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Abstract

In this paper we give an equivalent definition of continuous and compact linear operators by using orthogonal
bases in non-archimedean locally K - convex spaces. We also show that if E is a d, space and F is a semi-Montel
d, space, then every continuous linear operator T:E—F is compact.
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1. Introduction

In archimedean functional analysis V. P. Zahariuta showed in [7] that if E, F are locally convex space with
absolute bases, E is d, space and F is a Montel d, space, then every continuous linear operator T:E—F is
compact.

In this paper we prove this result in non-archimedean functional analysis with E, F are locally K - convex spaces
with orthogonal basis.

Throughout K is a non-archimedean valued field that is complete under the metric induced by non-trivial
valuation |.|: K — [0, o).

Let E be a K - vector space. A non-archimedean seminorm on E isamap ||. ||: E — R satisfying

(i) llx|| € |K| Where |K] is the closure of {|1]: 1 € K} in R).
(i) lAx |l = [Alllxl
(i) x4+ yll < max ([lx|], Lyl
Forall x,y € E,1 € K.
In the sequel E, F, ... are locally K - convex Hausdroff spaces over K,

the topology of which is determined by a family (||.|), of non-archimedean seminorms. For the elementary
notion and notations concerning locally K - vector spaces we refer to [2 ], [5] and [6]. By L(E,F) will denote a K
- vector spaces consisting of all continuous linear maps.
1.1 Definition Let E be a locally K - convex space. A sequence (x,,) in E is called a (topological) base of E if
each x € E can be written uniquely as x = Yo, 4, x,with 4, € K. If the coefficient functionals f,: x €
E - A, € N, (n € N) are continuous, then (x,,) is called a Schauder basis (see[4]).
1.2 Definitions (see [1])
A basis (x;) of a locally K - convex space E is said to be an orthogonal basis if the topology of E can be
determined by a sequences (|. |,,) of nonarchimedean seminorms satisfying the conditions:
Ifx € E, x = %2, A; x;, then x|, = miaxl/lixilp Vp € N.

Note that every orthogonal basis is a Schauder basis.

2. Compact operators:

A compactoid in a locally K - convex space E is a subset B of E such that for every zero-neighborhood U in
E, there exists a finite set A ¢ Esuch that B c U + co(A), where co(A) is the absolutely convex hull of A.
E is called semi-Montel if every bounded subset of E is compctoid. An operator T € L(E,F) is called
compact if there exists a zero- neighborhood U in E such that T(U ) is compactoid in F ( see[3]).

2.1 Theorem: Let E , F be two locally K - convex space and let(|. |,), (Il llx), be two sequences of non-
archimedean seminorms, defining the topologies on E and F respectively. Then

a) T € L(E,F) ifand only if vm3k = k(m) and C(m) € K with |C(m)| > 0 such that vx € E

ITxlm < [CO)| Ix]k

b) If (e,,) is any orthogonal basis in E, then T € L(E, F) if and only if ym3k = k(m) such that
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ITenllm

n |en|k
c) If F is a semi-Montel space, then T: E — F is a compact operator if and only if 3k vm 3D (m) € K with

|[D(m)| > 0 such that Vx € E

ITx|lm < [D(m)|1x]k

d) If e, is any orthogonal basis in E and F is a semi-Montel space, then T: E — F is a compact operator if
and only if 3k vim

sup ”Ten”m
n |en|k

Proof: a)
T € L(E,F) if and only if for the a zero-neighborhood By, (0,1) in F, there exist zero-neighborhood
B| |k(0 1) in E and C'(m)eK with such |C'(m)| > 0 that T(C'(m) B| |k(0 1)) c B” ||m(0 1) Now if x €

E, then |C(m) |9:C|k = |C(m) :i:l’: = |C(m)| < |C'(m)], and so —= C(m) = ar€C (m).B,;,(0,1) and this implies
that

T (’”) Z5) € T(C'(m). By, (0.1)) € By, (0,1,

Thus, ||“"” x < 1andso[ITxlly, < 1CGm x|, where | Gm)| = |ﬁ|

b) (=) LetT € L(E, F). Then by part (a) vm 3k = k(m) and C(m) € K with |C(m)| > 0 such that
ITxllm < IC(M)|Ix], VX EE

Since e,, € E, then vm 3k = k(m) and C(m) € K with |C(m)| > 0 such that

ITenllm < 1CM)llenl  VREN

Hence Vm 3k = k(m) and C(m) € K with |C(m)| > 0 such that

Tenlm < |c(m)|  vnen

lenlk
It follows that, v 3k = k(m) such that
ITenllm
p |:n|k
(<=) Let T:E — F be any linear operator and (e,,) be any orthogonal basis in E. Suppose that vm 3k =
k(m) such that

ITenllm
n lenlk
Then vm 3k = k(m) and C(m) € K with |C(m)| > 0 such that
ITenllm < 1Cm)|le,lx vneN

Now if x € E. Then x has a unique representation x = Y,»_, 1,,e,, .Since

Tx = Y1 A,Tey, then

ITxllm = 1Xn=1 AnTenllm < max|d,| ITepll,m < max|Cm)| |4z llenl, = 1Cm)|lx] .
and hence T € L(E,F)
¢) T:E — F is compact if and only if there exists a zero-neighborhood By, (0,1) in E, such that T(By,,(0,1)) is
compactiod in F. Since F is semi-Montel space, then T (B, (0,1)) is bounded in F. So there exist a zero-

neighborhood By ;.. (0,1) in F and D'(m) € K with [D'(m)| > 0 such that T(B| 1 (0, 1)) c D'(m). By, (0,1).

= 1 <1, and so - e By, (0,1) and this implies that T(— ) € T(B),(0,1))

k
1 Tx

Now let x € E, then |

2 [xli
D'(m). By, (0,1). Thus || || < b'm), and 50 [I Tl < ID(m)||x], where |D(m)| 2D (m)].

d) (=)let T:E - F be any compact operator. Then by part (¢) 3k vm 3D (m) € K with [D(m)| > 0 such that
Vx €E

ITx1lm < [DM)|]x]k

Since e, € E, then 3k vm 3D (m) € K with |D(m)| > 0 such that

ITenllm < [D(mM)|lenlk vn € N.
Hence 3k vm 3D (m) € K with |[D(m)| > 0 such that
It foIIows that, 3k ¥m such that
ITenllm < o
n lenlk
(<) Let T: E — F be any linear operator and (e,,) be any orthogonal basis in E. Suppose that 3k ¥m such that
ITenllm <o
n lenlk
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then 3k vm 3D (m) € K with |D(m)| > 0 such that

ITenllm < ID(mM)llenly vneN.

Now if x € E, then x has a unique representation x = Y7, 1,,e,,. Since
Tx = Xpz1 Anen,

ITxlm = Z AnTen|| < max|dn| [|Tenllm < max|Dm)||2xlenli = 1D(m)||x]x
n=1 m
Andso T: E — F is a compact operator.

2.2 Definition

We shall say that a locally K - convex space E € d;,i = 1,2 if there exists in E an orthogonal basisx,, such that
Ip Vq 3r such that |x |2 < |x,|, x| VK € N for i=1, and

Vq 3p vr such that |x |2 = |xi |, |xi | Yk € N for i=2.

2.3 Theorem

Let E € d,, F € d; and F be a semi-Montel space. Then every continuous linear operator T: E — F is compact.
Proof: Let T:E — F be an arbitrary continuous linear operator. Since E € d,,F € d,, then there exist two
orthogonal bases (x,), (,) in E, F respectively and sequences of non-archimedean seminorms (|.[,), (ll. Il4)
defining the topology on E , F respectively, satisfying the conditions:

ifx € E, x = };2 Aix;, then |x|, = miaxllixilp Vvp € N, and

if x € F,x = Y2, 4;x;, then ||x||, = max||4;x;[|, Vp €N.
l

Now let Tx), = %72, tiy;. Since x = Y72 Axx; and T is continuous, then

Tx = Y72, n:y;, where n; = Y-, ti Ay, that is T can be represented by the

Matrix (t;;) Now Since T is continuous, by proposition (2.1(a)) Vp 3q = q(p) and C(p) € K with |C(p)| > 0
such that Vx € E

ITxll, < IC@)1Ixl,.

It follows that

[oe] [oe] [oe]

Yol =D oy <icw|Y A
i=1 p M=t k=1 v i=1 q
And so,
max || ) tudyi|| < IC@)Imaxiacl,
k=1 p
Hence
miaxll k=1 tic i) yillp c
<
il S 1C®)
i
Now if x = xy, then
max|ty|llyill,
l <1c()|

|xk|q

Taking the supremum over k, we have
max|tiglllyillp
sup———— < |C(p)| )
k klg

Now since F is a semi-Montel space, to prove that T is compact, it sufficient to show that for some neighborhood
Ugo = {x € X:|x|q, < 1}inE, T(Uy,) isbounded in F .ie. forallV, ={y € F: |y|, <1},pEN
There exists M(p) € K with [M(p)| > 0 such that T(U,,) = {Tx EF:lx|g, < 1} S M(p)V,, that is if x €
Ug then forallp € N,

[oe]

O tudely

k=1

ITx]l, = max < |M(p)l

p

X

1
= - < 1. Hence,
2|xlqq

2
do

) € T(Ug,) € M(p)V,. So

Now let x € E, then

a Tl o 2M (p), and hence
1Xlqo

T(

2|xlqq
max|| (21 tiedivill,,

< 2|M(p)|. Now if we take x = x;, then

m?xl/lixilqo
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max|t 1yl

— < ?2IM
R S 2M@)|
Taking the supremum over k we have
max|tiplllyillp
sup‘lxil <2|M(p)| )
k klq

To prove T'(Uy,) is bounded in F we want to prove that (2) holds.

Now, since F € d4, then

Apy Vp 3p; = p2(p) such that ||y 17 < Iyl lyill,, Vi€EN, (3)

And since E € d,, then

vq, = q(p1) 39 = qo Yq, = q(p,) such that |x; |2, = |xilq, lxklg, VK EN, (4)
Now by (1), (3), (4), we have

ax ltaclyill, (maxltlkl (Ilylllzp)z)__( I iklzllyi”plllympz)%
i |xk|q0 i (Ix quo) |xk|q1|xk|q2
[t Iyl ltuclyillp, 2 1 1
< (max—E 2Py (max TPy o (|C(p1)|z)(|6(p2)|z) <wVpeEN
t | k|q1 |xk|q2

If we take the supremum over k , then the inequality (2) holds, and hence T is a compact operator.
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