(&,¢) = (£ — O)* < 211> +2|¢* = 2p(p,€) + 2p(p, () =20 + 20 = e. u
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Example 1.6. ®' Let U = R and define the distance function d(&,¢) = (¢ — ¢)2. The functionp : U x U —
[0, 00), given by p(&,¢) = |¢]? for all €, ¢ € U, qualifies as a w;-distance on U.

Proof. The assertions (a) and (b) are self-evident. To demonstrate (c), let us consider any € > 0 and set § = i.
Consequently, we obtain the following inequality:
d(€,¢) = (€ = ¢)* < 2[¢]* +2[¢1* = 2p(p, &) + 2p(p, () = 20 + 20 = €. O

Lemma 1.7. ¥ Let (U, d, s) represent a b-metric space characterized by a constant s > 1, and let p denote a
wy-distance defined on U. Consider sequences () and ((,) within U, along with sequences (o) and (5;,)
in the interval [0,00) that converge to zero, and let £,(, p be elements of U. The following statements are
established:

1. If for every natural number n, the conditions p(&,,, () < a, and p(&n, p) < By hold, then it follows that
¢ = p. Specifically, if p(€,¢) = 0 and p(&, p) = 0, it can be concluded that { = p.

2. If the inequalities p(&,,Cn) < oy and p(&n, p) < By, are satisfied for all natural numbers n, then the
distance d((,,, p) approaches zero.

3. If the condition p(&,,&m) < a, is satisfied for all natural numbers n and m with m > n, then the
sequence (&,,) is identified as a Cauchy sequence.

4. If the inequality p((,&,) < ay, holds for every natural number n, then the sequence (&,) is also classi-
fied as a Cauchy sequence.

Proof. (1) Let € > 0 be given. Since o, — 0, thenV d > 0 3 Ny € N such that o, < 6§, Vn > Ny.
Similarly, since 3,, — 0, then V § > 0 3 N; € N such that 5, < §,Vn > Nj.

If N = max{Np, N; }, then:

anp <46, and B, <6 forn > N

S0,

p(€n, ) <ap <dand p(&,,p) < B <6 forn>N

Thus, we have

d(¢,p) <e
Hence, d(¢, p) = 0 and so, { = p.

(2) Let € > 0 be given. Since a,, — 0,thenV § > 0 3 Ny € N such that a,, < 9, Vn > Np.
Similarly, since 3,, — 0, then V § > 0 3 N; € N such that 5,, < §,Vn > Nj.

If N = max{Np, N; }, then:

anp <6,and B, <6 forn > N

SO,
P(€n,Cn) < @y <dand p(én,p) < fn <6 forn >N
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= d(,,p) <€ foreache >0

= d(Cn,p) = 0

(3) Let € > 0 be given. Since a,, — 0,thenV § > 0 3 Ny € N such that a,, < 9, Vn > Np.

Hence, p(fnvfm) <a, <0 and p(gnagn—&-l)an <dform>n> No.
Thus, by the definition of p, we have

d(&nt1,€m) <€ form>n> N.

This implies that (&, ) is a Cauchy sequence.
(4) Let € > 0 be given. Since a,, — 0,thenV § > 03 Ny € N such that a,, < 6, Vn > Ny

an, <6 forn > N.

So,
p(¢,6n) < an < forn >Ny

So,
o, <6 form > N.

Then, p((,&,) < @y < § form > Ny

If N = max{Np, N; }, then:
d(¢,&,) <e forn,m > N.

This implies that (&,,) is a Cauchy sequence.

2 Main Result

Next, we give the definition of Pw; contractions in w; mappings.

Definition 2.1. Let d : U x U — [0, 00) be a b-metric on U, p be a w;-distance on U there exists k € [0,1)
such that f : U — U satisfying

Then f is said to be a Pw;-contraction.

Theorem 2.2. Let (U, d, s) represent a b-metric space characterized by a constant s > 1, and let p denotes a
wy-distance on U. Additionally, let f : U — U be characterized as a P,i-contraction. We assume that one of
the following conditions is satisfied:

(i) The function f is continuous.
(ii) For every ¢ € U such that ¢ # f(, it holds that

inf{p(¢,¢) +p(&, f(§)) : £ € U} > 0.

2ks
1+k

Assuming that < 1, it follows that f possesses a unique fixed point p € O.
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Proof. Let & € U represent an arbitrary point. We examine the Picard sequence (&,,) characterized by the
relation &1 = f(&,) for all n > 0. We will now analyze two distinct scenarios:

First, assume that there exists an integer ng € N for which the condition p(&,,,, &n,+1) = 0 holds. In this case,
we claim that p(§p, 11, ng+2) = 0. Indeed, by Conditionwe have

P(ffnga f§n0+1)

E[p(&ngs Enot1) +1P(Engs Féno) = PEnot1s fEnot1)l]
E[p(&ngs Enor1) + 1P(Enoy Enot1) — Pnot1s Eno2)l]
kp(€n0+17§n0+2)'

P(fno+1’ £n0+2)

VAN

So, (1 = E)p(&no+15&no+2) < 0. Hence p(&ng+15Eno+2) = 0. From the triangular inequality, we have

p(§n075n0+2) < p(gnoagno-i-l) +p(§no+17£no+2) =0.

Now, we have p(&ny, Eng+1) = 0 and p(&n, Engt2) = 0, from Lemma [1.7) (a), we get &1 = Engr2 =
f&ny+1; hence &, 41 is a fixed point of f.

Now suppose p(&p,, &41) > 0 for all n € N. Then from|[I| we have

p(fé-na f§n+1)
k[p(fna €n+l> + |p(£n7 f&n) - p(f’rﬂrl» ffnJrl)H
Elp(&ny &nt1) + [P(ny Ent1) — P(Ent1, Ent2)l]-

p(£n+17§n+2) =
<

I p(§nt1,Entz) > p(€ns Entr), then wehave p(&ny1,Enra) < kp(§nt1,Ent2), whichimplies that p(&,, 11, §nta) =
0 a contradiction.

If p(nt1,&nt2) = P(&n,Ent1), then we have p(§ni1,Ent2) < kp(§n,§nt1) = kp(En+1,E&n+2), which
implies that p(&, 11, &q12) = 0, a contradiction.

So, we just have p(&,41, &nt2) < P(€n,y&nt1) for all n € N. Hence,

k
P(§ny1,€nye) < %P(&fwﬂ

for all n € N. Therefore we have

P(€nt1, Enta) < A"p(&o, 1),

for all n € N, where A = ﬁ—kk < 1. Furthermore,
nhHH;O p(€n+17 £n+2) =0. 2

Now for any m,n € N with m > n, we have

P(&n, &m) < 5[p(6n, Env1) + P(En+1, Enta)]
< 5p(&nsbntr) + °p(Ens1s Enta) + °p(Envar Enys) + . ..
< s\"p(&0, &) + $*A T p(€o, 1) + SN p(Eo, 1) +
= sA"p(&o, x1) [L 4 sA+ (sA)” + (sA)® + .. ]
_ sA"p(&o, &1)

- 1— s\

So, we have
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(€n7€m) = 1 (607 51) (3)
Now taking limit as n, m — oo we get
lim  p(&,,&m) =0 “4)
n,m— 00

and so from Lemma(c), (&,) is a Cauchy sequence. Due to the completeness of U, there exists p € U such
that £, — p as n — oo. Since p is s-lower semicontinuous in the second variable and &, — p as m — oo,
from ] we get

)\n
1—sA
Now, if f is continuous, then &, 11 = f&, — fp and so by the uniqueness of the limit we get p = fp.

p(&ns p) SUminfs - p(&n,&m) < s p(€0,61) — 0asn — oo. (5)

Finally, assume (ii) holds and p # fp. Then from [2]and [5] we have

0  <inf{p(&p) +p(& f§): £ €U}
< inf{p(f’mp) +p(§na f§n) ‘ne N}
= inf{p(&n, p) + p(§n,éns1) :n €N} =0

as n — oo, which is a contradiction. Hence p = fp.

To show the uniqueness of the fixed point, first, we have p(p, p) = 0. Indeed, from Condition we get

p(p,p) = p(fp, fr) < kp(p, p)-

So, (1 — k)p(p, p) < 0. Hence, p(p, p) = 0. Now, suppose « is also a fixed point of f. Then from Condition
[[Iwe have
p(p,u) = p(fp, fu) < kp(p, u),

which implies p(p, u) = 0. Hence from Lemma 1.7 (a) we have u = p.
O

Example 2.3. Let U = [0, 1] with the b-metric space d by d(&,¢) = (£ — ¢)? . Define f : U — U by

f& = 41 2;3 and consider the w;-distance in U as p(¢, ¢) = $(£ — ¢)?. Then we have

_g3 —¢8 2

p(e 10 =14 (5 - 55)
1 (&=

T 4 (4—2£3)2(4—23)2

1 (6= (€2 +€¢+¢))?
17 (4—283)2(4—20%)2

2(E-0)7
= Zp(&,0).

IN

IN

Now,
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PlE,Q) = 76~ C7
1 1—63 2 1 45_264_14_53 2
peso =3 (- 1m) — 1 (P 20
1 1-¢\? 1 /4¢—2¢" —1+¢%\7
P(C,ff)4<<4_gg3) 4( 4—2¢ > =0

for all ¢, ¢ € U. Hence we get

p(f&, fQ) < &(E—¢)?

Il
&le
N
—~
ar}
I
;
N~—

o

Clearly, f is continuous. So, for all £,{ € U, thatis, f is a P,,-contraction, therefore f has a unique fixed
point.

Example 2.4. Let U = {35 : n € N}U{0} with the b-metric space d by d(¢, () = (£—(). Define f : U — U
by f (3) = ze5r for n € Nand f(0) = 0. This defines a mapping f on U such that each element is mapped
to one-third of its current value, and 0 is mapped to itself , and consider the w; distance in U as p(&, () = .
Then f is Pw-contraction.

Proof. Casel: If§ =0, ( =0o0r = 3%, ¢ =0, then

0=p(fE. £0) < 5 €.C) + b€, f2) ~ p(C. 7O

Case2: If ¢ = %, (= 3%

p(fE, f¢) (f

—~

5r) S (3w))

- p (37:,14—1’ 3m1+1)

|
=

3m+1

p(&,C) + P&, &) — ply, FOI =p (s 5=) +|p (5. F () — p (5. f (55))]

=g+ [P (50 ger) = P (gm0 o)

_ 1 1 1
— 3m + 3n+1 - 3m+1 |
— 1 111 1
— 3m + 3 |3n 3171,‘ .

So,

P76 £C) < 5 [D6,C) + 1 P& 16) — PG, FON < 5 [EQ) +] p(€. 7€) — 2(C, FOI.
Case3: If { = 0, ¢ = 55 then
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p(f&.fC) = p(f(0), f (5%))

P& Q) +[p(& FE) — (¢ fOI =p(0.gw) +[p(0.f(0) = p (5w f (5))]
= gmrr +|p(0,0) = p (g, g

__1 1
= 3mFL + ‘0 — 3mFl ‘

_ 2
- 3m+1 -

So,
P& FO) < 5 6 + bl £6) — p(, SO

If ( # f( theny # 0, so
inf{p(&, ¢) + p(&, f) : £ € U} >0

Casel: If ¢ = ?% S0,

nf{p(€,C) + (€, f€) : € €T} = Wf{C + s 1€ €T} = (>0,

Case2: If £ = 0, so,

inf{p(&,¢) +p(&, f§) : £ € B} =inf{(+0:£ € B} =(>0.

Then, f fulfilled the conditions of Theorem[2.2] and so, f has a unique fixed point. O

Definition 2.5. ® The function ¢ : [0,00) — [0, 00) is classified as an altering distance function if it fulfills
the subsequent criteria:

1. The function ¢ is continuous and nondecreasing;

2. The condition ¢(¢) = 0 holds true if and only if t = 0.

From this point forward, we will refer to the set of all altering distance functions as V.

Definition 2.6. ©Let S be the class of all functions o : RT — [0, 1) that satisfy the following implication:

a(ty,) =1 = t, = 0.

Now, we are ready to introduce our definition.

Definition 2.7. Let (U, d) denote a b-metric space that is endowed with the w;-distance denoted by p. A self-
mapping f : U — U is classified as a (¢, a)-Geraghty contraction if there exist functions ¢ € ¥ and o € §
such that the following condition holds:

wsp(f€, £O) < a(p(€,Q))pp(€,¢), V(€. (6)

The concept of Geraghty contraction extends the famous Banach contraction principle.!
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Remark 2.8. If f is (¢, )-Geraghty contraction, then for all £, { € U, we have

PIE 1C) < 0(EQ).

Remark 2.9. According to Lemma if a sequence (&,,) is not a Cauchy sequence, then 3 & > 0 such that
for each K € N, there exist m > n > K such that p(&,,&,,) > €.

Lemma 2.10. Assume that the sequence (x,,) does not qualify as a Cauchy sequence. Consequently, there
exists a positive constant € > 0 such that we can identify subsequences (x, ) and (z,, ) from the sequence
(), where the indices satisfy ny, > my > k, and it holds that p(xy, ,Tm,) > € for every natural number
K. Additionally, for each my, we can select nj, to be the smallest integer greater than my, that meets the
aforementioned condition. It follows that p(xy, —1,Tm, ) < €.

Proof. By remark there is € > 0 such that for each K € N, 3m > n > K such that p(z,, z,,) > ¢ for
m>n> K.

For K = 1, there are n; > my > 1 such that p(&,,, &y, ) > €. If we choose n; corresponding to m; such that
it is the smallest integer with n; > m, then we get p(&,,—1,&m, ) < €.

Again for K = 2, there are ny > mgo > 2 such that p(&,,,&m,) > €. If we choose ny corresponding to mo
such that it is the smallest integer with ny > mo, then we get p(§,,—1,&m,) < €.

By continuing this process, we get that for any K there are ny, > my, > k such that p(&,,,,&m,) > €.
Further, corresponding to my, we can choose ny such that it is the smallest integer with ny > my, such that

p(gnkflv gmk) <e.

O

Theorem 2.11. Let (U, d) represent a complete b-metric space, with p denoting an wy-distance on U, and let
f : U — U be characterized as a (p, o)-Geraghty mapping. We consider one of the following conditions:

1. If u # fu, then the infimum inf{p(&,u) + p(f&,u) : & € U} is greater than 0.

2. The function f is continuous.
Under these assumptions, it can be concluded that f possesses a unique fixed point.

Proof. Let &y € U. We define a sequence &, = f(&,—1) for n € N. For any n € N, based on the contractive
condition, it follows that

©5p(&ns€nv1) = @sp(f(§n—1), f(n)) < a(p(€n—1,&n))pp(En—1,8En)-

Given that () < 1 for all ¢ > 0, we can conclude that psp(&,,&nr1) < @p(€n_1,&,). Since ¢ is a
nondecreasing function, this leads us to the desired result.

p(§7u gn-‘rl) < ép(gn—h gn)~

By induction, we have

p(&naéﬂ-ﬁ-l) < (i) p(§O7§1)-

So,
nh—>néo p(gru £n+1) =0. (7)
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Similarly, we can show that

T p(&as, &) = 0. ®)

We aim to demonstrate that:

lim p(fnvgm) =0,

n,m—-+o0o

which indicates that the sequence (U,,) is a Cauchy sequence.

To explore this, we will assume the opposite, specifically that:

lim  p(&n,&m) # 0.

n,m——+4o0o

Consequently, there exists an € > 0 along with two subsequences (&, ) and (&,,, ) derived from (§,,), where
(my) is selected as the smallest index satisfying the condition.

p(gnkafmk) Z 63 mkt > nk‘ > k (9)

This implies that

P(&nys Emp—1) < €. (10)

Set 6, = p(&ny—1,&m,. ). By Remark [2.8] Equations9]and[10} and (a) of the definition[T.3] we get

e < p(&ups &)
< %p(gnk—17§mk—1)

< [p(fnk—h g’"bk) + p(fmk ) g"bk—l)]'

By considering the limit inferior as k approaches +oo and referencing Equation [8] we obtain

¢ < liminf &y. (11)

k——+oo

In addition,

p(gnk*hgmk) < %p(gnk*%gmkfl)
S [p(fnk—%fnk) +p(§nk7£mk—1)]

< s[p(gnkf%gnkfl) +p(€nk71?§nk)] +e.

By considering the limit inferior as & approaches +oo and referencing Equation 8] we obtain

limsup 0 < e. (12)

k—+o0
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By Equations [IT]and[T2] we get

lim 6y =e.
k—+oo

Now, set v, = p(&ny s Emp+1)- BY Remark we get

p(gnk ) gmk-ﬁ-l) < p(gnk—l’ gmk)'

W | =

By applying the limit superior to both sides, we obtain

. €
limsupy, < —.
k—+o00 B}

On the other hand, we have:

€ S p(gnk?gmk) S s[p(fnkagkarl) +p<£mk+1;€mk)]~

By taking the limit inferior on both sides, we get:

€ ..
— < liminf .
S k——+oo

By Equations [T4and T3] we get

li ¢
1m = —.
k—+oo Tk S

By substituting & = &, 1, { = &m, in Condition[6] we have
Qosp(fgnk—l, fgmk) S a(p(gnk—la ﬁmk))sﬁp(fnk—l,fmk)'
So,

<,08p(§nk ) gmk—i-l)

ol 1) = Pt Eme))-

By taking the limit as kK — oo, we get

™

@(5;)
p(e

S klggo a(p(gnkflv gmk))

~—

13)

(14)

15)

(16)

So, we have lim a(p(&,, —1,&m,)) = 1, hence, lim p(&,,—1,&m,) = 0 a contradiction since € > 0. Hence
k—o0 k—o0

(U,) is a Cauchy sequence. Since (U, d) is a complete b-metric space. Thus, there is u € U such that

(&n) = u.

Given that
lim  p(&,,&m) =0,

n,m— 00

then for a specified ¢ > 0, there exists a k € N such that p(&,,&,,) < e forall n,m > k. By virtue of the

s-lower semi-continuity of p, it follows that
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p(&n,u) < lm inf sp(&n, m) < se, Vn > k.
m—roo

Next, let us assume that condition (1) is satisfied. If u # fu, then we have

inf{p(&,u) + p(f& u) : € € U} <inf{p(&,,u) + p(f&n,u) : n € N}

= inf{p(fn, u) +p(§n+1a u) ‘ne N} < se,

for all ¢ > 0, which leads to a contradiction.
Hence, fu = u. If (2) holds, the mapping f is continuous, and it is obvious that fu = wu.

To establish the uniqueness, let us assume the existence of an element v such that v = fv. According to
Condition E] and the characteristics of ¢, we can derive the following

ep(u,v) < psp(u,v) = wsp(fu, fv) < alp(u,v))e(p(u,v)).

So, (1 — a(p(u,v)))p(u,v) <0, and hence, p(u,v) = 0. In a similar manner, we can show that p(u, u) = 0,
Thus, d(u,v) = 0, which implies that © = v.

O

Example 2.12. Let U = [0, 1] with the b-metric space defined by d(¢,¢) = (£ — ¢)?, and consider the w;
distance p(¢,¢) = |¢|?. Define a function f : U — U by f(§) = %5. Assume the altering distance function
¢(t) =t and a(t) = 2. Then we have

1 1
P FO) = 1¢2 = |56 = 3¢

pUfE,1Q) = 51
plsplf, ) = 3¢
p(& Q) =%,
ep(€,0) = I¢I%,
a(p(6.0) = 3.

alp(€ O)pnl€, ) = 3¢

So,
wsp(f&, 1¢) < alp(§,¢))ep(, <)

Thus, all conditions of Theorem hold true, and so, f has a unique fixed point.
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Conclusion

The concept of fixed points is fundamental in both pure and applied mathematics, with numerous applications
in various contexts. Following Banach’s results in metric spaces, many researchers have expanded upon the
Banach contraction principle in diverse ways. In our study, we established several fixed point results within
the framework of the wt distance and presented various illustrative examples. Future research could focus
on generalizing our contraction results or exploring outcomes in broader distance spaces. Also, we aim to
incorporate our research with other disciplines, particularly fuzzy set theory, as demonstrated in the studies
conducted by 2023

References

[1] Banach, S.(1922). Sur les opérations dans les ensembles abstraits et leur application aux équations
intégrales. fund. math, 3, 133-181.

[2] S. Czerwik, Contraction mappings in b-metric spaces, Acta mathematica et informatica universitatis
ostraviensis, /(1) (1993), 5-11.

[3] Hussain, N.; Saadati, R.; Agrawal, R.P. On the topology and wt-distance on metric type spaces. Fixed
Point Theory Appl. 2014, 2014, 88.

[4] Kada, O, Suzuki, T, Takahashi, W: Nonconvex minimization theorems and fixed point theorems in com-
plete metric spaces. Math. Jpn. 44(2), 381-391 (1996)

[5] M. S. Khan, M. Swaleh, S. Sessa, fixed point theorems by altering distances between the points, Bull.
Austral. Math. Soc., 30 (1984), 1-9. 1.9

[6] M. A. Geraghty, On contractive mappings, Proc. Amer. Math. Soc., 40 (1973), 604—608.

[7] Bakhtin, IAQ748 , The contraction mapping principle in quasimetric spaces Functional analysis, 26:37,
1989.

[8] Karapmar, E., & fulga, A. (2023). Discussions on Proinov-%}-Contraction Mapping on-Metric
Space.Journal of function Spaces, 2023(9), 1-10.

[9] Karapinar, E., Romaguera, S., & Tirado, P. (2022). Characterizations of quasi-metric and G-metric com-
pleteness involving w-distances and fixed points. Demonstratio Mathematica, 55(1), 939-951.

[10] Ismail, J. N., Rodzi, Z., Hashim, H., Sulaiman, N. H., Al-Sharqi, F., Al-Quran, A., & Ahmad, A. G.
Enhancing Decision Accuracy in DEMATEL using Bonferroni Mean Aggregation under Pythagorean
Neutrosophic Environment. Journal of Fuzzy Extension & Applications (JFEA), 4(4), 281 - 298, 2023.

[11] Aydi, H., Karapinar, E., & Postolache, M. (2012). Tripled coincidence point theorems for
weak ®-contractions in partially ordered metric spaces, Fixed Point Theory Appl. 2012, 44,
https://doi.org/10.1186/1687-1812-2012-44.

[12] Jleli, M., & Samet, B. (2014). A new generalization of the Banach contraction principle, Journal of
inequalities and applications, 2014, 38, https://doi.org/10.1186/1029-242X-2014-38.

[13] Shatanawi, W., Qawasmeh, T., Bataihah A., & Tallatha, A. (2021). New contractions and some fixed
point results with application based on extended quasi b-metric spaces, U.P.B. Sci. Bull., Series A, Vol.
83, Iss. 2 (2021) 1223-7027.

[14] Al-Quran A, Al-Sharqi F, Rahman AU, Rodzi ZM. The g-rung orthopair fuzzy-valued neutrosophic sets:
Axiomatic properties, aggregation operators and applications. AIMS Mathematics. 2024;9(2):5038-5070.

[15] Shatanawi, @ W.,  Bataihah, A. (2021). Remarks on G-Metric Spaces and Re-
lated Fixed Point Theorems, Thai Journal of Mathematics, 19(2), 445-455.
https://thaijmath2.in.cmu.ac.th/index.php/thaijmath/article/view/1168

DOI: https://doi.org/10.54216/1JNS.260101 13



International Journal of Neutrosophic Science (IJNS) Vol. 26, No. 01, PP. 01-14, 2025

[16] Ayman Hazaymeh and Anwar Bataihah, 2024. Results on fixed points in neutrosophic metric spaces
through the use of simulation functions, Journal of Mathematical Analysis, 15(6), 47-57.

[17] Ayman. A Hazaymeh, and Anwar Bataihah. (2024). Neutrosophic fuzzy metric spaces and
fixed points for contractions of nonlinear type. Neutrosophic Sets and Systems, 77, 96-112.
https://fs.unm.edu/nss8/index.php/111/article/view/5270

[18] F. Al-Sharqi, A. Al-Quran and Z. M. Rodzi, Multi-Attribute Group Decision-Making Based on Aggre-
gation Operator and Score Function of Bipolar Neutrosophic Hypersoft Environment, Neutrosophic Sets
and Systems, 61(1), 465-492, 2023.

[19] Bakhtin, I.A.. (1989). The contraction mapping principle in almost metric spaces. funct. Anal., Gos. Ped.
Inst., Unianowsk, 1989, 30, 26-37.

[20] Al-Qudah, Y., Alhazaymeh, K., Hassan, N., ... Almousa, M., Alaroud, M. Transitive Closure of Vague
Soft Set Relations and its Operators. International Journal of Fuzzy Logic and Intelligent Systems, 2022,
22(1), pp. 59-68 DOI:10.5391/1JF1S.2022.22.1.59

[21] A. B. Smith, C. D. Johnson, and E. F. Williams, ”A Novel Approach to Fuzzy Logic in Classification
Systems,”Journal of Computational and Theoretical Nanoscience”, vol. 18, no. 3, pp. 123-134, 2021.
DOI: 10.1166/jctn.2021.01234.

[22] M. R. Khan, L. A. Patel, and S. T. Gupta, "Mathematical Modeling of Nanostructures: A Com-
prehensive Analysis,”Applied Mathematics and Computation”, vol. 400, pp. 126-139, 2022. DOI:
10.1016/j.amc.2021.126789.

[23] Al-Qudah, Y., Hassan, N. Fuzzy parameterized complex multi-fuzzy soft expert sets. AIP Conference
Proceedings, 2019, 2111, 020022 DOI:10.1063/1.5111229

[24] FALLATAH, A., MASSA’DEH, M. O., & ALKOURI, A. U. (2022). NORMAL AND COSETS OF
(v, 9)-FUZZY HX-SUBGROUPS. Journal of applied mathematics & informatics, 40(3-4), 719-727.

[25] Algaraleh, S. M., Alkouri, Abd Ulazeez, M. J. S., Massa’deh, M. O., Talaftha, A. G., & Bataihah, A.
(2022). Bipolar complex fuzzy soft sets and their application. International Journal of Fuzzy System
Applications (IJFSA), 11(1), 1-23.

DOI: https://doi.org/10.54216/1JNS.260101 14



	1 Introduction and Preliminary
	2 Main Result

