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Abstract

The objective of this paper is to introduce for the first time the concept of two-fold neutrosophic and fuzzy
topological space defined over real numbers, where we combine the two-fold neutrosophic sets with real numbers
to get a novel topological space based on them. Also, we present many of its elementary properties and special
subsets such as two-fold neutrosophic open sets, two-fold neutrosophic closed sets, and two-fold neutrosophic
closure. Many examples and theorems will be provided to clarify the validity of our approach.

Keywords: Two-fold algebra; Two-fold neutrosophic topology; Two-fold neutrosophic open set; Two-fold
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1. Introduction

Two-fold neutrosophic algebras are new algebraic structures presented by Smarandache [1] by combining
neutrosophic values of truth, falsity, and indeterminacy with classical algebraic sets. These ideas were used by
many authors to generalize other famous algebraic structures such as two-fold fuzzy number theoretical systems
[2-3], two-fold modules and spaces [4], and two-fold fuzzy rings [5]. Also, they were used in the study of some
special two-fold complex functions such as Gamma function [7], and in extending n-refined neutrosophic rings
[6]. Neutrosophic topological spaces and their related structures were studied by many authors, their special subsets
such as closed and open sets have been discussed in details for many different types of neutrosophic topological
spaces [8-13].

This has motivated us to introduce for the first time the concept of two-fold neutrosophic and fuzzy topological
space defined over real numbers, where we combine the two-fold neutrosophic sets with real numbers to get a
novel topological space based on them. Also, we present many of its elementary properties and special subsets
such as two-fold neutrosophic open sets, two-fold neutrosophic closed sets, and two-fold neutrosophic closure.
Many examples and theorems will be provided to clarify the validity of our approach.

2. Main Discussion
Definition 2.1
Let R be the real field, we define:
Tr = {x(y'ty'iy'fy) ;%,y €ER, Ly, 1, f, € [0,1]}.
The components (t,, iy, f,) refer to neutrosophic values of truth, indeterminacy and falsity.
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Definition 2.2

Let N be a topological space on R, the corresponding two-fold neutrosophic topological space is defined as
follows:

TN = {x(y'tyriy'fy) ;X € N,y € R, ty, ly,fy € [0,1]}.
Definition 2.3

Let X(ytyipfy) = A,Zqe,i,rp = B € Ty , we define:

AANB = (xA Z)(C.tc,ic.fc) ;¢ = min(y, D), t, = min(tl, ty), i, = max(iy, il),fc = max(f,,fy).
AVB = (xV2Z)(ctif) ;¢ =max(y,l),t. = max(t;, ty), i, = min(iy, i), f. = min(f,,fy).
The complement of A is defined as follows:

A= ()11t

The two-fold empty set is defined as:

Oy ={(@® 011 VY ER}

Definition 2.4

Consider A = (¥)(yt,,i,.,) » B = @ .e0,7» then:

x <z
tyStl,iyZil,fnyl

A c Bifand only if:{
Theorem 2.1
Let A, B,c € Tywith:
A= (x)(y,ty,iy,fy) B = (@) ti5) € = (k) (stgi5.1,), then:
1JANA=A,ANDy = Dy
21AVA=A,AV Dy =A
31 ANB=BAA,AVB=BVA
4ANBAC)=(AAB)AC,AV(BVC)=(AVB)VvVC
51 (A% =4
6] (AVB)  =A°AB°,(AANB)° = A°V B°
Definition 2.5
Open sets in Ty, are:
Ory = {A = (x)(y,ty,iy,fy); XET,yE rz}nlis the topology defined over N, T, is the neutrosophic topology
defined over R.
Closed sets on Ty are:
Cry = {A°;A€ 0}
Theorem 2.2
Let A, B € Or,, then:
11AAB € O,
21AVB € Oy,
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Theorem 2.3

Let A,B € Cr,, then:

11AAB € Cy,

2]AVB € Cr,

Definition 2.6

Let A € Ty, then we define:
int(A) = Ui, B; ;B; € Or,,B; S A.
Theorem 2.4

Let A € Ty, then:

1] int(A) € A

2] int(A A B) = int(A) A int(B)
3] int(int(A)) = int(A)

4] A € B = int(A) € int(B)

5] int(A) vint(B) € int(AV B)
6] A € Or,, & A = int(A)
Definition 2.7

Let A € Ty, then we define:
cl(A) = Ny B; ; B; € Cry, A S By
Theorem 2.5

Let A, B € Ty, then:

1] A € cl(A), cl(cl(A)) = cl(A).
21A <€ B = cl(A) < cl(B)

3] cl(AV B) =cl(A) v cl(B)

4] cl(AAB) S cl(A) Acl(B)
5]A € Cr, & A=cl(4)
Theorem 2.6

Let A € Ty, then:

1] int(A°) = (cl(A))°.

2] cl(A®) = (int(A))°.
Definition 2.8

Let A € Ty,we define: ext(A4) = int(A°).
Theorem 2.7

Let A, B € Ty, then:
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1] ext(A V B) = ext(A) A ext(B)
2] ext(A) V ext(B) € ext(AAB)
Definition 2.9

Let A, B € Ty, we define:

fr(A) = cl(A) n cl(A°)
Theorem 2.8

Let A, B € Ty, then:

1] (fr(A)€ = ext(A) Vv int(A)
2] cl(A) = int(A) V fr(4)

3 fr(Ad) Aint(A) =@

4] fr(int(4)) < fr(4)

Proof of theorem (.21):

1] ANA = (x)(y,ty,iy,fy) A (x)(yvfy‘iy.fy) = (X N x)(y‘tyviy.fy) = (x)(y‘tyviy‘fy) =A.

AN ®N = ®N Clearly.
2 AVA=(x Vx)(y.fy.iy.fy) = (x)(y.fy.iy.fy) = A.
AV ®N = ®N Clearly.

3] It holds directly from the definition.

A ANBAC) = (X AY Nty i fr) s M = Min, 1), 6y = min(ty, 4, t5) , iy =max(iy, iy, is), frn =

max(f,, fi, f;), thus AN (BAC) = (AAB) AC.

The second formula can be proved by the same.

5] (A°)¢ = (xc)Ey,ty,iy: 5= (x)(y‘ty‘iy’fy) = A.

6] we have:(x Vz)¢ = x Az, (x Az) =x°Vz° and:
(AVB)E = (X A Z) it 3 AA B = (X V 2) 00 1)
Sothat: (AV B) = A°AB°,(AANB)¢ = A°V B¢

Proof of theorem (.22):

1]-2] Since x A z,x V z € Tyand min(y, 1), max(y, 1) € 1,

min(ty, tl), max(ty, tl) € [0,1]

min(iy, i;), max(iy, i;) € [0,1]

min(fy,fl), max(fy,fl) € [0,1]
Hence A A B = (X A 2) (min(y,1) min(ty t;) max(iy,i) max(fy.f1)) € OT:
AVB = (xV Z)(min(y,z),max(ty,t,).min(iy.iz).min(fy.fz)) € Ory-
Theorem (.23) can be proved by similar argument of theorem (.22).
Proof of theorem (.24):
1] Since B; < A, then V;¢; B; € A and int(A) € A.
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2] Since int(x A z) = int(x) A int(z), we get the proof.

3] Since int(x) = int(int(x)), then int(int(A)) = int(4).

4] A € B = x € z, hence int(x) € int(z) so that: int(A) € int(B).
5] int(x) v int(z) < int(x V z), so that the proof holds.

6] x € Oy & x = int(x), thus A € Or,, & A = int(4).

Proof of theorem (.25):

We have the following facts:

(x S cl(x),cl(cl(x)) = cl(x)
x Cz=cllx) S cl(z)
cl(xvz)=cl(x)Vvcl(z)

cl(x Az) S cl(x) Acl(z)
XECy = x=cllx)

From these facts, we get: the results from 1 to 5.
Proof of theorem (.26), (.27):
We have the following facts:

int(x€) = (cl(x))¢

{ cl(x®) = (int(x))*¢
ext(x V z) = ext(x) N ext(2)
ext(x) Vext(z) € ext(x Az)

Hence, we get the proof.
Proof of theorem (.28):

We have the following facts:

(fr(x)¢ = ext(x) Vint(x)
cl(x) =int(x) Vv fr(x)
fr(x) Aint(x) =0
frint(x)) & fr(x)

These facts imply the desired proof.
Definition 2.10
Let R be the real field, we define:

Tg = {X(y'tyfy) ;X,Y ER, tyﬂfy € [0,1]}

The components (t,, f,) refer to fuzzy values of truth and falsity.

Definition 2.11

Let N be a topological space on R, the corresponding two-fold fuzzy topological space is defined as follows:

Ty = {x(y_ty'fy) ;x €N,y €R,ty, f, € [0,1]}.
Definition 2.12

Let x(yc,p) = A5 Z@e,rp = B € Ty , we define:

AANB = (x AZ)(C:tCrfc) ;¢ =min(y, ), t. = min(tl, ty),fc = max(fl,fy).
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AVB=(xV Z)(c.tc,ic.fc) ;¢ = max(y, ), t, = max(tl, ty),fc = min(fl,fy).
The complement of A is defined as follows:

A°= Vgt

The two-fold empty set is defined as:

Oy ={(@) 0,1 VY ER}.

Definition 2.13

Consider A = (x)(y.¢,.5,)» B = (@ e, rp, then:

xXCz
ty <tu,f, =fi

A c Bifand only if:{
Theorem 2.9
Let A,B,c € Ty with:
A= (x)(y,ty‘fy) B = (2,5 C = (K)(seq1,), then:
1JAANA=A,ANDy = By
21AVA=A,AVDy =4
31 ANB=BAA,AVB=BVA
41ANBAC)=AAB)AC,AV(BVC)=(AVB)VC
514 = A
6] (AV B) = A AB°,(AAB) = A°V BC.
Definition 2.14
Open sets in Ty are:
Ory = {A = (x)(y,ty"fy); X ETy,YE rz} ; 7118 the topology defined over N, 7, is the neutrosophic topology
defined over R.
Closed sets on Ty, are:
Cry = {A°; A € 0}
Theorem 2.10
Let A, B € Or,, then:
11AAB € O,
21AVB € Oy,
Theorem 2.11
Let A, B € Cr,,, then:
11ANAB € Cp,,
21AVB € Cr,
Definition 2.15
Let A € Ty, then we define:
int(A) = Ui, B; ;B; € O, ,B; € A.
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Theorem 2.12

Let A € Ty, then:

1] int(A) € A

2] int(A A B) = int(A) Aint(B)
3] int(int(4)) = int(A)

4] A € B = int(A) < int(B)
5]int(A) vint(B) S int(AV B)
6] A € Or,, & A = int(A)
Definition 2.16

Let A € Ty, then we define:

cl(A) = Nie, B; ; B; € Cry, AS B;.
Theorem 2.13

Let A, B € Ty, then:

1] A € cl(A), cl(cl(A)) = cl(A).
21A <€ B = cl(A) < cl(B)
3]cl(AV B) =cl(A) v cl(B)

4] cl(AAB) < cl(A) Acl(B)
514 € Cr, & A= cl(A).
Theorem 2.14

Let A € Ty, then:

1] int(A) = (cl(A))°.

2] cl(A®) = (int(A))°.
Definition 2.17

Let A € Ty,we define: ext(A) = int(A°).
Theorem 2.15

Let A, B € Ty, then:

1] ext(A V B) = ext(A) A ext(B)
2] ext(A) V ext(B) € ext(AAB)
Definition 2.18

Let A, B € Ty, we define:

fr(A) = cl(A) n cl(A°)
Theorem 2.16

Let A, B € Ty, then:

1] (fr(A))€ = ext(A) V int(A)

DOI: https://doi.org/10.54216/1]NS.250137

424

Received: January 18, 2024 Revised: April 10, 2024 Accepted: July 7, 2024


https://doi.org/10.54216/IJNS.250137

International Journal of Neutrosophic Sciences (IINS)

Vol 25, No. 01, PP. 418427, 2025

2] cl(A) = int(A) V fr(4)
3 fr(Ad) Aint(A) =@
4] fr(int(4)) < fr(4)
Proof of theorem (.29):

HANA= )5 A D ty.5) = @ADL = Dey.g) =4

ANQy = @y clearly.

21 AVA =V X)(yep) = O irityr) = A
AV @y = @y clearly.

3] It holds directly from the definition.

4 ANBAC)= (X AYNK)(mt,f s =min(y,1,s), t,, = min(ty, t, ts) o = max(fy,,fs), thus A A

(BAC)=(AAB)AC.

The second formula can be proved by the same.

S1 (A= (Vyry, ) = Doity.) = 4

6] we have:(x Vz)  =x“ Az, (x Az) =x°Vz° and:
(AVB)C = (X Az amtpfo) s AAB)E = (X°VZ2) e, £
Sothat: (AV B) = A°AB°,(AANB)¢ = A°V B¢

Proof of theorem (2.10):

1]-2] Since x A z,x V z € Tyand min(y, 1), max(y, 1) € 1,

min(ty, tl), max(ty, tl) € [0,1]

min(fy,fl),max(fy,ﬁ) € [0,1]
Hence AAB = (x A Z)(min(y,l),min(ty,tl), max(fy,f1)) € Oy,
AV B = (X V 2)(min(y,max(ty.t), min(fy.fr) € Oty
Theorem (2.11) can be proved by similar argument of theorem (210.).
Proof of theorem (.212):
1] Since B; < A, then V,¢; B; € A and int(A) € A.
2] Since int(x A z) = int(x) A int(z), we get the proof.
3] Since int(x) = int(int(x)), then int(int(A)) = int(4).
4] A € B = x < z, hence int(x) S int(z) so that: int(A) < int(B).
5] int(x) V int(z) < int(x V z), so that the proof holds.
6] x € Oy © x = int(x), thus A € Or, & A = int(4).
Proof of theorem (.213):

We have the following facts:
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(x S cl(x),cl(cl(x)) = cl(x)
x Cz=cllx) S cl(2)
cl(xvz)=cl(x)Vvcl(z)
cl(x Az) S cl(x) Acl(z)
x€Cy = x=cllx)
From these facts, we get: the desired results
Proof of theorem (.214), (.215):

We have the following facts:

cl(x€) = (int(x))°
ext(x V z) = ext(x) A ext(z)
ext(x) Vext(z) € ext(x Az)

{ int(x€) = (cl(x))¢

Hence, we get the proof.
Proof of theorem (.216):

We have the following facts:

((fr(x))c = ext(x) Vint(x)

{ cl(x) = int(x) vV fr(x)
frx)Aint(x) =@

U frint) < frx)

These facts imply the desired proof.

3. Conclusion

In this paper, we have introduced for the first time the concept of two-fold neutrosophic and fuzzy topological
space defined over real numbers, where we combined the two-fold neutrosophic sets with real numbers to get a
novel topological space based on them. Also, we presented many of its elementary properties and special subsets
such as two-fold neutrosophic open sets, two-fold neutrosophic closed sets, and two-fold neutrosophic closure.
Many examples and theorems have been provided to clarify the validity of our approach.
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