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Abstract

This paper uses some logical algebraic elements to extend any ring into a non-commutative ring containing the
original ring with many generalized substructures and special elements. On the other hand, we study the
substructures of non-commutative logical rings such as AH-homomorphisms and AH-ideals with many examples
that explain their algebraic validity. Also, we discuss the possibility of solving a linear Diophantine equation with
two variables in the non-commutative logical ring of integers, where we present an easy algorithm to solve this kind
of generalized Diophantine equation.
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1. Introduction

Algebraic ring theory is one of modern algebra's most broad and important branches of mathematics.
Ring extension plays a major role in modern algebraic theories and in solving algebraic equations.

It was customary to build ring expansions through algebraic elements and the roots of polynomials until
Smarandache et al. [17] introduced the idea of using logical elements defined by specific algebraic properties in
constructing new expansions and defining Neutrosophic algebraic structures of all kinds, including vector spaces,
integers, modules, and even matrices [7-10, 18-19].These new ideas have been widely used by many researchers in
expanding algebraic structures through plithogenic sets, which have been widely used in expanding rings, matrices,
and even distance-preserving algebraic functions [1-6, 11-13].

On the other hand, some expansions related to real numbers that depend on fuzzy sets have been studied, and their
algebraic properties and geometric constructions have been studied in many recently published research papers [14-
16].

As a continuation of the extensive research efforts made previously, we have created a new expansion of rings based
on algebraic elements of a logical nature, where we present the concept of hon-commutative logical extension of a
ring, with many elementary properties of this new generalization. Also, we discuss the solvability of linear
Diophantine equations in two variables built over those rings in the integer case.

2. Main Discussion

Definition:

Let R be a ring, the corresponding non-commutative logical ring is defined as follows:

Ry ={a+bN; +cN, ;N;*> =N;,N,*> = Ny, N;N, = N, N,N; = Np,a,b,c €ER}.

We call it the non-commutative logical ring of type (1), and we denote it by NCR;.

Definition:

Addition: Ry X Ry — Ry such that:

(a+bN;+cNy))+(a"+b'Ny+c'Ny)) =(a+a)+ (b+Db")N; + (c+c')N,.

Multiplication: : Ry X Ry — Ry such that:

(a + bN; +cN,)(a + b'N; + ¢'N,) = aa’ + N;(ab’ + ba' + bb' + bc") + N,(ac’ + ca’ + cc' + ¢b").
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Remark:
(Ry.X) is not commutative, that is because for a € R, (aN;)(aN,) = a®N; # (aN,)(aN;) = a?N,.
Remark:
If R has a unity (1), then Ry has as a unity.
Theorem:
(Ry.+.x) isaring.
Proof:
LetA =ay + a;N, + a;N,, B = by + byN; + b,N, ,C = ¢y + ¢;N; + ¢;N, € Ry, we have:
A+B=B+A.A+0=04+A=A.A+(-A) =(-A)+A=0.
Also, (A X B) X C = [aghy + Ny(agh, + a;by + a,b, + a,b,) + N,(agh, + a,by + a,b, + a;b;)] X (co +
Ny + c,N,) = agbycy + agbgci Ny + agbgc, N, + Ny (agbycy + abgcy + aybicy + a1b,cy) + Ny(aghycy +
a,bgcy; + aybicy + ajbycy) + Ny(aghic, + a;bgc, + ajbyc, + aybycy) + Ny(aghycy + azbgcy + aybycg +
a,byicy) + Ny(aghycy + azbgcy + azbycq + aybicy) + Ny(aghbyc, + aybge, + aybyc, + azbycy) = (aghbycy) +
N;(agbgcy + aghbycy + a;bocy + a;bicy + aybycq + agbycy + aibgcy + a1bic; + aybycq + agbic, + ajbyc, +
ab,c, + a,byc;) + Ny(aghgc, + agbycy + azbocy + azbycy + azbycy + agbycq + azbycy + aybycq + azbycy +
aogbyc, + azbgc, + azbyc, + azbicy,) = AX (B X C).
AX (B +C)=(ag+ a;Ny + a;N;) X [(by + co) + (by + c)Ny + (by + ¢2)N,] = ag(by + ¢o) + Ny[ao(by +
1) + ay(by + ¢o) + a1 (by + c1) + ar(by + c2)] + Na[az(by + co) + ag(by + ¢3) + az(by + ¢1) + az(b; + ¢2)] =
[aghg + Ni(agh, + a;by + a by + a,b,) + Ny(ayby + agh, + a,by + azby)] + [agey + Ny(age; + ajco + ajcq +
a,¢;) + Ny(ayco + age, + aycq + ayc;)] = (AX B) + (A X C).
Remark:
Itisclear that R c Ry.
Example:
Take R = Z3 = {0.1.2} .Ry = {0.1.2.N;.N;. 14+ N;. 1+ Np.2 + N;.2 + Npo 1+ Ny + Np. 2+ Ny + Np. 2 + 2N, +
2N, .N; + N,.1 4 2N;. 14 2N,.1 4 2N; + Np. 14 Ny 4 2N,.. 2N; + 2N,.. 2Ny + Ny.. Ny + 2N,. 2N;. 2N,. 1 +
2N, + 2N,.2 + 2N; 4+ N,.2 + N; 4 2N,.2 4+ 2N;. 2 + 2N, ).
For example:
(1+N)(A+Ny)=2+N,+2N; + N, =2+ N,.
2+ N,)(A+N,)=2+2N, + N, + N, = 2 + 2N; + 2N,.
Remark:
If R is finite with |R| = n.then |Ry| = n3.
Example:
Take R = Z, = {0.1} .then Ry = {0,1,N;, N, 1+ Ny, 1 + Ny, N; + N,, 1 + N; + N, }.
Definition:
If R is a field, then Ry is called the non-commutative logical field, which is not a field in the ordinary meaning.
Itis only aring.
Definition:
Let A = ay + a;N; + a,N, € Ry, then it is called a unity if and only if there exists B = by + b;N; + b,N, € Ry
such that AB = BA = 1.
Under the condition that Ry, has a unity (1).
Theorem:
Let R be a commutative ring with unity, Ry be its corresponding N c R,, then A = ay + a;N; + a,N, € Ry is a
unit if and only if: a,. ay? + aga, + a,a, are units in R.
Proof:
Assume that there exists B = b, + b;N; + b,N, € Ry such that AB = BA = 1. This is equivalent to:
aghy =1
agb; + a1by + a1 by + a1b, =0
agb, + ayby + a,b, +agby =0
Which is equivalent to:

by = — (ayisaunitinR)
Qo
Ay
bl(ag + al) + b2a1 = -
Qo
az
blao + bz(ao + az) = -
Qo
Ao + a, a,
A= (10 (10 + az = (ag + al)(ag + az) — Qpaq, = a02 + apa, + aa,
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To get a solution, A should be invertible in R.

a;
_1 a,
A = ao _ a4, ai(ao + a,) _ 44y — ai(ag + a,) _ ai(a; —ap — az) - g
by ™ a, - - = = =-q
——= ay+a, QAo (40 Ao QAo
QAo
a
ao + al -
a a(ap +a;)  a,a9 a,(ao + a,)
Abzz az = — + = — + 1
a = Qo Qo Qo
0
Ao
Thus: b, = 221 = —
T A (ap+aq)(ap+az)-apay
az(ap + a,)
————tt
b, = by a
, =—2=
A (ap + ay)(aop + a;) — agay
— 4
. ag?+agaz+aqay
Thus' _ —azao—a2a1+a1a0
2 ag(ag?+agaz+aqay)
- 1 -a ajapg—azag—axa
And A =2 Ny () 4 Ny (et
ag ap“+agaz+aja; ag(ap“+agaz+ajaz)
Remark:

If R is a field, then A is invertible if and only if: ay # 0.a,? + apa, + a;a, # 0.
Open problem:
What is the classification of the group of units of R ?
What is the relationship between U(Ry) and U(R)?
Definition:
The element A € Ry, is called idempotent if and only if A2 = A.
It is called 2- potent if and only if A2 = 0.
Theorem:
Let A = ay + a;N; + a,N, € Ry, where R is commutative ring, then:
1] A'is idempotent in Ry if and only if:
a) a, is idempotent in R.
b) (ai,a; + a, + 2ay), (ay, a; + a, + 2a,) are duplets in R, with a, + a, + 2a, acts as an identity.
2] A'is 2-potent in Ry, if and only if:
a) a, is 2-potent in R.
b) a,, a, are zero divisors in R with: a, (a, + a, + 2a,) = a,(a; + a, + 2a,) = 0.
Proof:
1] A? = Ais equivalent to:
a,? = a,
a,? + 2a4a, + aya; = a;
a,? + 2aqa, + a;a, = a,
a2 =ag
Thus: {a;(a; + a, + 2ay) = a;
a,(a, +a, + 2ay) = a,
Which is equivalent to [@] and [b].
a2 =0
2] A? = 0 isequivalentto:{ a,(a, +2a,+a,) =0
a,(a, +2a,+a,) =0

Which is equivalent to [@] and [b].
Definition:
Let Ry be the NCR, , thenK = ko + kN; + kN, = {ry + ryN; + ,N, ;1; € k;} is called AH-ideal of R if k;
are ideal in R.
If ko = k, = k,, then K is called AHS-ideal.
Example:
TakeR =Z. Ry ={a+ bN, + cN,;a.b.c € Z}.ky = (2).k; = (3).k, = (6), we have:
K = ko + kyN; + kN, = {2xy + 3x;N; + 6x,N, ;x; € Z} is an AH-ideal of Ry.
Also, ko + koN; + koN, = {2xq + 2x,N; + 2x,N, ;x; € Z} is an AHS-ideal.
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Theorem:

LetK = ko + k;N; + k,N, .R = Ry + R{N; + R, N, be two AH-ideals of Ry, then:K n R is an AH-ideal.

If K.R are two AHS-ideals, then K n R is an AHS-ideal.

Proof:

KNnR=(K,NRy) + (K, N R)N; + (K, N R,)N, .where{K; N R; is an ideal of R.

Sothat K n R is an AH-ideal:

On the other hand, if K. R are two AHS-ideals, then:

KNR=(KyNRy)+ (K, NR)N; + (K, NR,)N, ;KyNRy, =K, NR; =K, N R,.thus K N R is an AHS — ideal.
Definition:

Let R.T be two rings, and f;:R - T;0 <i <2 are three homomrphisms, then f = f, + fiN; + foN,: Ry -
Ty such that:

f(a+ bN; + cN,) = fy(a) + fi(b)N; + f,(c)N, is called an AH-homomorphism.

If f, = fi = f5, then f is called AHS-homomrphism.

Remark:

If fo, f1, f> are isomorphisms, then f is called AHS-isomorphism.

Definition:

Letf =fo + fiN, + foN,, g = go + 91N, + 9N, : Ry — Ty be two AH-homomorphisms, we define:

(f +9) : Ry — Ty such that:

(f + g)(a+ bNy + cN;) = (fo + go)(a) + (f1 + g1 )(DINy + (f2 + g2) ()N,

(f X g) + Ry = Ty such that:

(f x g)(@+ bN, + cN;) = (fo - go) (@) + (f1 - g1)(D)N; + (f2 - g2) (€)N,.

The set of all AH-homomorphisms between Ry and Ty is denoted by AHH (Ry.Ty).

Definition:

Letf =fo+ fiN, +foN,: Ry 2 Ty.g = go + g:1N; + g,N, : Ty — Sy be two AH-homomorphisms, we define:
gofiRy—>Sy; gof(A) =gof(a+DbN;y+cNy)=(go© fo) + (g1 ° f1)N1 + (g2 © f2)N,.

Definition:

Let f = fo + fiN; + f,N, : Ry — Ty be an AH-homomrphism, then:

AH—ker(f) = ker(fo) + ker(fl)Nl + ker(fZ)Nz-

AH_L, (f) = In(fo) + In(f1) Ny + Ly (f2)N,.
Theorem:

Let f = fo + fiN, + /N, : Ry — Ty be an AH-homomorphism, then:

11f(0)=0.f1)=1+N, +N, ;1€R.

2] AH k.. (f) isan AH-ideal of Ry.

3] AH_L,,(f) is an AH-subring of Tj.

4] If K is an AH-ideal of Ry , then f(K) is an AH-ideal of Ty.

Proof:

11 £(0) = £5(0) + f1(0)N; + f,(0)N, =0+ 0-N; + 0- N, = 0.

f) = fo(1) + (DN, + fL(N, =1+ Ny + N,

2] we have: ker(fo)'ker(fl)rker(fz) are ideals of R, thus AH—ker(f) = ker(fo) + ker(fl)Nl + ker(fZ)NZ is an
AH-ideal of Ry.

3] we have: I, (fo), I (f1), I, (f2) are subrings of T, hence: AH_I,,,(f) is an AH-subring of Tj.

4] Assume that K = ko + k;N; + k,N, ; k; are ideals of Rfor 0 <i <2, then: f(K) = fy(ko) + fi(ky )N, +
f>(k;)N, is an AH-ideal of Ty, that is because f;(k;) is an ideal of T.

Theorem:

(AHH(Ry.Ty),+,%x) isaring.

Proof:

Suppose that f = fo + fiN, + foN, , g = go + g1N1 + 9N, ,h = hy + hy N, + h, N, be three arbitrary elements of
AHH(Ry.Ty), then:

fH@+h)={o+9g0+ho)+(fi+h+ 9N+ (f2+hy + g2IN, = (fo + go) + ho + [(fy + hy) + 911N, +

[(f2 + hz) + g2IN. = (f + g) + h.

fx (g xh) = (fogoho) + (frg1h)N1 + (f292h2)N; = (fogo)ho + [(f1g) RNy + [(f2g2)h2IN; = (f X g) X h.
f+r0=0+f=ff+(N=CN+f=0,f+g=9g+F.

On the other hand, we have:

fx(g+h) = folgo + ho) + [f1(g1 + h)INy + [f2(g2 + h2)IN2 = fogo + foho + [f1g1+f1h N, +

[f292 + f2h2]Nz = (fogo + f191N1 + f292N2) + (foho+f1hi Ny + f2hoNp) = (f X g) + (f X h).

So that, our proof is complete.
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Theorem:

Letf: Ry - Ty.g: Ty — Sy be two AH-homomrphisms, then g o f is an AH-homomrphism.

Proof:

gof=(0go°fy)+(g10fi)N; + (g, 0 f,)N, .and g; © f; is a ring homomorphism between R and S, thus g o f
is an AH-homomrphism between Ry and Sy.

Definition:

Let Ry.Ty betwo (N c R,), then:

Ry xTy={(x.y); x€Ry.y € Ty}

Theorem:

Ry X Ty = (R X T)ylisaring.

Proof:
x = x9 + x; Ny + x,N,
RuxTy={(.y) x€Ry.y e Ty {5 230 0 St 2
There for, Ry X Ty = {(x9.y0) + (x1.y1)N; + (x5.y,)N,} = (R X T)ywhich is the non-commutative logical
extension of R X T.
Special types of NCR;:
Zy = {a+ bN; + ¢cN, ;a.b.c € Z} is called the integer NCR,.
Qy ={a+ bN; + cN, ;a.b.c € Q} is called the rational NCR,.
Ry = {a + bN; + cN, ;a.b.c € R} is called the real NCR;.
Cy =f{a+bN, +cN, ;a.b.c € C}is called the complex NCR,.
wy = {a+ bN; + cN, ;a.b.c € F;} is called the weak fuzzy complex NCR;.
Sy ={a + bN; + cN, ;a.b.c € S} is called the split-complex NCR;.

_ : 2 _ .
Where{F] ={x+y/;x.yeER .J2=t€]0.1[}

withx; ER.y, €T ;0<i< 2.

S={x+y/;x.yeER .J2=1}"

Py ={a+ bN; + cN, ;a.b.c € n — spg} is called the symbolic n-plithogenic NCR,.
Ryy ={a+bN; +cN, ;a.b.c € R,(I)} is called the n-refined neutrosophic NCR;.
For definitions of n-refined neutrosophic rings and symbolic n-plithogenic rings.

3. Diophantine equations in two variables:
Definition:
LetA =ay+ ayN; + a,N, ,B =by+ b;N, + b,N, ,C = cy + c;N; + ¢, N, be three elements in
Zn ={x+yN, +zN, ;x,y,z € Z,N,* = Ny, N,> = N, ,N;N, = Ny, N,N; = N, }.
We define the right non-commutative linear Diophantine equation in two variables
X =x¢+xN; + x,N, ,Y =y, + y;N; + y,N, as follows:
A-X+B-Y =C,wedenote itby NCDy.
Definition:
The left non-commutative linear Diophantine equation in two variables as follows:
X-A+Y- B=C,wedenote ithby NCD;.
Definition:
The right - left non-commutative linear Diophantine equation in two variables as follows:
A-X+Y- B =C,wedenoteitby NCDy ).
The discussion of NCDg:
A-X+B-Y =Cisequivalent to:
(aoxo + boyo) + Ni[agx; + aixo + a;x;+ayx; + boyy + byyo + by +b1y,] + Na[agx; + azxg + azxp+azx; +
boy, + byyo + by, by y1] = ¢o + ¢ Ny + ¢, N,
This is equivalent to:
agXg + boyo = ¢ (1)

agx1 +boys + a1(xo + %1 + ) + by (Yo +y1 +¥2) = ¢ (2)

agxy + boy, +ay(xg +x1 +x3) + b, (Yo +y1 ty2) = ¢ (3)
Equation (1) is solvable if and only if gcd(ay, by)| co-
Assume that (1) is solvable, and (k,, L) is a solution.
By adding (1),(2),(3) we get:
(ag+a; +a)(xg +x1 +x3) + (bg+ by + b)) (Yo +y1 +y2) =co+ i+ (3)
Assume that (3) is solvable i.e. gcd(ay + a; + a,. by + by + by)| ¢y + ¢4 + ¢, and (kq, ;) is a solution of (3).
Then, we get from (2):
aogx; + boy; + arky + bily = ¢4, thus:
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agx1 + boyy = ¢y —ayky — byl

It is solvable if and only if;

ng(ao.,)l Cl - a1k1 - blll'

If (1) is solvable, with (k,.1,) as a solution, then we get:

Xo = ko Xo = ko
( Yo = lo Yo = lo
xo +x1 +x2 = kl xz == kl _kz _ko
.thus
Yot+tyi+y. =1 v2=4L—-l—-1
x; =k, x; = ky
=1 yi =1

Example:

Consider the following NCDg:

(1+ 2N, + N))X + (3 + N; + 2N,)Y = 7 + 12N; + 11N,
Equation (1) isxq + 3y, =7

Equation (2) is4(xy + x; + x5) + 6(yy + y; +y,) = 30

Which is equivalent to: 2(x, + x; + x5) + 3(yy + y; + ;) = 15.
Take (ko, ly) = (1.2) a solution of (1).

Take (kq,1;) = (0.5) asolution of (2).

Equation (3) is: x; + 3y, =12-0—-(5) = 7.

Take (k,, 1) = (4,3) asolution of (3).

x0=1.y0=2

Thus {¥ = 171 =2
x2=—2
Y2 =1

Sothat X =1+ N, — 2N, ,Y =2+ 2N; + N,, is a solution of the original equation.
The discussion of NCD; :
X-A+Y- B=C,isequivalentto:
(agxo + boYo) + Ni[xoa; + x1aq + X101 +%,a, + y1bg + Yoby + Y1b1+y1b,] + Ny[x0a, + x2a; + x,a0+x2a4 +
Yoba + ¥2b; + y2bo + y2b1] = co + ¢ Ny + 3N,
There for:
agxo + boyo = co (1)
axo + (ag + a; + ax)x; + byyo +y1(bg + by + b)) =c¢; (2)
axg + (ag + a; + az)x; + byyo + (bg + by + b))y, =c; (3)

Assume that (1) is solvable, i.e gcd(ay, by)| co, and (ko, L) is a solution of (1).
Then (2) will be:
(ag+a, + ay)x, + (b + by + b))y, = ¢, —ayky — byly itis is solvable if and only if:ged (ay + a; +
a,.by+ by +by)| ¢y —arky — byl
Assume that it is solvable with (k4, [;) as a solution.
(2) will be:
(ap + ay + az)x; + (by + by + by)y, = ¢; — azko — byl
is solvable if and only if: ged (ag + a4 + a,, by + by + by)| ¢, — ayky — byl
Assume that it is solvable with (k,.[,) as a solution.

Xo =ko Yo = lo
Hence:{x; = k; ,y1 =14

X, =ky, ¥ =1,
Example:
Consider the following NCD,
X-(1+2N;,+N,)+Y-(3—-N;+N,) =13+ 2N, + 2N,.
Equation (1) is: xy + 3y, = 13, it is solvable, we can take (k,, ly) = (1.4).
Equation (I) is: 4x; + 3y; = 2 — (2)(1) + (1)(4) = 4, itis solvable, we can take (k, ;) = (1.0).
Equation (II) is: 4x, + 3y, = 2 — (1)(1) — (1)(4) = -3, itis solvable, we can take (k,,1,) = (0.—1).
Thus: (X,Y) = (1 + N;.4 — N,) is a solution of the original equation.
The discussion of NCD g :
A-X+Y- B=C,Iisequivalent to:
(agxo + boyo) + Nilagxy + aixo + ayxy+a1%; + Yoby + ¥1bo + y1b1+y1b,] + +Ny[agx, + azxe +
Az Xy +asxy + Yoby + ¥2bo + ¥aby + y2bi] = ¢o + €Ny + 3N,
It is equivalent to:
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apXo + boyo = ¢o (1)
AoX1 + ayxy + ayx;+a,x, +yoby + y1(bg + by + b)) =¢; (2)
AoXy + AzXo + X, +ay%; +yoby, + y,(bg + by + b)) =¢; (3)
Equation (1) is solvable if and only if gcd(ay, bo)| co-
Assume that it is solvable with (k,, l,) as a solution.
By adding (1),(2),(3), we get:
(ag+ay +a)(xg+x; +x3) + (bg+ by +b)(Yo +y1 +y2) =co+ e+ ¢,
Assume that it is solvable, i.e gcd (ag + a; + a,, by + by + by)| cg + ¢; + ¢, with (kq, [;) as a solution.
From equation (2), we can write:
aoxy + (bo + by + by)yy = ¢; — bily — ayky
Assume that it is solvable, i.e. gcd (aq. by + by + by)| ¢; — bily — a k4, with (k,, [,) as a solution.
There for, we get:
Xo =ko Yo = lo
ky=x,l; =y
Xo+x1+x,=ky , Yo+ +y2=14
Xo =ko Yo =lo
x1=k; 1 =10
Xy =ky — ko —k;
v2=b—-ly—1
Example:
Consider the following NCDg 1y:
(1+N, +N)X+Y-QB+N, +N,) =10 + 6N,
According to our discussion, we can see that:
Equation (1) is: xo + 3y, = 10, take the solution: (kg, ) = (1,3).
Equation (I) is: 3(xo + x; + x5) + 5(yy + y; + y,) = 16 take the solution: (ky, ;) = (2,2).
Equation (I) is: x; + 5y; = 6 — (1)(3) — (1)(2) = 1, take the solution: (k,, ;) = (1,0).
Xo=1.y,=3
Thus: x;, =1 .y; =0
X, =0.y,=-1
And (X,Y) = (1 + Ny, 3 — N,) is a solution of the original equation.

Hence:

4. Conclusion

In this paper, we used some logical algebraic elements to extend any ring into a non-commutative ring contains the
original ring with many generalized substructures and special elements. On the other hand, we studied the
substructures of non-commutative logical rings such as AH-homomorphisms and AH-ideals with many examples
that explain their algebraic validity. Also, we discussed the possibility of solving linear Diophantine equation with
two variables in the non-commutative logical ring of integers, where we present an easy algorithm to solve this kind
of generalized Diophantine equations.
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