
292 

International Journal of Neutrosophic Science (IJNS)                                             Vol. 23, No. 04, PP. 292-301, 2024 

 

Doi: https://doi.org/10.54216/IJNS.230422  
Received: June 11, 2023 Revised: January 15, 2024 Accepted: March 13, 2024 

 

 
 

On Some Symbolic 2-Plithogenic and 3-Plithogenic Real Series 
 

Oliver Von Shtawzen1, Bahadir Tantay2,*, Foziljonov Ibrohimjon3 

 

1University Of Nizwa, Department of Mathematics, Nizwa, Oman 
2College of Business Administration, American University of the Middle East, Egaila, 54200, Kuwait  

3Tashkent State University of Economics, Uzbekistan 

 

Emails: Vonshtawzen1970abc@gmail.com; bahadir.tantay@aum.edu.kw;  ifoziljonov@tsue.uz  

 

 

Abstract 

 

The objective of this paper is to study the expansion of symbolic 2-plithogenic and symbolic 3-plithogenic real 

functions in one variable with real series, where many famous expansions will be presented according to the Taylor 

series applied for symbolic plithogenic functions defined over symbolic plithogenic rings. Also, we provide many 

related examples to clarify and to explain the expansion method and properties. 
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1. Introduction and preliminaries: 

The concept of symbolic n-plithogenic set was proposed in [3], as a novel generalization of fuzzy sets with many 

interesting properties that are very similar to neutrosophic sets [4, 11-12]. These sets were used widely to study the 

algebraic generalized structures generated from them such as symbolic n-plithogenic rings [1,5,8,9], matrices [16-19], 

modules, and spaces [7]. 

 

In [21], symbolic 2-plithogenic and 3-plithogenic real functions were defined and formulated by using a general kind 

of AH-isometry, with many interesting applications through many different scientific fields [3, 14-15, 22-26]. Also, 

many generalizations of symbolic n-plithogenic numbers can be found in [27]. 

 

In this work, we use the formulas of some symbolic 2-plithogenic and 3-plithogenic real functions in one variable 

[21], and we present a method to expand those functions by symbolic w-plithogenic and 3-plithogenic version of 

Taylor's series. Also, we explain the efficiency of the novel expansion by many other examples applied to symbolic 

3-plithogenic functions in one variable, and symbolic 2-plithogenic functions in one variable. 

First, we recall some basic concepts and definitions: 

Definition [1] 

The symbolic 2-plithogenic ring of real numbers is defined as follows: 

2 − 𝑆𝑃𝑅 = {𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2; 𝑡𝑖 ∈ 𝑅, 𝑃1 × 𝑃2 = 𝑃2 × 𝑃1 = 𝑃2, 𝑃1
2 = 𝑃2

2 = 𝑃2} 

The addition operation on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2) + (𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = (𝑡0 + 𝑡0́) + (𝑡1 + 𝑡1́)𝑃1 + (𝑡2 + 𝑡2́)𝑃2 

The multiplication on 2 − 𝑆𝑃𝑅 is defined as follows: 

(𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2)(𝑡0́ + 𝑡1𝑃1́ + 𝑡2́𝑃2) = 𝑡0𝑡0́ + (𝑡0𝑡1́ + 𝑡1𝑡0́ + 𝑡1𝑡1́)𝑃1 + (𝑡0𝑡2́ + 𝑡1𝑡2́ + 𝑡2𝑡2́ + 𝑡2𝑡0́ + 𝑡2𝑡1́)𝑃2 

Remark.  

If 𝑇 = 𝑡0 + 𝑡1𝑃1 + 𝑡2𝑃2 ∈ 2 − 𝑆𝑃𝑅, then: 

𝑇−1 =
1

𝑇
=

1

𝑡0
+ [

1

𝑡0+𝑡1
−

1

𝑡0
] 𝑃1 + [

1

𝑡0+𝑡1+𝑡2
−

1

𝑡0+𝑡1
] 𝑃2, with 𝑡0 ≠ 0, 𝑡0 + 𝑡1 ≠ 0, 𝑡0 + 𝑡1 + 𝑡2 ≠ 0. 

Definition. [21] 

Let 2 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2; 𝑎, 𝑏, 𝑐 ∈ 𝑅} be the 2-plithogenic field of real numbers, a function 𝑓 = 𝑓(𝑋): 2 −
𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅  is called one variable symbolic 2-plithogenic real function, with 
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 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 ∈ 2 − 𝑆𝑃𝑅. 

Definition [21] 

Let 2 − 𝑆𝑃𝑅 be the symbolic 2-plithogenic field of reals, we define its AH-isometry as follows: 

𝐼: 2 − 𝑆𝑃𝑅 → 𝑅 × 𝑅 × 𝑅 such that: 

𝐼(𝑥 + 𝑦𝑃1 + 𝑧𝑃2) = (𝑥, 𝑥 + 𝑦, 𝑥 + 𝑦 + 𝑧). 
It is easy to see that 𝐼 is a ring isomorphism with the inverse: 

𝐼−1: 𝑅 × 𝑅 × 𝑅 → 2 − 𝑆𝑃𝑅 such that: 

𝐼−1(𝑥, 𝑦, 𝑧) = 𝑥 + (𝑦 − 𝑥)𝑃1 + (𝑧 − 𝑦)𝑃2 

Definition [21] 

Let 𝑓: 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅 be a symbolic 2-plithogenic real function with one variable, we define the canonical 

formula as follows: 

𝐼−1 ∘ 𝐼(𝑓): 2 − 𝑆𝑃𝑅 → 2 − 𝑆𝑃𝑅 

Definition [21] 

Let 3 − 𝑆𝑃𝑅 = {𝑎 + 𝑏𝑃1 + 𝑐𝑃2 + 𝑑𝑃2; 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝑅} be the 3-plithogenic field of real numbers, a function 𝑓 =
𝑓(𝑋): 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 is called one variable symbolic 3-plithogenic real function, with 

 𝑋 = 𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3 ∈ 3 − 𝑆𝑃𝑅. 

Definition. [21] 

Let 3 − 𝑆𝑃𝑅 be the symbolic 3-plithogenic field of reals, we define its AH-isometry as follows: 

𝐼: 3 − 𝑆𝑃𝑅 → 𝑅 × 𝑅 × 𝑅 × 𝑅 such that: 

𝐼(𝑥 + 𝑦𝑃1 + 𝑧𝑃2 + 𝑡𝑃3) = (𝑥, 𝑥 + 𝑦, 𝑥 + 𝑦 + 𝑧, 𝑥 + 𝑦 + 𝑧 + 𝑡). 
It is easy to see that 𝐼 is a ring isomorphism with the inverse: 

𝐼−1: 𝑅 × 𝑅 × 𝑅 × 𝑅 → 3 − 𝑆𝑃𝑅 such that: 

𝐼−1(𝑥, 𝑦, 𝑧, 𝑡) = 𝑥 + (𝑦 − 𝑥)𝑃1 + (𝑧 − 𝑦)𝑃2 + (𝑡 − 𝑧)𝑃3 

Definition [21] 

Let 𝑓: 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 be a symbolic 3-plithogenic real function with one variable, we define the canonical 

formula as follows: 

𝐼−1 ∘ 𝐼(𝑓): 3 − 𝑆𝑃𝑅 → 3 − 𝑆𝑃𝑅 

Example.  

Consider𝑓(𝑋) = 𝑋2 − 𝑃1 + 𝑃3, its canonical formula is: 

𝐼(𝑓(𝑋)) = [𝐼(𝑋)]2 + 𝐼(−𝑃1 + 𝑃3) = (𝑥0, 𝑥0 + 𝑥1, 𝑥0 + 𝑥1 + 𝑥2, 𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 + (0,−1,−1,0)

= (𝑥0
2, (𝑥0 + 𝑥1)

2 − 1, (𝑥0 + 𝑥1 + 𝑥2)
2 − 1, (𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2) 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = 

𝑥0
2 + 𝑃1[(𝑥0 + 𝑥1)

2 − 𝑥0
2 − 1] + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)

2 − (𝑥0 + 𝑥1)
2]

+ 𝑃3[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
2 − (𝑥0 + 𝑥1 + 𝑥2)

2 + 1] 
For example: 

𝑓(1 + 𝑃3) = (1 + 𝑃3)
2 − 𝑃1 + 𝑃3 = 1 − 𝑃1 + 4𝑃3. 

If we put values 𝑥0 = 1, 𝑥1 = 0, 𝑥2 = 0, 𝑥2 = 1 

 in the canonical formula, then we get: 

𝐼−1 ∘ 𝐼(𝑓(𝑋)) = (1)2 + 𝑃1[(1)
2 − (1)2 − 1] + 𝑃2[(1)

2 − (1)2] + 𝑃3[(2)
2 − (1)2 + 1] = 1 − 𝑃1 + 4𝑃3. 

Main discussion 

 

Definition: 

Let 2 − 𝑆𝑃ℝ = {𝑥 + 𝑦𝑝1 + 𝑧𝑝2;  𝑥, 𝑦, 𝑧 ∈ ℝ} be the ring of symbolic 2-plithogenic real numbers, Consider the 

following sequence:  

𝑈𝑛 = 𝑥𝑛 + 𝑦𝑛𝑃1 + 𝑧𝑛𝑃2 ; 𝑥𝑛 , 𝑦𝑛, 𝑧𝑛 are three real sequences, we define: 

∑ 𝑈𝑛 = ∑ 𝑥𝑛
𝑗
𝑛=1 +∑ 𝑦𝑛𝑃1

𝑗
𝑛= 1 + ∑ 𝑧𝑛𝑃2

𝑗
𝑛= 1

𝑗
𝑛=1 .                               (1) 

It is called a finite series. 

If 𝑗 = ∞, then it is called an infinite series. 

Example: 

Consider: 𝑈𝑛 =
1

𝑛
+

1

𝑛2
𝑃1 +

3

𝑛
𝑃2, then: 

 ∑ 𝑈𝑛 = ∑
1

𝑛

∞
𝑛=1 + ∑

1

𝑛2
𝑃1

∞
𝑛= 1 +∑

3

𝑛
𝑃2

∞
𝑛= 1

∞
𝑛=1  

Definition: 

We say that ∑ 𝑈𝑛
∞
𝑛=1  is convergent if and only if: 

∑𝑥𝑛 , ∑ 𝑦𝑛 , ∑ 𝑧𝑛 are convergent. 

Otherwise, it is called divergent. 
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Remark: 

1] if ∑𝑥𝑛 = 𝑎,∑ 𝑦𝑛 = 𝑏 ,∑ 𝑧𝑛 = 𝑐, then ∑𝑈𝑛 = 𝑎 + 𝑏𝑃1 + 𝑐𝑃2. 

2] if ∑𝑈𝑛 is divergent, we say that ∑ 𝑈𝑛
∞
𝑛=1 = ∞  

Example: 

Consider the function: 𝑓: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ   such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑒
𝑥0 + 𝑒𝑥1𝑃1 + 𝑒

𝑥2𝑃2, then: 

{
 
 
 
 

 
 
 
 𝑒𝑥0 =∑

(𝑥0)
𝑛

𝑛!

∞

𝑛=0

𝑒𝑥1 =∑
(𝑥1)

𝑛

𝑛!

∞

𝑛=0

𝑒𝑥2 =∑
(𝑥2)

𝑛

𝑛!

∞

𝑛=0

 

So that: 

𝑓(𝑋) = ∑
𝑥0
𝑛

𝑛!

∞
𝑛=0 +∑

𝑥1
𝑛

𝑛!

∞
𝑛=0 𝑃1 + ∑

𝑥2
𝑛

𝑛!

∞
𝑛=0 𝑃2 = ∑

𝑥0
𝑛+𝑥1

𝑛𝑃1+𝑥2
𝑛𝑃2

𝑛!

∞
𝑛=0   

Example: 

Consider the functions: 𝑓: 2 − 𝑆𝑃ℝ  → 2𝑆𝑃ℝ  , 𝑔: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ  , ℎ: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ   such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑠𝑖𝑛(𝑥0) + 𝑠𝑖𝑛(𝑥1)𝑃1 + 𝑠𝑖𝑛(𝑥2)𝑃2, 

𝑔(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑐𝑜𝑠(𝑥0) + 𝑐𝑜𝑠(𝑥1)𝑃1 + 𝑐𝑜𝑠(𝑥2)𝑃2, 

ℎ(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑠𝑖𝑛(𝑥0) + 𝑐𝑜𝑠(𝑥1)𝑃1 + 𝑠𝑖𝑛(𝑥2)𝑃2, 

we have: 

{
 
 
 
 

 
 
 
 𝑠𝑖𝑛(𝑥0) = ∑

(−1)𝑛 . 𝑥0
2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

𝑠𝑖𝑛(𝑥1) = ∑
(−1)𝑛 . 𝑥1

2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

𝑠𝑖𝑛(𝑥2) = ∑
(−1)𝑛 . 𝑥2

2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

 

{
 
 
 
 

 
 
 
 𝑐𝑜𝑠(𝑥0) = ∑(−1)𝑛.

𝑥0
2𝑛

(2𝑛)!

∞

𝑛=0

𝑐𝑜𝑠(𝑥1) = ∑
(−1)𝑛

(2𝑛)!

∞

𝑛=0

. 𝑥1
2𝑛

𝑐𝑜𝑠(𝑥2) = ∑
(−1)𝑛

(2𝑛)!

∞

𝑛=0

. 𝑥2
2𝑛

 

Hence, 𝑓(𝑥) = ∑
(−1)𝑛

(2𝑛+1)!

∞
𝑛=0 [𝑥0

2𝑛+1 + 𝑥1
2𝑛+1𝑃1 + 𝑥2

2𝑛+1𝑃2] 

𝑔(𝑥) = ∑
(−1)𝑛

(2𝑛)!

∞

𝑛=0

[𝑥0
2𝑛 + 𝑥1

2𝑛𝑃1 + 𝑥2
2𝑛𝑃2] 

ℎ(𝑥) = ∑[
(−1)𝑛

(2𝑛 + 1)!
(𝑥0

2𝑛+1 + 𝑥2
2𝑛+1𝑃2) +

(−1)𝑛

(2𝑛)!
𝑥1
2𝑛𝑃1)]

∞

𝑛=0

 

 

Example: 

Consider 𝑓: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ  such that:  

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ln(𝑥0) + ln(𝑥1) 𝑃1 + ln(𝑥2) 𝑃2, 

𝑔: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ  such that: 

𝑔(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑒
𝑥0 + ln(𝑥2) 𝑃1 + ln(𝑥1) 𝑃2, 

ℎ: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ  such that: 

ℎ(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ln(𝑥0) + 𝑒
𝑥0𝑃1 + 𝑒

𝑥2+𝑥1𝑃2, 

we have: 
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{
 
 
 
 

 
 
 
 ln(𝑥0) = ∑

(−1)𝑛−1

𝑛
(𝑥0 − 1)

𝑛

∞

𝑛=1

ln(𝑥1) = ∑
(−1)𝑛−1

𝑛
(𝑥1 − 1)

𝑛

∞

𝑛=1

ln(𝑥2) = ∑
(−1)𝑛−1

𝑛
(𝑥2 − 1)

𝑛

∞

𝑛=1

 

And: {
𝑒𝑥0 = ∑

𝑥0
𝑛

𝑛!

∞
𝑛=0

𝑒𝑥2+𝑥1 = ∑
(𝑥1+𝑥2)

𝑛

𝑛!

∞
𝑛=0

 

So that: 

𝑓(𝑥) = ∑
(−1)𝑛−1

𝑛

∞

𝑛=1

[(𝑥0 − 1)
𝑛 + (𝑥1 − 1)

𝑛𝑃1 + (𝑥2 − 1)
𝑛𝑃2] 

𝑔(𝑥) = ∑
𝑥0

𝑛

𝑛!

∞

𝑛=0

+∑
(−1)𝑛−1

𝑛

∞

𝑛=1

[(𝑥2 − 1)
𝑛𝑃1 + (𝑥1 − 1)

𝑛𝑃2] 

ℎ(𝑥) = ∑
(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛 +∑
1

𝑛!

∞

𝑛=0

(𝑥0
𝑛𝑃1 + (𝑥1 + 𝑥2)

𝑛𝑃2)

∞

𝑛=1

 

Example: 

Consider the functions: 

𝑓: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ    
𝑔: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ    
ℎ: 2 − 𝑆𝑃ℝ  → 2 − 𝑆𝑃ℝ    
such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = 𝑒
𝑥1−𝑥0 + sin(𝑥0 − 2𝑥2) 𝑃1 + cos(𝑥2) 𝑃2, 

𝑔(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = sin(3𝑥1) + ln(𝑥0 + 𝑥1 + 𝑥2) 𝑃1 + cos(2𝑥0) 𝑃2, 

ℎ(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = cos(𝑥1 + 𝑥0) + 𝑒
𝑥1+𝑥2−𝑥0𝑃1 + ln(2𝑥0 − 𝑥1) 𝑃2, 

we have: 

{
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 𝑒𝑥1−𝑥0 =∑

1

𝑛!
(𝑥1 − 𝑥0)

𝑛

∞

𝑛=0

sin(𝑥0 − 2𝑥2) = ∑
(−1)𝑛

(2𝑛 + 1)!
(𝑥0 − 2𝑥2)

2𝑛+1

∞

𝑛=0

cos(𝑥2) = ∑
(−1)𝑛

(2𝑛)!
(𝑥2)

2𝑛

∞

𝑛=0

sin(3𝑥1) = ∑
(−1)𝑛

(2𝑛 + 1)!
(3𝑥1)

2𝑛+1

∞

𝑛=0

ln(𝑥0 + 𝑥1 + 𝑥2) = ∑
(−1)𝑛

𝑛
(𝑥0 + 𝑥1 + 𝑥2 − 1)

𝑛

∞

𝑛=1

cos(2𝑥0) = ∑
(−1)𝑛

(2𝑛)!
(2𝑥0)

2𝑛

∞

𝑛=0

cos(𝑥1 + 𝑥0) = ∑
(−1)𝑛

(2𝑛)!
(𝑥1 + 𝑥0)

2𝑛

∞

𝑛=0

𝑒𝑥1+𝑥2−𝑥0 = ∑
1

𝑛!
(𝑥1 + 𝑥2 − 𝑥0)

𝑛

∞

𝑛=0

ln(2𝑥0 − 𝑥1) = ∑
(−1)𝑛

𝑛
(2𝑥0 − 𝑥1 − 1)

𝑛

∞

𝑛=1
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So that: 

𝑓(𝑥) = ∑
1

𝑛!
(𝑥1 − 𝑥0)

𝑛 +

∞

𝑛=0

∑
(−1)𝑛

(2𝑛 + 1)!
(𝑥0 − 2𝑥1)

2𝑛+1𝑃1 +

∞

𝑛=0

∑
(−1)𝑛

(2𝑛)!
(𝑥2)

2𝑛𝑃2

∞

𝑛=0

 

𝑔(𝑥) = ∑
(−1)𝑛

(2𝑛 + 1)
. (3𝑥1)

2𝑛+1 +

∞

𝑛=0

∑
(−1)𝑛

𝑛
. (𝑥0 + 𝑥1 + 𝑥2 − 1)

𝑛𝑃1 +

∞

𝑛=1

∑
(−1)𝑛

(2𝑛)!
(2𝑥0)

2𝑛𝑃2

∞

𝑛=0

 

  

ℎ(𝑥) = ∑
(−1)𝑛

(2𝑛)!
. (𝑥1 + 𝑥0)

2𝑛 +

∞

𝑛=0

∑
1

𝑛!
. (𝑥1 + 𝑥2 − 𝑥0)

𝑛𝑃1 +

∞

𝑛=0

∑
(−1)𝑛

𝑛
(2𝑥0 − 𝑥1 − 1)

𝑛𝑃2

∞

𝑛=1

 

Definition: 

Let 3 − 𝑆𝑃ℝ  = {𝑥 + 𝑦𝑃2 + 𝑧𝑃2 + 𝑡𝑃3; 𝑥, 𝑦, 𝑧, 𝑡 ∈ ℝ} be the ring of symbolic 3-plithogenic real numbers, consider 

the following sequence: 𝑈𝑛 = 𝑥𝑛 + 𝑦𝑛𝑃1 + 𝑧𝑛𝑃2 + 𝑡𝑛𝑃3; 𝑥𝑛 , 𝑦𝑛, 𝑧𝑛 , 𝑡𝑛 are four real sequences, we define: 

∑ 𝑈𝑛
𝑗
𝑛=1 = ∑ 𝑥𝑛

𝑗
𝑛=1 +∑ 𝑦𝑛𝑃1

𝑗
𝑛=1 +∑ 𝑧𝑛𝑃2

𝑗
𝑛=1 + ∑ 𝑡𝑛𝑃3

𝑗
𝑛=1      (2) 

It is a symbolic 3-plithogenic finite series. 

For 𝑗 = ∞, we get the infinite case.  

The convergent and divergent symbolic 3-plithogenic series is defined as the case of symbolic 2-plithogenic case. 

Example: 

Consider the following functions: 

𝑓: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   
𝑔: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   
ℎ: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   
𝑘: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   
𝑙: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   
𝑠: 3 − 𝑆𝑃ℝ  → 3 − 𝑆𝑃ℝ   

Such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2  + 𝑥3𝑃3) = 𝑒
𝑥0+𝑥1 + ln(𝑥1) 𝑃1 + sin(𝑥2) 𝑃2 + cos(𝑥3) 𝑃3, 

𝑔(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = ln(𝑥0 − 𝑥2) + 𝑒
𝑥2𝑃1 + cos(𝑥0 + 𝑥3) 𝑃2 + sin(𝑥3) 𝑃3, 

ℎ(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2  + 𝑥3𝑃3) = 𝑒𝑥0 + cos(𝑥3 − 𝑥2) 𝑃1 + sin(𝑥2 + 2𝑥3) 𝑃2 + ln(𝑥0) 𝑃3, 

𝑘(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2  + 𝑥3𝑃3) = ln(𝑥0) + ln(𝑥1) 𝑃1 + 𝑒
𝑥2𝑃2 + 𝑒

𝑥3𝑃3,  

𝑙(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = sin(𝑥0) + sin(𝑥1) 𝑃1 + cos(𝑥2) 𝑃2 + cos(𝑥3) 𝑃3 , 

𝑠(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = 𝑒
𝑥3+𝑥1 + 𝑒𝑥0−𝑥1𝑃1 + ln(2𝑥2 − 5𝑥3) 𝑃2 + cos(𝑥0 + 4𝑥2) 𝑃3 , 

We have: 

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 𝑒𝑥0+𝑥1 =∑

1

𝑛!
(𝑥0 + 𝑥1)

𝑛

∞

𝑛=0

ln 𝑥1 = ∑
(−1)𝑛

𝑛
(𝑥1 − 1)

𝑛

∞

𝑛=1

sin 𝑥2 =∑
(−1)𝑛

(2𝑛 + 1)!
𝑥2

2𝑛+1

∞

𝑛=0

cos 𝑥3 =∑
(−1)𝑛

(2𝑛)!
𝑥3

2𝑛+1

∞

𝑛=0

ln(𝑥0 − 𝑥2) = ∑
(−1)𝑛

𝑛
(𝑥0 − 𝑥2 − 1)

𝑛

∞

𝑛=1

𝑒𝑥2 = ∑
1

𝑛!
(𝑥2)

𝑛

∞

𝑛=0

cos(𝑥0 + 𝑥2) = ∑
(−1)𝑛

(2𝑛)!
(𝑥0 + 𝑥2)

2𝑛

∞

𝑛=0

sin 𝑥3 = ∑
(−1)𝑛

(2𝑛 + 1)!
(𝑥3)

2𝑛+1

∞

𝑛=0

 

And  
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{
 
 
 
 
 

 
 
 
 
 𝑒𝑥0 = ∑

1

𝑛!
(𝑥0)

𝑛

∞

𝑛=0

cos(𝑥3 − 𝑥2) = ∑
(−1)𝑛

(2𝑛)!
(𝑥3 − 𝑥2)

2𝑛

∞

𝑛=0

sin(𝑥2 + 2𝑥3) = ∑
(−1)𝑛

(2𝑛 + 1)!
(𝑥2 + 2𝑥3)

2𝑛+1

∞

𝑛=0

ln 𝑥0 = ∑
(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛

∞

𝑛=1

 

And: 

{
 
 
 
 
 

 
 
 
 
 ln 𝑥0 = ∑

(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛

∞

𝑛=1

ln 𝑥1 = ∑
(−1)𝑛

𝑛
(𝑥1 − 1)

𝑛

∞

𝑛=1

𝑒𝑥2 = ∑
1

𝑛!
(𝑥2)

𝑛

∞

𝑛=0

𝑒𝑥3 = ∑
1

𝑛!
(𝑥3)

𝑛

∞

𝑛=0

 

And: 

{
 
 
 
 
 

 
 
 
 
 sin 𝑥0 = ∑

(−1)𝑛

(2𝑛 + 1)!
(𝑥0)

2𝑛+1

∞

𝑛=0

sin 𝑥1 = ∑
(−1)𝑛

(2𝑛 + 1)!
(𝑥1)

2𝑛+1

∞

𝑛=0

cos 𝑥2 =∑
(−1)𝑛

(2𝑛)!
(𝑥2)

2𝑛

∞

𝑛=0

cos 𝑥3 =∑
(−1)𝑛

(2𝑛)!
(𝑥3)

2𝑛

∞

𝑛=0

 

 And: 

{
 
 
 
 
 

 
 
 
 
 𝑒𝑥3+𝑥1 =∑

1

𝑛!
(𝑥3 + 𝑥1)

𝑛

∞

𝑛=0

𝑒𝑥0−𝑥1 =∑
1

𝑛!
(𝑥0 − 𝑥1)

𝑛

∞

𝑛=0

ln(2𝑥2 − 5𝑥3) = ∑
(−1)𝑛

𝑛
(2𝑥2 − 5𝑥3 − 1)

𝑛

∞

𝑛=1

cos(𝑥0 + 4𝑥2) = ∑
(−1)𝑛

(2𝑛)!
(𝑥0 + 4𝑥2)

2𝑛

∞

𝑛=0

 

Thus: 

𝑓(𝑥) = ∑
1

𝑛!
(𝑥0 + 𝑥1)

𝑛∞
𝑛=0 + ∑

(−1)𝑛

𝑛
(𝑥1 − 1)

𝑛𝑃1
∞
𝑛=1 + ∑

(−1)𝑛

(2𝑛+1)!
𝑥2

2𝑛+1𝑃2
∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛)!
𝑥3

2𝑛𝑃3
∞
𝑛=0   

𝑔(𝑥) = ∑
(−1)𝑛

𝑛
(𝑥0 − 𝑥2 − 1)

𝑛∞
𝑛=1 +∑

1

𝑛!
𝑥2

𝑛𝑃1
∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛)!
(𝑥0 + 𝑥2)

2𝑛𝑃2
∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛+1)!
𝑥3

2𝑛+1𝑃3
∞
𝑛=0   

ℎ(𝑥) = ∑
1

𝑛!
𝑥0

𝑛∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛)!
(𝑥3 − 𝑥2)

𝑛𝑃1
∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛+1)!
(𝑥2 + 2𝑥3)

2𝑛+1𝑃2
∞
𝑛=0 +∑

(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛𝑃3
∞
𝑛=1   

𝑘(𝑥) = ∑
(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛∞
𝑛=1 + ∑

(−1)𝑛

𝑛
(𝑥1 − 1)

𝑛𝑃1
∞
𝑛=1 + ∑

1

𝑛!
[𝑥2

𝑛𝑃2 + 𝑥3
𝑛𝑃3]

∞
𝑛=0   
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𝑙(𝑥) = ∑
(−1)𝑛

(2𝑛+1)!
[𝑥0

2𝑛+1 + 𝑥1
2𝑛+1𝑃1]

∞
𝑛=0 + ∑

(−1)𝑛

(2𝑛)!
[𝑥2

2𝑛𝑃2 + 𝑥3
2𝑛𝑃3]

∞
𝑛=0   

𝑠(𝑥) = ∑
1

𝑛!
[(𝑥3 + 𝑥1)

𝑛 + (𝑥0 − 𝑥1)
𝑛𝑃1]

∞
𝑛=0 + ∑

(−1)𝑛

𝑛
(2𝑥2 − 5𝑥3 − 1)

𝑛𝑃2
∞
𝑛=1 + ∑

(−1)𝑛

(2𝑛)!
(𝑥0 + 4𝑥2)

2𝑛∞
𝑛=0  . 

Definition: 

Let 4 − 𝑆𝑃ℝ  = {𝑥 + 𝑦𝑃2 + 𝑧𝑃2 + 𝑡𝑃3; 𝑥, 𝑦, 𝑧, 𝑡, 𝑠 ∈ ℝ} be the ring of symbolic 4-plithogenic real numbers, consider 

the following sequence: 𝑈𝑛 = 𝑥𝑛 + 𝑦𝑛𝑃1 + 𝑧𝑛𝑃2 + 𝑡𝑛𝑃3 + 𝑠𝑛𝑃4; 𝑥𝑛 , 𝑦𝑛, 𝑧𝑛 , 𝑡𝑛, 𝑠𝑛 are five real sequences, we define: 

∑ 𝑈𝑛
𝑗
𝑛=1 = ∑ 𝑥𝑛

𝑗
𝑛=1 +∑ 𝑦𝑛𝑃1

𝑗
𝑛=1 +∑ 𝑧𝑛𝑃2

𝑗
𝑛=1 + ∑ 𝑡𝑛𝑃3

𝑗
𝑛=1 +∑ 𝑠𝑛𝑃4

𝑗
𝑛=1      (3) 

It is a symbolic 3-plithogenic finite series. 

For 𝑗 = ∞, we get the infinite case.  

The convergent and divergent symbolic 4-plithogenic series is defined as the case of symbolic 2-plithogenic case. 

Example: 

Consider the following functions: 

𝑓: 4 − 𝑆𝑃ℝ  → 4 − 𝑆𝑃ℝ   
𝑔: 4 − 𝑆𝑃ℝ  → 4 − 𝑆𝑃ℝ   
ℎ: 4 − 𝑆𝑃ℝ  → 4 − 𝑆𝑃ℝ   
𝑘: 4 − 𝑆𝑃ℝ  → 4 − 𝑆𝑃ℝ   
𝑙: 4 − 𝑆𝑃ℝ  → 4 − 𝑆𝑃ℝ   

Such that: 

𝑓(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2  + 𝑥3𝑃3 + 𝑥4𝑃4) = 𝑒𝑥0−𝑥4 + 𝑒𝑥1+𝑥4𝑃1 + 𝑒
𝑥2−𝑥3𝑃2 + 𝑒

𝑥3𝑃3 + 𝑒
𝑥4𝑃4, 

We have: 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 𝑒𝑥0−𝑥4 =∑

1

𝑛!
(𝑥0 − 𝑥4)

𝑛

∞

𝑛=0

𝑒𝑥1+𝑥4 =∑
1

𝑛!
(𝑥1 + 𝑥4)

𝑛

∞

𝑛=0

𝑒𝑥2−𝑥3 =∑
1

𝑛!
(𝑥2 − 𝑥3)

𝑛

∞

𝑛=0

𝑒𝑥3 = ∑
1

𝑛!
(𝑥3)

𝑛

∞

𝑛=0

𝑒𝑥4 = ∑
1

𝑛!
(𝑥4)

𝑛

∞

𝑛=0

 

Thus, 𝑔(𝑥) = ∑
(−1)2𝑛

(2𝑛)!
(2𝑥1 + 𝑥2)

2𝑛∞
𝑛=0 + ∑

(−1)2𝑛+1

(2𝑛+1)!
(𝑥3)

2𝑛+1𝑃1
∞
𝑛=0 +⋯ 

ℎ(𝑥) = cos(𝑥4 − 5𝑥0) + cos(𝑥1 + 𝑥2) 𝑃1 + sin(𝑥2 + 𝑥4) 𝑃2 + ln(𝑥0) 𝑃3 + ln(𝑥0 + 3𝑥1) 𝑃4, 

 

 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 cos(𝑥4 − 5𝑥0) = ∑

(−1)2𝑛

(2𝑛)!
(𝑥4 − 5𝑥0)

2𝑛

∞

𝑛=0

cos(𝑥1 + 𝑥2) = ∑
(−1)2𝑛

(2𝑛)!
(𝑥1 + 𝑥2)

2𝑛

∞

𝑛=0

sin(𝑥2 + 𝑥3) = ∑
(−1)2𝑛+1

(2𝑛 + 1)!
(𝑥2 + 𝑥3)

2𝑛+1

∞

𝑛=0

ln 𝑥0 = ∑
(−1)𝑛

𝑛
(𝑥0 − 1)

𝑛

∞

𝑛=1

ln(𝑥0 + 3𝑥1) = ∑
(−1)𝑛

𝑛
(𝑥0 + 3𝑥1 − 1)

𝑛

∞

𝑛=1

 

𝑘(𝑥) = 𝑒𝑥0+𝑥1−𝑥4𝑃2 + 𝑒
𝑥4−3𝑥1𝑃4, we have: 
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{
 
 

 
 𝑒𝑥0+𝑥1−𝑥4 = ∑

1

𝑛!
(𝑥0 + 𝑥1 − 𝑥4)

𝑛

∞

𝑛=0

𝑒𝑥4−3𝑥1 =∑
1

𝑛!
(𝑒𝑥4−3𝑥1)𝑛

∞

𝑛=0

 

Thus, 𝑘(𝑥) = ∑
1

𝑛!
[(𝑥0 + 𝑥1 − 𝑥4)

𝑛𝑃2
∞
𝑛=0 + (𝑥4 − 3𝑥1)

𝑛𝑃4]  

𝑙(𝑥) = ln(2𝑥1 + 𝑥2) 𝑃1 + ln(𝑥3 − 5𝑥4) 𝑃3 + 𝑒
𝑥3𝑃4], we have: 

{
 
 
 
 

 
 
 
 ln(2𝑥1 + 𝑥2) = ∑

(−1)𝑛

𝑛
(2𝑥1 + 𝑥2 − 1)

𝑛

∞

𝑛=1

ln(𝑥3 − 5𝑥4) = ∑
(−1)𝑛

𝑛
(𝑥3 − 5𝑥4 − 1)

𝑛

∞

𝑛=1

𝑒𝑥3 =∑
1

𝑛!
𝑥3

𝑛

∞

𝑛=0

 

Thus, 𝑙(𝑥) = ∑
(−1)𝑛

𝑛
[(2𝑥1 + 𝑥2 − 1)

𝑛𝑃1
∞
𝑛=1 + (𝑥3 − 5𝑥4 − 1)

𝑛𝑃3] + ∑
1

𝑛!
(𝑥3)

𝑛∞
𝑛=0   

 

The expansion of some famous plithogenic real functions. 

The following formulas are proved in [21]. 

1] 𝑒𝑥0+𝑥1𝑃1+𝑥2𝑃2 = 𝑒𝑥0 + 𝑃1[𝑒
𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒

𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1]. 
2] 𝑒𝑥0+𝑥1𝑃1+𝑥2𝑃2+𝑥3𝑃3 = 𝑒𝑥0 + 𝑃1[𝑒

𝑥0+𝑥1 − 𝑒𝑥0] + 𝑃2[𝑒
𝑥0+𝑥1+𝑥2 − 𝑒𝑥0+𝑥1] + 𝑃3[𝑒

𝑥0+𝑥1+𝑥2+𝑥3 − 𝑒𝑥0+𝑥1+𝑥2] 
3] ln(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ln(𝑥0) + 𝑃1[ln(𝑥0 + 𝑥1) − ln 𝑥0] + 𝑃2[ln(𝑥0 + 𝑥1 + 𝑥2) − ln(𝑥0 + 𝑥1)]  
4] ln(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = ln 𝑥0 + 𝑃1[ln(𝑥0 + 𝑥1) − ln 𝑥0] + 𝑃2[ln(𝑥0 + 𝑥1 + 𝑥2) − ln(𝑥0 + 𝑥1)] +
𝑃3[ln(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − ln(𝑥0 + 𝑥1 + 𝑥2)] 
5] sin(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = sin(𝑥0) + 𝑃1[sin(𝑥0 + 𝑥1) − sin 𝑥0] + 𝑃2[sin(𝑥0 + 𝑥1 + 𝑥2) − sin(𝑥0 + 𝑥1)] 
6] sin(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = sin 𝑥0 + 𝑃1[sin(𝑥0 + 𝑥1) − sin 𝑥0] + 𝑃2[sin(𝑥0 + 𝑥1 + 𝑥2) − sin(𝑥0 + 𝑥1)] +
𝑃3[sin(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − sin(𝑥0 + 𝑥1 + 𝑥2)] 
7] cos(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = cos(𝑥0) + 𝑃1[cos(𝑥0 + 𝑥1) − cos 𝑥0] + 𝑃2[cos(𝑥0 + 𝑥1 + 𝑥2) − cos(𝑥0 + 𝑥1)] 
8] cos(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = cos 𝑥0 + 𝑃1[cos(𝑥0 + 𝑥1) − cos 𝑥0] + 𝑃2[cos(𝑥0 + 𝑥1 + 𝑥2) −
cos(𝑥0 + 𝑥1)] + 𝑃3[cos(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3) − cos(𝑥0 + 𝑥1 + 𝑥2)] 
The series formulas are: 

1] 𝑒𝑥0+𝑥1𝑃1+𝑥2𝑃2 = ∑
1

𝑛!
[𝑥0

𝑛 + [(𝑥0 + 𝑥1)
𝑛 − 𝑥0

𝑛]𝑃1 + 𝑃2[(𝑥0 + 𝑥1 + 𝑥2)
𝑛 − (𝑥0 + 𝑥1)

𝑛∞
𝑛=0 . 

2] 𝑒𝑥0+𝑥1𝑃1+𝑥2𝑃2+𝑥3𝑃3 = ∑
1

𝑛!
[𝑥0

𝑛 + [(𝑥0 + 𝑥1)
𝑛 − 𝑥0

𝑛]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2)
𝑛 − (𝑥0 + 𝑥1)

𝑛]𝑃2 +
∞
𝑛=0

[(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)
𝑛 − (𝑥0 + 𝑥1 + 𝑥2)

𝑛𝑃3] 

3] ln(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ∑
(−1)𝑛

𝑛!
[(𝑥0 − 1)

𝑛 + [(𝑥0 + 𝑥1 − 1)
𝑛 − (𝑥0 − 1)

𝑛]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2 − 1)
𝑛 −∞

𝑛=1

(𝑥0 + 𝑥1 − 1)
𝑛]𝑃2  

4] ln(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = ∑
(−1)𝑛

𝑛!
[(𝑥0 − 1)

𝑛 + [(𝑥0 + 𝑥1 − 1)
𝑛 − (𝑥0 − 1)

𝑛]𝑃1 +
∞
𝑛=1

[(𝑥0 + 𝑥1 + 𝑥2 − 1)
𝑛 − (𝑥0 + 𝑥1 − 1)

𝑛]𝑃2 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3 − 1)
𝑛 − (𝑥0 + 𝑥1 + 𝑥2 − 1)

𝑛]𝑃3] 
 

5] sin(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ∑
(−1)𝑛

(2𝑛+1)!
[𝑥0

2𝑛+1 + [(𝑥0 + 𝑥1)
2𝑛+1 − 𝑥0

2𝑛+1]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2)
2𝑛+1 −∞

𝑛=0

(𝑥0 + 𝑥1)
2𝑛+1]𝑃2 

6] sin(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = ∑
(−1)𝑛

(2𝑛+1)!
[𝑥0

2𝑛+1 + [(𝑥0 + 𝑥1)
2𝑛+1 − 𝑥0

2𝑛+1]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2)
2𝑛+1 −∞

𝑛=0

(𝑥0 + 𝑥1)
2𝑛+1]𝑃2 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2𝑛+1 − (𝑥0 + 𝑥1)
2𝑛+1]𝑃3 

7] cos(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2) = ∑
(−1)2𝑛

(2𝑛)!
[𝑥0

2𝑛 + [(𝑥0 + 𝑥1)
2𝑛 − 𝑥0

2𝑛]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2)
2𝑛 − (𝑥0 + 𝑥1)

2𝑛]𝑃2
∞
𝑛=0  

8] cos(𝑥0 + 𝑥1𝑃1 + 𝑥2𝑃2 + 𝑥3𝑃3) = ∑
(−1)2𝑛

(2𝑛)!
[𝑥0

2𝑛 + [(𝑥0 + 𝑥1)
2𝑛 − 𝑥0

2𝑛]𝑃1 + [(𝑥0 + 𝑥1 + 𝑥2)
2𝑛 −∞

𝑛=0

(𝑥0 + 𝑥1)
2𝑛]𝑃2 + [(𝑥0 + 𝑥1 + 𝑥2 + 𝑥3)

2𝑛 − (𝑥0 + 𝑥1 + 𝑥2)
2𝑛]𝑃3]. 

 

5. Conclusion 

In this work, we have studied the expansion of symbolic 2-plithogenic and symbolic 3-plithogenic real functions in 

one variable with real series, where we provided many related examples to clarify and to explain the expansion 
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method and properties. 

In the future, we aim to generalize our study to symbolic n-plithogenic functions and symbolic n-plithogenic series. 
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