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Abstract

Hypersoft topology (HST) is the study of a structure based on all hypersoft (HS) sets on a given set of alterna-
tives. In continuation of this concern, in this article, we introduce new maps namely HS continuous, HS open,
HS closed, and HS homomorphism. We examine the main characteristics of each of these maps. Furthermore,
we study HS compact space and discuss some of its properties. We point out that HS compactness preserved
under HS continuous map.
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1 Introduction

Data with ambiguity or vagueness is a common component of difficulties in many fields, including engineering,
artificial intelligence, economics, environmental science, and social science. Since they were predicated on an
exact situation, conventional approaches may not be practical for modeling or solving them.

New ideas that aid in overcoming these kinds of instabilities become necessary as a result. With time, engineers
and mathematicians developed other methods to address ambiguous or vague problems, including probability
theory, fuzzy sets, intuitionistic fuzzy sets, and rough sets.

However, in order to use any of these tools, you must first pre-specify a few parameters. Soft sets are a novel
strategy that Molodtsov! presented. Comparing the soft set theory to the probability theory and fuzzy set
theory, he showed how effective soft sets are in handling complex issues. Since its establishment in 1999,
soft set theory has been a growing subject of research and interactions with other fields. Despite the fact that
many studies followed its direction, the expansion of the literature has been inconsistent, and major papers and

outcomes are uncommon (,2,3,4,56).

In a variety of real-world situations, unique attributes must be categorized into parametric non-overlapping
sets; unfortunately, the soft set is inappropriate to manage such sets. Due to HS set theory.” it is anticipated
that the soft set will be compatible with such settings. The HS set is a soft set expansion that converts an
approximate function into a multi-argument function. Researchers have set up the foundations of HS sets
(e.g.,, B2 MUY " Recently, Musa and Asaad! introduced the notion of bipolar HS set and study some of its

topological concepts, 412 16/17 1819

Musa and Asaad, ) came up with the concept of hypersoft topological space (HSTS). They defined some
topological structures in the frame of HS sets such as connectedness?!' and separation axioms?? In keeping
with this concept, in this article, we present various maps as well as the concept of compact spaces.
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The rest of the paper is structured as follows. Section 2 briefly reviews some fundamental concepts in HS sets
and HSTs. Section 3 presents new maps namely HS continuous map, HS open map, HS closed map, and HS
homeomorphism. Some of the properties of proposed maps are discussed. Section 4 gives the concept of HS
compact spaces. Lastly, in section 5, we conclude the study and suggest for future works.

2 Preliminary Concepts

Throughout this paper, R denotes the set of alternatives, 2% denotes the power set of &, and Y. denotes the
universal attribute set where ¥ = 01 X 02 X ... X 0, With o; N 0o; = @ and i # j. Also, A and A are
non-empty subsets of 3.

Definition 2.1. 7 A pair (g, A) is called an HS set over R, where g is a mapping given by g : A — 2%. We
write (g, A) = {(£,g(¢)) : £ € A}.
Henceforth, U(gﬁg,z) represents the set of all HS sets on  with the set of attributes 3.

Definition 2.2. ®1%Let (g1, A), (g2, A) € U 5). Then

i. (g1,A) is an HS subset of (g2, A), denoted by (g1, A) C (g2, A), if A € A and g1(£) C go(¢) for all
e A

ii. (g1,A)and (g2, A) are HS equal, if (g1, A) C (g2, A) and (g2, A) E (g1, A).
iii. If g1(£) = ¢ forall £ € A, then (g1, A) is called a relative null HS set and denoted by (P, A).
iv. If g1(¢) = R forall £ € A, then (g1, A) is called a relative whole HS set and denoted by (%, A).
v. The complement of (g1, A) is an HS set (g1, A)® = (95, A) where gf(¢) = R\ g1(¢) forall £ € A.

vi. The intersection of (g1, A) and (g, A), denoted by (g1, A) M (g2, A), is an HS set (g, C'), where C' =
ANnAandforallf € C, g(£) = g1(¢) N g2(¥).

vii. The union of (g, A) and (g, A), denoted by (g1, A) U (g2, A), is an HS set (g, C), where C = AN A
and for all £ € C, g(£) = g1(£) U g2(¥).

Definition 2.3. %Y Let (g, X) be an HS set over ® and Y be a non-empty subset of . Then the sub HS set of
(g,%) over Y denoted by (g, X), is defined as gy (¢) = YT Ng(¢) forall £ € X.

Definition 2.4. T Let v : ® — Rand § : ¥ — 3 be two maps. Let U : O,z = Uy 5 be an HS map.
Then:

1. The HS image of (g, A), U+5((9,A)) = (Uq5(9), %)) is an HS set in Oy ) given as, for all lex

U.5(9)(6) = { v (Ueeéfl(é)rm 9(5)) , ifSTH O NA £ o

©, otherwise

2. The HS inverse image of (f, A), \I!;;A((f, A)) = (\Il;(sl(f)7 ¥)) is an HS set in Uy x) given as, for all
teX

e [ AT, 60 € &
RGO oS

Definition 2.5. "Y' We call an HS map ¥.; HS surjective (resp., HS injective, HS bijective) if the maps v and
0 are surjective (resp., injective, bijective).
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Definition 2.6. 2V Let 7y be the collection of HS sets over R, then T is said to be an HST on R if

1. (®,%), (R, X) belong to Ty
2. the intersection of any two HS sets in Ty belongs to Tw;

3. the union of any number of HS sets in Ty belongs to Ty.

We call (R, Tw, ) an HSTS over .
Definition 2.7. “Y Let (R, T, ) be an HSTS over i and T be a non-empty subset of . Then

Trr = {(97,%) | (9, %) € Tn}

is said to be the relative HST on R and (T, Tx,, 2) is called an HS subspace of (R, Tg, X).
Definition 2.8. 2% Let (%, T, %) be an HSTS and (g, X2) be an HS set over R. Then:

1. the intersection of all HS closed supersets of (g, X) is called the HS closure of (g, ) and is denoted by
(9, %)

2. the union of all HS open subsets of (g, X)) is called the HS interior of (g, ) and is denoted by (g, ¥)°.

Proposition 2.9. [f V.5 : U(p x) — U(N %) is an HS bijective map, then \I/;(s1 : U(N 5 Og,x) is also an
HS bijective map.

Proof. Let (f1,%) # (f2,%) € O x5)- Since W, is an HS bijective map, then there exist (91,%) # (g2, %) €
UOw,x) such that ¥ 5(g1, %) = (f1, E) and ¥.5(g2, %) = (fo, E) Also, we have (g1,X) = \I/;(;l(fl, E) and
(92, %) = \Ij;él(fg, 3)). Hence, \Il;él(fl, %) # \I/;él(f27 %)) and \I/;; is HS injective map. Now, let (g,%) €
U(x,x)- Then, there exists (f, ¥) e Oy, such that W,5(g, X) = (f, %). Since V.5 is HS injective map, then
(9,2) = \I!;(;l( f,%). Hence, ‘1/;51 is HS surjective map. Consequently, \11;51 is HS bijective map. O
Definition 2.10. Let W5 : O(px) — Uy v and O5 2 Uy 5y = U(Im,é) be two HS maps. Then the HS
composite map O.5 0 V.5 : U(p ) — U(Im,é) is defined by (©+5 0 ¥15)((9, X)) = O45(¥s((g,X))) for
(9:%) € On,x)-

Proposition 2.11. Let U5 : Up,z) — U(N,i?) and O.;5 : U(N,i)) — U(Im,é) be HS bijective maps. Then
0,50V, : Uz — U(I ;.. is also an HS bijective map and (0.5 0 U..5)~! = \IJ;; o @;51.

m,3)

Proof. Let (91,%) # (g2,%) € Un,x). Since ¥ s is HS injective map, then ¥.5((g1,%)) # ¥-5((g2,%)).
Again, Since ©,; is HS injective map, then ©.,5(V,5((g1,%))) # ©~5(¥+5((g2,%))). Then,

(©450T45)((91, X)) # (O~5 0 ¥45)((g2, X)) and hence O.,5 0 U5 is an HS injective map. Now, let (h, E) €

. ¢
(Im,3)
since W5 is HS surjective map, then there exists (g,3) € U x) such that U 5(g,%) = (f,X). Then,

, then there exists (f,) € U x5 such that ©.5(f, ¥) = (h, %) as ©.; is HS surjective map. Again,

0,5(¥s5(9, X) = (h, E) and hence ©,5 o W5 is an HS surjective map. Therefore, ©;5 o ¥, is HS bijective

map. Next, let (9,%) € U 5, (f,%) e Oy,5)» and (h,%) € U(Im,é) such that ¥.5(g,%) = (f,%) and

@W(;(f,f]) = (h, E) Since ¥.,5 and ©,;5 are HS injective maps, then (g, %) = \Il;él(f, Y) and (f,%) =
025 (h,2). Now, (045 0 ¥y5)((9,2)) = O15(¥+5((9, ) = O45(f, ) = (h,3). Since, O, 0 W5 is HS
injective map, then (6,5 0 W.5) 71 ((h, X)) = (¢,%). Also, (W 0 ©7))((h, %)) = WO ((h, X)) =

59 Yo
\ij;él((.ﬂ E)) = (gu E) HGI]CC, (975 o \1175)71 = \11;51 o @"761' O
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3 Hypersoft Homeomorphism Maps

This section focuses on HS continuous, HS open, HS closed, and HS homeomorphism maps, which are new
forms of HS maps. We investigate their characterizations and identify key characteristics.

Definition 3.1. An HS map U5 : (R, Tx, 2) — (X, Tx, 22) is said to be HS continuous if \If;(;l((f, ) € Tn
for every (f, %) € Tx.

Example 3.2. Let ® = {ry,r,r3} and X = {ny,m2,7m3,n4} be two sets, o1 = {l1,03,05,04},00 =
(s}, 05 = {ls}, and oy = {£1,05,05,0,},05 = {l5},0%5 = {fs} be sets of parameters, v : R — N be
a mapping defined as v(r;) = n; for i = 1,2,3, the mapping 6 : X — ¥ be defined as 0((¢1, (5, (g)) =
6((42,5,86)) = (L1, 05,06), 6((63,65,56)) = (l3,05,06), 0((€4,05,05)) = (L4, 05,05). Let Tp = {(D, ),
(R,%), (¢,2)} and Tx = {(®, %), (R, %), (f, %)} be two HSTs defined respectively on % and R where (g, %)
and (f,) are HS sets defined as follows

(g,Z) = {((41765’66)7@)’ ((625£57€6)’(p)7 ((53765366)7 {Tl})’ ((64765766)750)}7 and

(f+2) = (41, 65, lo), {ma}), (Ea, b, ). {m}), (s, 65, G6), {m}), (6a, 65, 6s). ) ).

Then, it is easy to see that U5 : (R, Tr,3) — (N, Ty, %)) is HS continuous map.
Proposition 3.3. Let U5 : (R, Tx, ) — (R, Ty, 32) be an HS map, then the following statements are equiv-

alent:

i. V.5 is an HS continuous map.

ii. The HS inverse image of each HS closed set is HS closed set.
i, U ((F,5) EW-1(,5) forall (£,5) E (R, %),
iv. Wy5((9, %)) € Wrs((g, %)) forall (9,%) E (R, X).

v (£, 2)°) E (W5 ((F,5))° forall (,%) E (R, %),

Proof. (i) = (ii.): Let (f,) be an HS closed set in (R, T, 33), then \Il;él((f, 32))¢ is an HS open subset of
(R,Y). But, \Il;gl((f7 $))¢ = (\11;51((f, 32)))¢, then \11;51((f, 32)) is an HS closed subset of (R, X2).

(ii.) = (iii.): Obviously, (f, %) is an HS closed subset of (X, ®, ). From (ii.), ¥/ ((f, X)) is an HS closed
subset of (R, ¥) and hence \I/;(;l((f,E)) = \If_l(( 31)). Obviously, (f,%) C (f,%) and \Il;;((f,E)) C

v

W3 ((f,%))- Then, W1 (%) W ((f,2) = U5 ((f,5)).

(iii) = (v.): Let (9,%) C (R, z) then 15((9.%)) £ (R, ). From (iii.), we have W2 (¥,5((g,%))) C
U5 (Was((9, %)) Then( £) E W5 (V45((9, ) € W5 (U45((9, ) Itfollowsthat, U,5((9,%)) C
Wos (W4 (U45((9, %)) € Uas((, ))

(iv.) = (v.): Let (f,%) E (m@,x), then apply (iv.) to (f, )° yields W.s(W_ 1 ((f,)°)) E W4s(¥2 ) ((f,2)9)).
Hence, %(((‘,IZQ(Ef,i)))")C)?(f, £)e = ((£,£)°)" Thus, (L5 ((f,£)))°)° T U5 (((f,£)°)°). There-
fore, W75 (£, %)) E (W25 ((f,%)))°: N

(v.) = (i.): Let (f,%) be an HS open subset of (R, ®,3). From (v) ) ;((f,Z) ) = ;51((]",2)) C
(25 ((f,£))° But, (W5 ((£,5)))° T W (. %)). Hence, (15 ((f.£)))° :q’vé((fy £)) and W (£,%)
is an HS open subset of (R, X). Therefore, U5 is an HS continuous map. O

Proposition 3.4. An HS bijective map V.5 : (5}% Tr, X) — (N, Tx, Z) is an HS continuous if and only if
(V45((9,%)))° € Us5((9,%)°) for all (g, %) E (R, 5).
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Proof. Let W. 5 be an HS continuous map. Let (g, %) C (R,%), then U.5((9,%)) € (R, Tx, X2). Obviously,
(¥45((g,X)))° isan HS openin (R, Ty, %). As, V.5 is an HS continuous map, then \I/;él ((T45((g,%)))°) isan
HS open in (R, T, ) and (071 (W5((g, £)))°))° = W2 (a5((g, £)))°). Obviously, (,5((g, 3)))°
U.5((g,%)). As, W5 is an HS injective map, then ¥} (¥5((g, %)) E (¢, %) and (¥ (¥s((9, £)))?))°
= \I';(;l((\llwg((g, )))°) C (g, %)°. Again, as U5 is an HS surjective map, then (¥,5(g, 2))° C W.,5((g, ©)°).
Conversely, let (f,%) be any HS open set in (X, Ty, 32), then \I/;(;l((f, %)) € (R, %). By hypothesis,

(W5 (W45 ((f, o)))° E Wos (U545 ((f, 32)))°). Since, ¥.,5 is an HS surjective map, then (f,%)° = (f,%) C
\Ilwg((\ll;;((f, $)))°). Again, since W5 is an HS injective map, then \Il;él((f, ) E (\I';él((f7 3)))°. But,
(WL, £0))° £ WSH(f, %)) and hence (931 ((f,5)))° = W32 ((f,5)). Therefore, W21((f, %)) is an HS
open in (R, Tx, ) and consequently U5 is an HS continuous map. O

The next two results are straightforward, so we cancel their proofs.

Proposition 3.5. An HS map V.5 : (R, Tn, 2) — (R, Tx, ¥) is an HS continuous map if:

i (N, Ty, Z) is an HS indiscerte space.
ii. (R, Tw,X) isan HS discerte space.

.

Proposition 3.6. Ler U5 : (R, T, L) = (X, Tr, X) be an HS continuous map:

i. If T3 is a finer than Ty, then W.5 : (R, Ty, X)) — (X, Tx, 32 is an HS continuous map.
ii. If TS is a coarser than Ty, then U5 = (R, Tn, B) — (N, T, %) is an HS continuous map.

Definition 3.7. Let (R, Tr,X) be an HSTS. A subcollection 8 of Tx is called an HS base for 7y if every
element of Ty can be expressed as the union of members of 3. Each element of 3 is called HS basis element.

Proposition 3.8. An HS map V.5 : (R, Tx, ) = (X, Ty, ) is an HS continuous if and only if the HS inverse
image of every member of an HS base (3 for (X, Ty, E) is an HS open in (R, Tr, X).

Proof. Let U5 be an HS continuous and (b, %)) be any HS basis element for (X, 7y, ). Since (b, %) is an HS
open set in (R, T, %) and W.5 is an HS continuous map, then \I/;(;l((b, 32)) is an HS open set in (R, Ti, ).
Conversely, let \I!,;él((b, 32)) be an HS open set in (R, Tx, X) for every (b,%) € 3, and let (f,.) be any HS
open set in (N, Ty, Z) Then
(£,5) =0{(6:%) : (0, %) € B}
VI ((£3) = W ([O{(0,2) : (0, %) € 5}) = O{T5 ({(0,2) = (0, %) € 5})}

Hence \11;51((]”, 32)) is an HS open set in (R, Ts, ) since each \IJ;;((IL 32)) is an HS open set in (R, T, %)
by hypothesis. Therefore, U5 is an HS continuous map. O
Proposition 3.9. Let U5 : (R, Tx, X) — (N, Ty, %) and O,5 1 (N, Ty, %) = (Im, Tim, 22) be HS continuous
maps, then ©.5 0 U5 : (R, Tw, X) — (Im, Tim, E) is also an HS continuous map.

Proof. Let (h,3.) be any HS open set in (Im, Ty, ). Since ©,,5 is HS continuous map, then @;;((h, ¥)) is

HS open in (X, 7y, ). Again, since V.5 is HS continuous, then \I/;(;l(@;(;l(h, 33)) is HS open in (R, Tx, ¥).
But

V(055 (h2) = (5 0 ©5)(h, ) = (Oy5 0 Was) ™ (h, %)

Thus, the HS inverse image under ©.5 0.5 of every HS open set in (Im, 71, ) is HS open set in (R, T, ¥
and therefore ©,5 o ¥.,5 is an HS continuous map. O

https://doi.org/10.54216/1JNS. 190202 23
Received: February 11, 2022 Accepted: September 19, 2022



International Journal of Neutrosophic Science (IJNS) Vol. 19, No. 02, PP. 19-29, 2022

Definition 3.10. An HS map ¥..5 : (R, T, X) — (X, 7Tx, %) is said to be:

1. HS open if the HS image of every HS open set is HS open.
2. HS closed if the HS image of every HS closed set is HS closed.

Proposition 3.11. An HS map V.5 : (R, Tn, 2) — (X, Tx, X) is an HS open if and only if U.5((g,%)°)
(Ws5(9,%))° for every (g,%) & (R, %).

Proof. Let W.5 be an HS open map and let (g,%) C (R,X). We know that, (g, X)° is an HS open set.
Since W5 is an HS open map, then ¥.5((g,>)?) is an HS open set in (X, Ty, 3)) and (¥y5((9,%)°))° =
W5((g,5)°). Obviously, (9, %)° E (g, %) and Us((g, %)°) € Wo(g, ). Therefore, (¥rs((g, £)7))° =
W,5((g,)°) E (Wa5(g,)°. Comversely, let Uy5((g, %)°) £ (U,5((g, 2))° for every (g, ) £ (R, %) and
let (g, %) be any HS open setin (R, T, 3) so that (g, ¥)° = (g, ). This implies ¥.,5((g, 2£)°) = ¥15((g, X))
E (Wo5((g, 5)))°. But (¥,5((g, 2)° E Urs((g, %)) and hence W((g, %) = (T5((g, 5)))°. Therefore,
¥.5((g,%)) is HS open set and hence U5 is HS open map. O

Proposition 3.12. An HS map V.5 : (R, Tn,X) — (X, Ty, %) is an HS closed if and only if¥.s((9,%)) C
Uys((g, X)) for every (9,5) E (R, %).

Proof. Let W.,; be an HS closed map and let (g,%) C (R,X). We know that, (g ,Z) is an HS closed
set. Since W.; is an HS closed map, then ¥.5((g,>)) is an HS closed set in (X, 7x, %)) and .5((g9,%))
= \Il,ﬂ;((g,Z)). Obviously, (¢,%) C (g,%) and ¥.5((g,%)) C ¥.5((g,%)). Therefore, ¥.5((g,%)) C
45((9,%)) = ¥.5((g,%)). Conversely, let ¥.,5((g,%)) T ¥.,5((g, %)) for every (g,%) C (R, %) and let
Z) be any HS closed set in (§R Tx, X) so that (g, X) = (g, X). This implies ¥5((g, %)) T ¥.s((g, 2)

)
U.5((9,%)). But ¥.5((g,%)) € ¥.,5((g, %)) and hence ¥.,5((g, 2)) = ¥.,5((g, 2)). Therefore, ¥.,5((g, 2
HS closed set and hence W5 is HS closed map.

/—\
o= 1|

Proposition 3.13. Ler U5 : (R, Ts, %) — (R, T, 2) and O+5 : (R, T, %) — (Im, Ti, ) be two HS maps,
then:

i. If V.5 and ©;5 are HS open maps, then ©.;5 o V.5 is also an HS open map.

ii. If©,50 Vs isan HS open map and V.5 is an HS surjective HS continuous map, then ©.5 is an HS
open map.

iii. If ©,50W.s5isan HS open map and © .5 is an HS injective HS continuous map, then V.5 is an HS open
map.

Proof. i. Let (g,%) be an HS open set in (R, Tr,X). Since ¥, is an HS open map, then ¥.5((g, X))
is an HS open set in (X, 7y, X). Again, since ©4 is an HS open map, then ©,5(¥,;5(g, %)) = (©45 ©
U.5)((g, X)) is an HS open set in (Im, Tim, E) Hence, ©.,5 o ¥.,5 is an HS open map.

ii. Let (f,%) be an HS open set in (X, Ty, 3). Since W.,; is an HS continuous map, then \I/;(;l((f, %)) is an
HS open set in (R, T, X). Again, since ©;5 0 ¥, is an HS open map, then (©; o \1175)(\11;61((]”, )
is an HS open set in (Im, Try, Z) As, U5 is an HS surjective, then (€45 o \I/W;)(\I/;él((f,f]))) =

O (Urys (V25 L(£,2))) = O45((f, %)) is an HS open set in (Tm, T, E) Hence, ©; is an HS open
map.
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iii. Let (g, X) be an HS open setin (R, T, X). Since ©,50W 5 is an HS open map, then (0,50 5)((g, X))
is an HS open set in (Im, Tim, ). Again, since ©.5 is an HS continuous map, then @7_51((®'v5 o
U.5)((g,%))) is an HS open setin (R, Ty, %). As, O is an HS injective, then @;51 (04509,5((9,%)))

= @;61((9%(\1/75(5},2))) = U.5((g,%)) is an HS open set in (R, 7, ). Hence, ¥. 5 is an HS open
map.

O

Proposition 3.14. Ler U5 : (R, Ts, 2) — (N, T, 2) and O45 : (R, T, %) — (Im, Tim, ) be two HS maps,
then:

i. If Vs and ©;5 are HS closed maps, then ©.5 o V.5 is also an HS closed map.

ii. If ©y50 Y. isan HS closed map and Vs is an HS surjective HS continuous map, then ©.5 is an HS
closed map.

iii. If ©45 0 V.5 is an HS closed map and ©.s is an HS injective HS continuous map, then V.5 is an HS
closed map.

Proof. Similar to the proof of Proposition O

Definition 3.15. An HS bijective map U5 : (R, Tn,X) — (N, Tx, %) is said to be HS homeomorphism if
¥.,s and \11;51 are HS continuous maps.

Proposition 3.16. If U5 : (R, T, Z) — (N, Tx, E) is an HS bijective map, then the following statements are
equivalent:

i. V.5 is HS homeomorphism.
ii. W.sis HS continuous and HS open.

iii. W5 is HS continuous and HS closed.

Proof. (i.) = (ii.): Let ©,5 be the HS inverse map of ¥, so that \I';; = 0,5 and @;51 = V. 5. Since W5
is HS bijective map, then O.,5 is also HS bijective. Let (g, ) be an HS open set in (R, T, X). Since 0.5
is HS continuous, then (9;51((97 1)) is an HS open set in (X, Ty, ). But @;51 = U5 so that @;51((9, ¥)) =
¥.5((g,%)) is an HS open set in (X, Ty, X). It follows that W5 is HS open map. Also, ¥ is HS continuous
by hypothesis.

(ii.) = (iii.): Let (g, X) be an HS closed set in (R, T, X), then (g, 3)¢ is an HS open set. Since U5 is HS open
map, then ¥.s5((g,X)°) is an HS open set in (X, Ty, %), As U5 is an HS bijective map, then ¥,5((g, X))
= (¥,5((g,%)))°. Hence, ¥.,5((g,%)) is an HS closed set in (X, Ty, ) and consequently W.,5 is HS closed
map.

(iii.) = (i.): Let (g, X) be an HS open set in (R, Tr, X), then (g, X)¢ is an HS closed set. Since V., is HS
closed map, then ¥.5((g, X)°) = @;;((g, ¥)e) = (@;;((g, 2)))€ is an HS closed set in (X, Ty, 2), that is,
@;;((g, Y))) is an HS open set. Hence, 0.5 = \I';; is HS continuous map. O

Proposition 3.17. Let U5 : (R, T, %) — (R, Tx, ¥) and O5 = (R, T, %) — (Im, Tim, %) be HS homeo-
morphism maps, then ©5 0 V.5 : (R, Tr, L) — (Im, Tim, E) is also an HS homeomorphism map.

Proof. Follows from Proposition Proposition (i.), and Proposition O

Proposition 3.18. If ¥.,s : (N, T, %) — (N,’R,Z/]) is an HS homeomorphism map, then the following
statements hold for all (g,%) C (R, %).

i \1175((97 E)) = \IIV‘;((g? E))
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i. \1175((97 2)0) = (\Ij'y(s(gv E))O‘

Proof. i. Follows from Proposition [3.3] Proposition[3.12} and Proposition[3.16]
ii. Follows from Proposition [3.4] Proposition [3.T1] and Proposition [3.16] O

4 Hypersoft Compact Spaces

We’ll look at HS compactness in this section, which is another important property of HSTSs. The subject of
HS compact spaces is investigated, and conclusions are derived.

Definition 4.1. A collection {(g;, %) : i € I'} of HS sets is called the HS cover of an HS set (g, ¥) if (¢, %) C
U{(gi,X) : i € I'}. If each member of {(g;, %) : i € I'} is HS open set, then it is called the HS open cover of
(g9,%). An HS subcover is a subcollection of {(g;,X) : « € I} which is also an HS cover.

Definition 4.2. An HSTS (R, T3, X) is said to be HS compact space if each HS open cover of (%, X) has finite
HS subcover.

Example 4.3. Let R = {r1,r0,73}, 01 = {1, 0}, 02 = {l3}, and o5 = {{4}. Let Ty = {(®, %), (R, %),
(917 2)7 (92, 2)7 (g?n 2)7 (94, E)v (95, 2)7 (96, 2)7 (973 E)} be an HST defined on §R’ where

(g1,5) = {((lr, €3, £a), {r2},), (€2, £, a), {r2}) }.

(92, %) = {((€x, €3, £a), {r1},), (L2, £, La), {ra })}-

(93, ) = {((£1, €3, £a), {71, 72}), (2, L3, a), {r1,m2}) }
(94, %) = {((€1, €3, £a), {72,735}, ), (€2, €3, £4), {T2, 3}, ) }-
(95, %) = {((£1, €3, £a), {71, 73}), (2, L3, €a), {r1,73}) }
(96, %) = {((€1,£3,L4),0), (L2, L3, Ls), p) }-

(97, %) = {((£1, €3, £a),{r3}), (L2, €3, £a), {r3})}.

It is easy to see that (R, Tr, X) is an HS compact space.

Example 4.4. Let ® = {ry,ra,73,...}, 01 = {{1,42}, 02 = {3}, o3 = {€4}, and consider the family of HS
sets {(gn,X) : n=1,2,3,...}, where

(gnv Z) = {((61763364% {rla T2, "'arn})a ((625637€4)a {7"1,7"2, 7T"n.})}

The family 75 = {(®, ), (R, 2), (gn, )} is an HST on R. However, (R, Ty, ) is not an HS compact space.

Proposition 4.5. Let (Y, Tr,,X) be an HS subspace of (R, Tr,X) and let (g,%) C (Y‘, Y). Then (g,X) is
HS compact relative to (R, T, X) if and only if (g9, %) is HS compact relative to (T, Ty, X).

Proof. Let (g, %) is HS compact relative to (%, Tx, %) and let {(g;,X) : 7 € I} be an HS open cover of
(9,%) so that (¢,%) C U {(g:,%) : i € I}. Then there exists (f;, %) HS open relative to (R, T, X) such
that (f;,%) = (T,%) f (g;, %) for all i € I. It then follows that (¢,%) € U {(f;,%) : i € I}. Since
(g, %) is HS compact relative to (R, Ty, ), there exists finitely many indices il, i2, ..., iy, such that (g, %) C U
{(fi,) :i=1,2,...,n}. Since (9,%) C (T, %), we have (¢, %) £ (T, %) A [0{(f;,3) 14 = 1,2,...,n}] =
O[T, %) F{(f;,2) :i=1,2,...,n}]. It follows that (¢, %) € 0 {(f;, %) : i = 1,2, ...,n}). This shows that
(9,%) is HS compact relative to (T, Ty, %). Conversely, let (g, ¥) be an HS compact relatlve to (1, Ty, )
and let {(f;,X) : i € I} be an HS open cover of (g,) so that (g, ) CO{(fi,%):i e I}. Since (9. %)

E (T,%). we have (¢.5) € (T,5) A [0{(fnX) : i € 1}] = O [(T,5) A {(fn) : i € I}]. Since (T, )

f1(f;,%) is HS open relative to (Y, Ts. , ¥), the collection {(Y, ) F1 (f;, %)} is an HS open cover of (g 9. %)
relative to (Y, Tny, ). Since (g, ¥) be an HS compact relative to (T, Tx,,¥), we must have (g,%) C U
[(T )N {(fi,X) :i =1,2,...,n}] for some choice of finitely many indices i1, iz, ..., i,,. This implies (g, %)
CO{(f;,%):i=1,2,...,n}]. It follows that (g, ¥) is HS compact relative to (%, 7?;,\:, ). O
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Proposition 4.6. Every HS closed subset of an HS compact space is HS compact.

Proof. Let (g,%) be an HS closed subset of an HS compact space (R, Tr, ). Let {(¢;,X) : ¢ € I} be an HS
open cover of (g, %) so that (g, %) C U {(g;,%) : i € I}. Then (R, %) =0 [{(g:,%) : i € I} U (g,%)°]. It
follows that [{(g;,X) : 4 € I} U (g, ¥)¢] is an HS open cover of (R, T, X). Since (R, T, X) is HS compact

space, then (R, %) = [{(¢;,%) : 4 = 1,2,...,n} U (g, X)¢]. This implies (g, %) C {(9:,2) : 1 =1,2,...,n}.
Hence (g, X) is HS compact. O

Proposition 4.7. If (R, T, ) is a compact space and Tg; is coarser than Ty, then (R, Tg, X) is HS compact.

Proof. Let the collection {(g;, ) : i € I} be an HS open cover of (%, ) in (R, Ty, X). Since Ty is finer than
Ty, then each member of {(g;, X) : ¢ € I} is also an HS open set in (R, Tx, X). Hence, {(¢;,X) : ¢ € I} is
also an HS open cover of (R, 2) in (R, Ts, &). Since (R, Ty, ¥) is an HS compact space, then {(g;, ) : i € I}
has a finite HS subcover. It follows that (R, 7, ) is HS compact space. O

Proposition 4.8. Let (Y, Ty, X) be an HS subspace of (R, T, ). Then (T, Ty, X) is HS compact space if
and only if every HS cover of (Y, X) by HS open sets in (R, T, Z) contains a finite HS subcover.

Proof. Let (Y, Ty, %) be an HS compact space and {(g;, ) : i € I} be an HS cover of (T, ¥) by HS open
sets in (R, T, ). Then the collection {(g;y,%) : i € I} be an HS cover of (T, ¥) by HS open sets in
(Y, Tx, ). Since (T, Ty, X) is an HS compact, then the finite subcollection of {(g;y,X) : ¢ € I} is also
an HS cover of (T, ¥). Thus, the finite subcollection of {(g;,%) : i € I} is also an HS cover of (T,X).
Conversely, let {(gi, ) : i € I} be an HS cover of (T, X). Obviously, {(g;, %) : i € I} be an HS cover of
(T,%) by HS open sets in (R, T, ¥). By hypothesis, the finite subcollection of {(g;, %) : i € I} is also an
HS cover of (T, ¥) and hence {(giy, %) : i = 1,2, ...,n} is an HS subcover of (T, ). Therefore, (T, Tv,¥)
is HS compact space. O

Proposition 4.9. An HSTS (R, Tr, X) is an HS compact if there exists an HS basis [ for Tg such that every
HS cover of (R, X) by the elements of § has a finite HS subcover.

Proof. Let (R, T, X) be an HS compact space. Obviously, Ts is an HS basis for Tyx. Hence, every HS cover
of (R, X)) by the elements of Ty has a finite HS subcover. Conversely, let {(g;, %) : i € I} be an HS cover
of (R, X). Now, {(¢;,%) : i € I} can be written as the union of some HS basis elements {(b;, %) : i € I}
of 5. These elements form an HS cover of (§)~%, ¥). By hypothesis, every HS cover of (?ﬁ, Y) by the elements
of /3 has a finite HS subcover. Now, we have {(b;,%2) : i = 1,2,....n} C {(¢9;,%) : ¢ = 1,2,...,n}. This
implies that {(g;, ) : ¢ = 1,2, ..., n} is a finite HS subcover of (R, ). Hence, (R, T, ¥) is an HS compact
space. O

Proposition 4.10. If U5 : (R, Tx, %) — (R, Tx,Y) is an HS continuous map and (R, Ty, X) is an HS
compact space, then V..s((R, Tw, X)) is an HS compact.

Proof. Let {(fi,%) : i € I} be an HS cover of 11175((%, ¥)). Since W5 is an HS continuous map, then, for
eachi € I, \I/,;él((fi, %)) is an HS open set in (R, Ty, ). Then, the collection {\Il;sl((fi, %)) : i € I} forms
an HS cover of (R, X). Since (R, T, ) is an HS compact, then we have (R, ) = I {\Il;(sl((fi, ¥)) ri =
1,2,.,n} = O N 0{(f;, %) i = 1,2,...,n}) so that Us((R, %) E0{(f;,%) : i = 1,2,...,n}. Hence,
U.5((R, X)) is an HS compact space. O

Definition 4.11. A collection £ of HS sets is said to have the finite intersection property if the HS intersection
of members of each finite subcollection of & is non-null HS set.

Proposition 4.12. An HSTS (R, Tr, X) is an HS compact if and only if every collection of HS closed subsets
of (R, X) with the finite intersection property has a non-null HS intersection.

https://doi.org/10.54216/1JNS. 190202 27
Received: February 11, 2022 Accepted: September 19, 2022



International Journal of Neutrosophic Science (IJNS) Vol. 19, No. 02, PP. 19-29, 2022

Proof. Let (R, Tr,X) be an HS compact space and let ;1 = {(g;,X) : ¢ € I} be a collection of HS closed
subsets of (R, ) with the finite intersection property and suppose, if possible, [1{(g;, £) : i € I} = (®, R, %).
Then, 0{(g;,%)¢ : i € I} = (R, X). This means that {(g;,%)¢ : i € I} is HS open cover of (R, Y). Since
(R, Tw, ) is an HS compact space, we have that (i{(g;, £)¢ : i = 1,2,...,n} = (R, ) which implies that
M{(g;,X)¢:i=1,2,...,n} = (, §?E7 33). But this contradicts the finite intersection property of u. Hence, we
must have {(g;, %) : i € I} # (®, R, ¥). Conversely, let every collection of HS closed subsets of (R, ¥) with
the finite intersection property has a non-null HS intersection and let {(g;,X) : ¢ € I} be an HS open cover
of (R, X) so that (I{(g;, X) : i € I} = (R, X). Then, [1{(g;,%)¢ : i € I} = (®,R, ). Hence, by hypothesis
A{(g:,2) i =1,2,...,n} = (®,R,%). Then, ({(g;, %) : i = 1,2,...,n} = (R, ). Thus, (R, T, ¥) is an
HS compact space. O

5 Conclusions

With this study, we have made a contribution to the field of HSTs. We have developed new types of maps in
the context of HS maps: continuous map, open map, closed map, and homeomorphism map. The concept of
HS compact space has also been investigated. We have produced several examples to validate and illustrate
the conclusions and relationships established. The work that is being presented can also be applied to a variety
of current HS set hybrids, including fuzzy HS sets, intuitionistic HS sets, Pythagorean HS sets, neutrosophic
HS sets and so on.
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