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Abstract

This paper is dedicated to studying for the first time the building of a topological space based on the intervals
defined over 4-refined neutrosophic real numbers and 5-refined neutrosophic real numbers, where we define a
special partial order relation on these rings, and we use it to study the structure of the corresponding intervals
generated from this relation. Also, we characterize the formula of open sets through these two topological spaces
with some illustrated examples.
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1. Introduction

Many neutrosophic structures were built over the idea of splitting the indeterminacy element to many different
sub-indeterminacies. Many authors used this idea to study the generalized structures related to this splitting
operation such that algebraic rings, matrices, spaces, and modules [4-8]. In the literature, we find many different
refined neutrosophic structures. For example refined neutrosophic structures [11, 19] n-refined neutrosophic
structures, and n-cyclic refined neutrosophic structures [20-22]. Neutrosophic topological spaces were studied by
many authors [1-3], especially open sets, closed sets, and compact sets [9-10, 15, 17]. The concept of n-refined
neutrosophic rings was presented in [13]. These rings are considered as an extension of refined neutrosophic rings.
Recently AL-Husban et al. Discuss the new structure such neutrosophic set and its application [23-38].

In this work, we focus on the partial order relations over 4-refined neutrosophic real numbers and 5-refined
neutrosophic real numbers, where we define a special partial order relation on these rings, and we use it to study
the structure of the corresponding intervals generated from this relation. Also, we characterize the formula of open
sets through these two topological spaces with some illustrated examples.

2. Main discussion

Definition 2.1

Letu={x+yl +zl,+tl; +ql, ;x,v,2,t,q € R}and
LL=LIL=LL=LL=LIL=0LL=IL Ll=ILI=1,
L=l.L=0LL1I=115=IL"=0LL=05LL"=11%=1,

u is called the real 4-refined neutrosophic ring.

Remark 1

For x = xo + X1 1y + x,15 + x315 + x,1, € u, we denote it by x = xo + ey x;1;.
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Theorem 2.1
u is partially ordered set.
Proof:
We define the relation (<) as follows:
uU=uy+ i ul; < v =vy+ Yi, vil;, if and only if:
Uy < Vg
Yiow < Yo
Diz1 Ui < Diza Vi
Diz12Ui SDiz12Vi
Diz123U < Xiz1,23 Vi

We will show that (<) is a partial order relation:

Letu =ug+ Yy wil;, v = vy + Xt vil;,w = wy + Xi—; wil; ,u < u that is because:

( Uy < Uy
i—oUi < Xiso Ui
U+ Uy +Uuzs+ Uy Sug+u; +uz +uy
Uy + Uz + Uy S U+ U3 T+ Uy
k Ug+ Uy S Uy + Uy

Ifu < vandv < u, then:

Uy S Vo,V < Ug
4 4 4 4
ZuiSZvi,ZviSZui
i=0 i=0 i=0 i=0
Uyt Uyt U3+ UL SV + Uy + U3+,
Vot v, +v3+ v, SuUg+u, +uz;+uy
Uy F+ U3+ U, SV + U3+, Vot VU3 +V, S U+ U3+ Uy
Uyt UL S VgV, ,Vg+ Vs S U+ Uy

Hence:
Uy = Vg
Uyt Uy = Vg + 1, Uy = Vg, Uy = Vyq
K U+ Uzt uy, =19 +v3+7, :{uzzvz,u3=v3=>u:v.
uO+uZ+U3+u4=U0+U2+U3+U4 u4=v4_

u0+u1+u2+u3+u4=UO+U1+UZ+U3+U4

Ifu < v, and v < w, then:

4 4
Ug < vo,Zui < Zvi
(=0 i=0

L
Ug+ Uy +Uus+ Uy, SV + v, +v3+ 7,
Ug+ Uzt UL S Vg + V3 + 1y
Uy + Uy, S vyt v,
( VOSWO
4 4
YizoVi < Xizo Wi
And vy + v, +v3+v, Swy+w, +ws +w,
Vo+v3+v,Swyg+wz+w,
Vo + Vs S Wy +wy
r u()SWO
4 4
YicoUi < Xizo Wi
Thus: Uy + Uy S Wy + W,y
UgF Uzt Uy S W+ W3 +W,
Ug+ Uy F U3+ UL S W+ Wy + W3 +W,

Sothat u < w.
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Definition 2.2

Let u, v be two 4-refined neutrosophic real numbers with u < v, then we define:
luv[={xeu;u<x<v}

[u,v[= {xeu;u<x<v}

lu,vl]= {xeu;u<x<v},

[u,vl]= {xeu;u<sx<v}

We say that Ju, v[ is an open 4-refined neutrosophic interval, and [u, v] is a closed one.
Theorem 2.2

Let Ju, v[, Jw, t[ be two 4-refined neutrosophic open intervals, then:

Ju, v[ N Jw, t[ is an open interval of @.

Proof:

If U=uy+ 2wl v=vo+ X vili,w=wo + X wil, t=to+ Y i, and u<v,w <t
with]u, v[ N Jw, t[ = @,

then there exists m = mg + Y.i=, m;I; such that:
m € Ju,v[,m € Jw,t[.

Define:

q=qo+ 21 qili P = po + Tizy pili, with:

qo = max(ug, Wp), g4 = max(uy + ug, wo + wy) — max(ug, o), qs =

max(uy + Uz + Uy, Wy + W3 + w,) — max(ug + Uy, W + W,y), gy = max(uy + Uy + Ug + Uy, Wy + W, + ws +
w,) — max(ug + Uz + Uy, Wy + wy +wy),q; = max(Xi uy, Yo wy) — max(uy + up + Uz + Uy, wo + wy +
ws +w,)

Po = min(vy, ty), ps = Min(vy + vy, to + t,) — min(vy, ty) , p3 = min(vy + vs + vy, ty + t3 + t,) — min(y, +
Vgt +t4),pp =min (Vg + vy + V3 +0,,t0 +ty + t3 + t,) —min(wy + v3 + vy, tg + t3 + )0, =
min(El, vy, YicoW;) — min (Vo + v, + U3 + vy, to + t, + t3 + t,), We have:

m > q that is because:

m0>u0,m0>W0$m0>q0

4 4 4 4 4 4
i=0 0 i=0 i=0 i=0 i=0

i=
) Mmo+my>ugtu, my+my>wyg+w,=myg+my>qo+q,

My +mz+my >uUg+uz+uy, Mmy+mg+my>wy+ ws +w,,
Mog+mg+my>qo+tqz+qe,mog+my,+mg+my>ug+u, +uz+uy
Mmog+my,+mg+my>we+w,+wzt+w,my+my+ms+my>qe+q,+qs;+q,

m < p that is because:

m0<v0,m0<t0=>m0<p0

4 4 4 4 4 4
Sm<TuSmeTu=3n <Y
i=0 i=0 i=0 0 i=0 i=0

= =
Mo +my < v+, ,My+my <tg+ty,my+my <py+pa
Mmog+mz+my <vyg+vs+v, mg+mg+m,<ty+it;+1t,,
Mo+ My +my <Pg+ps+paMy+my+ms+my <vy+v, +v3+ 1,
\my +m, +mg +my <tg+t,+tz+t,mg+my+mg+my <py+p,+p;+ps

Thus: Ju,v[ N Jw, t[ € ]q,pl

Now, let m = mg + Xi—, m;l; € ]q, p[, then:
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m > Ug, My > W,
Yisomi > Xiowi, Xiso i > Dizo Wi
Mo +my > ug + Uy , Mg + My > wo + wy
Mo+ My +my > Uy +us + Uy, Mo +mg+my >wy+ ws +wy
Mo + My + Mg + My > Ug+ Uy +Us + Uy
Mo +my +mg +my > wy +wy, +ws +w,

m>q= = m>uandm > w.

?:0 m; < Z?:o Ui vZ?:O m; < Z?:o &y

( m0<l70,m0<t0,
{ Mo+ My <Vg+ vy ,my +Mmy < tg+ Ly,

m<p = = m<tandm < v.

Mo+ Ma + My < Vg + Vs + Vg Mg+ Mg +Mmy < to+ts+ts
L Mo + My +Ms + My < Vo + vy + Vs + s,

Hence ]q,p[ € Ju,v[ N Jw,t[and Ju,v[ N w, t[ = 1q,p[.
Remark 2

[u,v] N [w, t] = [q,p], i.e. the intersection of two 4-refined neutrosophic real closed intervals is a closed interval

or @.

Definition 2.3

We define © = {u, @, s;}; s; = UerJuy, vil, with uy, v; € .
Theorem 2.3

(u, 7) is a topological space.

Proof:

ULETQET.

Lets;,s; €T, then:

S = Uie[]uil vi[,S]’ = U]-el]uj, Uj[, then:

siNs; = U]Pk, ql €

kek
Let {(si)j} be a family of 7, then:
Ujes(5:); = Ujej(Uierluy, vi[) € 7, thus 7 is a topology and (i, ) is a topological space.
Example 2.1
Consider: uy=2+4+L+L+0L+1,,vy=3+2L+1L+3+2,u,=1+2+1,+13+2l,v;, =2+
3 +3I, + I3+ 31,, we have: uy < vy, u; < Uy Jug, il €T, Juy, vy €7, Jug, v [ U Juy, vy[ € T, ]Juy, v [N
Juz, vo[ = 1q,p[;

q=2+2L+L+L+1,,p=2+4+2+3L+1;+ 3,
Remark 3
Open sets of u are the union of open intervals.
The complements of open sets are closed sets.
Definition 2.4
Letu={x+yl, +zI, + tl; + ql, + sls ;x,y,z,t,q,s € R} and
LL=LL=LL=LL=LhL1L=01LL=I1=1I,1L.1;=I1.1,= 1,
L=L.L=1I1.1=0L1LI,=1.15=I.1;=0LL*=1,L, =1, =L,1,> =1, I* = I.
Isl, = Ls = I,.

u is called the real 5-refined neutrosophic ring.
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Remark 4
For x = xo + X111 + x,1, + X315 + X414 + X515 € u, we denote it by x = xy + Yo_, x;1;.
Theorem 2.4
u is partially ordered set.
Proof:
We define the relation (<) as follows:
u=1uy+ Y, ul; <v=mvy+ Y, vl if and only if:
( Ugy < Vo
' PmoUi < Xio Vi
Diz1 Ui < Diz1 Vi
Diz12Ui SXiz12Vi
iz123Ui < Xiz1,23 Vi
iz1234 U < Diz1,234 Vi
We will show that (<) is a partial order relation:
Letu =ug + Yo wil;, v = vy + Yoy vil;,w = wy + Y7, wil;, u < u that is because:
Uy < Uy
ol S Xiou
Uy + Uy + Uz + Uy +HUs S Uy Uy + Uz + Uy + Us
Ug + Uz + Uy +Us S Uy + Uz + Uy + Us
| U+ Uy +Us S Uy + Uy +Us
k Ug + Us S Uy + Ug
Ifu < vandv < u, then:

Uy S Vo,V < U
5 5 5 5
ZuiSZUi,ZUiSZui
i=0 i=0 i=0 i=0
Ug+ Uyt Uz t+ Uy +HUs S Vg + VU, + U3+ 0V, + Vs
Vo+ v, + U3+ 0,4+ Vs S Uy + Uy + Uz + Uy + U
Ug+ Uzt U+ Us SV + V3 +V,+ Vs, Vg+V3+V,+ Vs S Uy +Uz+ Uy + Us
Uyt U+ Us S Vg + VU, + Vs,V + Vs + V5 S Ug + Uy + Us
Uy + Us S Vg + Vs,V + Vs < Uy + Us

Hence:
Uy = Vy
Uy + Uy +Us = Vg + VU, + Vg Uy = Vg, Uy = Vyq
Ugtuztuy+us =vy+v3+1v,+ vg Uy =V, U3 = V3
) Uyt Uy FUz+ Uy +Us =Vg+ VU + V3 + 1, + Vg = Uy = Uy
Ugtugtuy+uz+ust+us=vy+v, +v, + 3+ v, + v Us = Vg

u0+u5=v0+v5

Ifu < v, and v < w, then:

5 5
Uy < UO,Zui < Zvi
i=0

i=0
U+ Uyt Uzt Uy +uUs < vg+ v, + 3+ 0, + U5
UgF Uzt Uy +Us S Vg +V3+ 1V, + Vs
l Ug+ UL+ Us S Vg + vV, + Vs
Uy +Us S vy + Vs
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Vo S Wy
=0 Vi < LW
VotV +V3+ 0V, +Vs Swyg+wy + w3z +w, + ws
Vog+v3+v,+v5 S wg+ws+w, +wsg
L VotV +Vs S Wy +w, +wg
Vg + Vs S wy + ws

And

Uy < Wy
5 5
=oUi < Xizo Wi
Uy + Uy +Us S Wy + W, + Ws
UgF+ Uzt Uy +Us S Wy +Ww3 + W, + Ws
lu0+u2+u3+u4+u5SW0+w2 +wsz +w, +ws
Ug + Us < Wy + wg

Thus:

So that u < w.

Definition 2.5

Let u, v be two 5-refined neutrosophic real numbers with u < v, then we define:
luv[= {xeu ;u<x<v}

[u,v[= {xeu;u<s<x<v}

luvl={x€eu;u<x<v}

[u,v]= {xeu;u<x<v}h

We say that Ju, v[ is an open 5-refined neutrosophic interval, and [u, v] is a closed one.
Theorem 2.5

Let Ju, v[, ]w, t[ be two 5-refined neutrosophic open intervals, then:

Ju,v[ N Jw, t[ is an open interval of @.

Proof:

If U=uy+ Yo wli, v=vy+ i vili,w=wo + Yo wilj, t=to+ Y t};,and u<v,w<t
withlu, v[ N Jw, t[ # 0,

then there exists m = my + Y;_, m;; such that: m € Ju,v[,m € w, t[.

Define:

q = qo + Xi=1 Qili,p = po + Xi=y pili, with:

qo = max(ug, wy), q, = max(ugy + Uy + us, Wy + w, + wg) — max(ugy + us, Wy + wg), gz =

max(uy + Uz + Uy + Us, Wy + Wy + wy + ws) — max(uy + uy + uUs, Wo + wy + ws), g, = max(uy + u, +
U + Uy + Us, Wy + Wy + W3 +w, +wg) —max(ug + us + Uy + Us, Wy +ws +w, +wg),q; =
max(Xi_o U, Tisow;) — max(ug + Up + Us + Uy + Us, Wy + Wy + W3 + Wy + Ws), g5 = max(ug + us, wo +
ws) — max(ug, wp),

Po = min(vy, ty), pa = min(vy + vy + Vs, tg + ty + ts) — min(vy, ty) ,p3s =

min(vy + v3 + v, + v, ty + t3 + t, + ts) —min(vy + v, + vs, ty + 4 + ts), p, = min (vy + v, + V3 + v, +
Vs, to+ ty + b3+ ty 4 ts) —min(vy + Vs + vy + Vs, to + t3 + 4 + t5),p; = min(Xo vy, Xioow;) —

min (Vg + v, + v3 + vy + Vs, tg + t, + L3 + £, + ts), ps = min(vy + Vs, ty + ts) — min(vy, ty),, we have:

m > q that is because:
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my > Uy, My > Wy = My > g

5 5 5 5 5 5
i=0 i=0 i=0 i=0 i=0 i=0

< Mmog+my+mg>uytus+us meg+my+ms>wyg+wy+wg =myg+my+ms>qo+qy+Qqs
Mo+ mg+my+mg>ug+uz;+u,+us, my+mzg+my+mg>wy+ws+wy + ws,
Mmog+tmg+my+msg>qeg+qs+qamegt+my,+mg+my+mg>ug+u, +us;+uy+ ug
Mmo+my,+mg+my+ms>wyg+w,+wz+w,+wg,mg+m,+mg+my+mg>qy+q,+q;+q4+qs
Mo +ms >uUg+Us , My +MmMg>Wyg+WwWg = myg+ms >qg+Qqs

m < p that is because:

my < vy, My < tg = my < Py

5 5 5 5 5 5

Zmi<ZUi,Zmi<Zti$Zmi<Zpi

i=0 i=0 i=0 i=0 i=0 i=0
Mog+my+ms<vg+v,+vs mog+tmy+mg<tyg+it,+ts;mg+my+mg <pg+ps+ps

Mmy+ms+my+mg<vy+vs+v,+vs, mg+tms+my+mg<ty+it;+t,+¢s
my+mz+my+mg<py+p;+ps+psmgt+tm,+mg+my+mg<vy+v,+v3+v,+ Vs
me+my+mzy+my+mg<tyt+t,+tz3+t,+ts,my+my,+my+my+mg<py+p,+ps3+ps+0s
my+ms <vy+vs ,My+mg <tyg+ts,myg+ms <py+ps

Thus: Ju,v[ N Jw, t[ € 1q,pl
Now, let m = mqy + Y7, m;I; € 1q,p[, then:

( m0>u0,m0>W0

5 5 5 5
P=0 My > Ximo Ui, Ni=o My > Xizo Wi
Mo+ My +Ms > Uy + Uy + U, My + My + Mg > Wy + W, + Ws

m>qg= = m>uandm >
a mo+msz+my >ug+uz+uy,+us, mog+mg+my>wy+w;+w,+ws
My +my, +mz+my+mg >ug+u, +uz+uy
k mo+m, +mzg+my+mg>wyg+w, +ws+w, +ws
w.
( m0<170,m0<t0,
5 5 5 5
P=0Mi < Xi=o Vi, Ni=o ™My < Ni=oti,
m<p = mo+my+ms<vyg+v,+vs ,mg+my+ms <ty+ty+ts, —m<

Mmy+mg+my+mg<vyg+v3+v,+vs5, mg+tmg+my+ms <tyg+tz3+t,+ts,
my+my, +mzg+my+ms <vy+ v, +v3+v,+ Vs,
my+my,+mg+my+mg <tyt+t,+t3+t,+ s

tandm < v.

Hence ]q,p[ € Ju,v[ N Jw, t[and Ju,v[ N lw, t[ = 1q,p[.
Remark 5

[u, v] N [w, t] = [q,p], i.e. the intersection of two 5-refined neutrosophic real closed intervals is a closed interval

or @.

Definition 2.6

We define T = {u, @, s;}; s; = Ugerduy, vil, with uy, v; € .
Theorem 2.6

(u, 7) is a topological space.

Proof:

LETPET.

Lets;,s; €T, then:

s; = Uelug v, s = Ujel]ujr Vj[, then:
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siNs; = U]Pk"lk[ ET.

keK
Let {(si)]-} be a family of t, then:
Ujes(si)j = Uje;(Uier]us, vi[) € 7, thus 7 is a topology and (u, 7) is a topological space.
Remark 6
Open sets of p are the union of open intervals with respect to the partial order relation.
The complements of open sets are closed sets.
Example 2.2
Consider u = 2+11 +12 +I3 +I4_ +[5,U =2 +211 +[2 +2[3 +I4 +2[5,
Let x = xo + x, 1y + x50 + x315 + x,1, + x5I5 € [u,v], then:
( xo = 2
3<xy+x5<4
4 <xg+x,+x5<5
S5<xg+xz3+x,+x557
6<xy+tx,+x3+x,+x5=<8
7<Xxg+x,+x,+x3+x,+x5 <10

Thus

( Xo = 2
1<x3<2
2<x,+x5<3
3<x3+x,+x5<5
4 <X+ X3+ X, +2x556
5<x;+x,+x3+x,+x5<8

Theorem 2.7

Let (u, 7) be the topological space of 4-refined neutrosophic numbers intervals, and (4, ) be the topological space
of 5-refined neutrosophic numbers intervals, then:

(XA, (T,B) ={(®,0),(wA), (s, t,);s; € T,t; € B}, is a topological space.
Proof:

(w,8) € (1,B),(,0) € (v, B).

Let (s;, ty), (s, t;) € (z,5), then:

si = Uielduvil,sj = Ujer|w, v, ti = Uieldmy, il tj = Ujeg|my, ny| then:

Gt 0 5. = (| J1pwaell | it D € @

keK keEK

Let {(s;, ti)j} be a family of (z, ), then:

Ujes(sint)j = Ujey(Uierus, vil, Uiedmi, i) € (x,B), thus (7,B) is a topology and (i x A, (t,B)) is a
topological space.

Theorem 2.8

Let (u, ) be the topological space of 4-refined neutrosophic numbers intervals, then:
(kX (T,7) ={(®,0), (ww, (s, t);s; € T, ¢ € T}, is a topological space.

Proof:

ww € (1), (©,0) € (7,7).
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Let (s, t), (s), t;) € (7, 7), then:

si = Uieldupvil,s; = Ujel]uj' Uj[, t; = Uieldmy il t; = Ujel]mj'nj[then:

Gt 0 G556) = (o al, | Jirosid € @o.

kEK kEK

Let {(s;, ti)j} be a family of (z, ), then:

Ujes(sin ti); = Ujey(Uierldwy, vil, Userdmy, ni[) € (r,7),thus (7,7) is a topology and (pxp (7)) is a
topological space.

Theorem 2.9

Let (u, T) be the topological space of 5-refined neutrosophic numbers intervals, then:

(,u X u, (T, ‘r)) ={(9,0), (u,n), (s;, t,); s; € 1,t; € T}, is a topological space.

Proof:

(. € (1,7),(0,90) € (7,7).
Let (s, t;), (s, t;) € (7,7), then:

si = Uieldu vil,sj = Ujer|w, v, ti = Uieldmy, il tj = Ujeg|my, ny| then:

(st N (s ty) = (U]Pk' arl, U]hkrfk[) € (7,7).

kEK kEK

Let {(si, ti)]-} be a family of (z, T), then:

Ujes(sit)j = Ujey(Uieru, vil, Uiedmy, i) € (r,7), thus (7,7) is a topology and (uXxpu,(7,7)) is a
topological space.

3. Conclusion

In this paper we studied for the first time the building of a topological space based on the intervals defined over 4-
refined neutrosophic real numbers and 5-refined neutrosophic real numbers, where we defined a special partial
order relation on these rings, and we use it to study the structure of the corresponding intervals generated from this
relation. Also, we characterized the formula of open sets through these two topological spaces with some illustrated

examples.
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