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Abstract

We introduce the notion of interval valued neutrosophic subbisemirings (IVNSBSs), level sets of IVNSBSs
and interval valued neutrosophic normal subbisemirings (IVNNSBSs) of bisemirings. Also, we introduce an
approach to («, 5)-IVNSBSs and IVNNSBSs over bisemirings. Let A be an interval valued neutrosophic set

(IVN set) in a bisemiring S. We have proved that ¢ = (¢7],<%,<7) is an IVNSBS of S if and only if all

non-void level set ¢(~*) is a subbisemiring of S for ¢, s € [[0,1]]. Let A be an IVNSBS of a bisemiring S
and V be the strongest interval valued neutrosophic relation (SIVNR) of S. Prove that A is an IVNSBS of
S if and only if V' is an IVNSBS of & x §. We illustrate homomorphic image of IVNSBS is an IVNSBS.
We find that homomorphic preimage of IVNSBS is an IVNSBS. Examples are provided to illustrate our results.

Keywords: IVNSBS; IVNNSBS; SIVNR; homomorphism

1 Introduction

Dedekinds engagement with the theories of commutative rings led to the opening of the study of semirings.
Later, semirings were investigated by Vandever in 1934. In essence, it was the generalization of distributive
lattices and rings. The idea of semirings, however, has been developing since 1950. The important work from
1965, Zadeh, was put out by the fuzzy set (FS) theory22 This definition of a FS states that it is a function
that is described by a membership value. Degrees are measured in real unit intervals. Numerous uncertain
theories, such as FS logic,?? intuitionistic fuzzy set (IFS) logic,> Pythagorean fuzzy set (PFS) logic* and
spherical fuzzy set (SFS) logic* are proposed in order to deal with the uncertainties. A FS is a set having
degrees of belongingness between 0 and 1; these grades are referred to as an elements membership value
in the particular set. Atanassov later introduced the idea of an IFS, which is categorized by the sum of its
membership grade (MG) and non-membership grade (NMG) value that does not exceed 1° When using a
decision-making approach, we occasionally convey a single issue where the total value for MGs and NMGs
exceeds 1. In order to generalize IFS, Yager?! developed the new concept of PFS logic, which is defined by
the square sum of its MGs and NMGs and whose value does not exceed 1. But these hypotheses are unable
to demonstrate the neutral state (neither favor nor disfavor). Cuong and Kreinovich,® who created the idea of
image FS logic, used three pointers: positive MG, neutral MG, and negative MG, with the sum of these three
grades not exceeding 1. Finally, it has more benefits than IFS and PFS for a few applications. The neutrosophic
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set (NSS), in which the truth MG, indeterminacy MG, and falsity MG are each independently represented, is
a new generalization of the FS and IFS.

Smarandache?? developed neutrosophy to address the problems of unclear and inconsistent information be-
cause this set contains numerous application related challenges. Recently, a brand new theory called neu-
trosophic logic and sets has been proposed. Neutosophy is the study of neutral cognition, and the major
difference between FS and IFS is represented by this neutral. Smarandache is credited with introducing
neutrosophic logic?” It is a logic in which the degrees of truth, indeterminacy, and falsity of each asser-
tion are judged. Each component of the universe has a degree of truth, indeterminacy, and falsity, which
ranges from [0, 1] in NSS theory. From a philosophical perspective, a NSS generalizes a classical set, FS,
interval valued FS, etc. The study of NSS and the expansion of this concept has continued, for example,
Al-Tahan et al? defined the notion of single valued neutrosophic sets in ordered groupoids in 2020. A
year later, Jagadeeswari et al'!' initiated Certain Kinds of Bipolar interval valued nentrosphic graphs. In
2022, Tampan et al 2% introduced the concept of IVN sets to ideals/subalgebras of Hilbert algebras. A
semiring (S, +,-) is a non-void set in which (S,+) and (S,-) are semigroups such that “ - ” is distribu-
tive over “ + ”. The concept of fuzzy semirings was first suggested by Ahsan et all/ in 1993. Sen and
Ghosh!® presented the idea of bisemirings in 2001. An algebraic structure (S, {1, {2, {3) is a bisemiring, ™
if (S,<¢1,<02) and (S, $a, $3) are semirings, that is (S, $1), (S, $2) and (S, $3) are semigroups and (1)
2102(220123) = (210222)O1(210223), (2) (220123) Q221 = (220221)01(230221), B) 2103(220223) =
(21<>3Z2)<>2(21<>3Z3), and (4) (220223)0321 = (220321)02(230321) for all 21,22,23 € S. A non-void
subset A of a bisemiring (S, {1, {2, $3) is a subbisemiring® in case if 21120 € A, 20020 € A, and
21320 € A for all z1, z9 € A. Golan, Palanikumar, and Arulmozhi discussed various ideals structures such
semirings, semigroups, bisemirings #1218

The goal of this paper is to look at various facets of the subbisemiring theory to IVNSBS idea and offer
findings. The article is made up of the next five components. The introduction is in Section|[I] and the semiring
and SBS preparation information is in Section [2| Its attributes are presented in Section [3| of IVNSBS. The
concept of («, 3)-IVNSBS homomorphism is introduced along with an analysis of its features in Section E]
In Section [5} the concept of (a, 8)-IVNNSBS homomorphism is presented. Give some numerical examples
while evaluating the IVNSBS and IVNNSBS.

2 Preliminaries

We will go over the ideas of semirings and bisemirings in this part to make our case as fully as possible and to
make the debate that follows easier to follow.

AnIVN set A in a universe X is an object having the form

A= { (2. J@). %@ f@) o e x},

where 7 (x) = [cf*,<1"].ch(z) = [FF,<2"].ch(2) = [4F,<AY]. and <] (x),c4(2),c1(2) + X —
[[0,1]] represents the truth, indeterminacy and falsity-membership mapping respectively. For simplicity the
symbol <§Z, ¢k, gf) is used for the VN set A = { (m7 ST (z), % (), gf(:c)) cx € X}.

Let A = (gz, gﬁ, gf) and B = (gg, §115,7 gﬁ) be two IVN sets of a set X. We define two IVN sets of X as
follows:

(1) ANB = {(:U,min{g:f(x)g—(x)}7min{§i(x),gg(ac)},max{gf(x)@,f(m)}) tx € X}.
(2) AUB = {(a:,max{;z(x),;Z:—(x)},max{g(x),;g(x)},min{;f(x),gg(m)}) tx € X}.

For any IVN set A= (;Z, ;\g, ;{;) of a set X, we defined an («, 8)-cut of as the crisp subset {x € X :

(@) 2 @,5(2) = &% (@) < B} of X.
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Let A and B be be two IVN sets of a set X. The Cartesian product of A and B denoted by A x Bis defined

—_—~

as Ax B = (g}xB,gixB,ngf),) of X x X, where for each z,y € X,

Tpla,y) = min{J (@), Fw)}
§£><B(xa Yy) = SG(@)ts5w)

— —_— ~

Fnery) = max {F (@), G ) }-

LA FS A of a bisemiring (S, {1, $a, $3) is called a fuzzy subbisemiring of S if for each z,y € S,

sa(z$1y) > min{sa(z),ca(y)}
sa(zQ2y) > min{sa(z),ca(y)}
sa(z{sy) > min{sa(x),sa(y)}

13 A FS A of a bisemiring (S, {1, {9, {3) is called a fuzzy normal subbisemiring of S if for each z,y € S,

§A($<>1y) = §A(y<>113)
sa(z2y) = ca(ydax)
§A(£U<>3y) = §A(y<>337)-

S8 Let (S,+,-, x) and (T, ®,0,®) be two bisemirings. A function ¢ : S — T is called a homomorphism if
foreach z,y € S,

pr+y) = olz) @ p(y)

o(x-y) = o(x) o p(y)

oz xy) =p(x) @ p(y).

3 Interval Valued Neutrosophic Subbisemirings

Unless otherwise indicated, let S signify a bisemiring in the following.

An IVN subset A of S is called an IVNSBS of S if for each z,y €S,

ci(x<>1y) > %(m);:f;(y)
S (@0ry) > min{e] (2), 5] ()} oo
] (@02y) > min{s] (), (1)} | K(a0ay) > AETAW
4 (@0sy) = min{c] (2), <F ()} o

3(370321) > ci(w);cﬁ(y)

Let S = {u, v, %, w} be a bisemiring with the following Cayley table:

1 |lplv| v iw||[ Ol p|v | Y |wl||OCs|pl|lyv|v|w

p lplplplellplpolvielol plplplpw|p

v lplv|plrv v vV |w]|w v lplv|Y|w

Y (plp YWY wY|w]| Y |w w|w|w

w lp|lv|yY|w w|lw|w|w|w wlwl|w|w|w
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l=pu l=v =1 l=w

T() | [0.75,0.85] | [0.65,0.75] | [0.35,0.45] | [0.55,0.65]
ck(l) | [0.45,0.55] | [0.35,0.45] | [0.15,0.25] | [0.25,0.35]
+(1) | [0.55,0.65] | [0.65,0.75] | [0.90,0.95] | [0.80,0.85]

Then A is an IVNSBS of S.

The intersection of a collection of IVNSBSs of S is an IVNSBS of S.

Proof. Let {V; : i € I'} be a collection of IVNSBSs of S and A = |V;. Let z and  in S. Then
el

T (@01y) = mf{c], (2019)}

> E{min{;@ (x), 3’\;;(1/)}}

= win {inf{<, (2)}, int{<7, ()} }

= min{<] (), <] (y)}.

Similarly, <7 (2{2y) > min{<7] (2),s] (y)} and <] (z$3y) > min{c] (z),<] (v)}. Now,

F(@01y) = inf{<, (2019))
{%(x) A }
2

inf (<, (2)} + inf (<, (1)}

Similarly, ;\E(JL‘OQy) > M and Zf;(z(}gy) > M Now,

T (zO1y) = Sgl;{;/f(xoly)}

< silelll){max{qz (.%'), C‘]/z (y)}}

= max {sup{;‘i (z)}, S_up{;\\]/i(ll)}}
iel i€l
= max{c} (z),s7 (v)}.

Similarly, ;;7;-(.%‘02:(/) < max{g?f(x), ¢4 (y)} and ;Z:(Z‘ng) < max{;{f(x), <7 (y)}. Hence A is an IVNSBS
of S. =

If A and B are IVNSBSs of bisemirings S; and Ss respectively, then A/;/B is an IVNSBS of &1 x Ss.

Proof. Let A and B be two IVNSBSs of S; and Sy respectively. Let (z1,y1), (2, y2) € S1 X So. Then

Shxpl(@,y1)01(22,92)] = Ay p@10122, 41 O192)
= min{gj(xlolxz), gg(y1<>1y2)}
> min{min{<] (21), ] (z2)}, min{< (). < (4)}}
— min{min{<] (1), < (51} min{<] (22, <f (42)}}
= min{%(ml,yl),%(zz’w)}-
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Also, - .

—

gzzl—XB[(xlvyl)OQ(‘r%yQ)] > min{§z;><B(£C1, y1)7§21—><3(1'2, y2)}

and — — —

CIxB[(xl’ y1)0s(x2,42)] > min{g;xpr(xl,yl)’€1x3($27y2)}-

Now,
%[(wl,yl)%(xz,yz)] = %:3(901013027?/10192)
_ ;g(fﬂlolxz) + ;g(ylowz)
2
1 {Z%<x1> k() |, Bl +<hw2) }
-2 2 2
1 {?%m) thu) | Alr2) +%‘<y2>}
2 2 2
= %[%:9(3?17311) + CZ::;(-'I?Q,yz)]
Also,
ﬁ/\x;[(xl,%)%(mz,yz)] > %[Cf/\x;(xhyl) + %(mz,w)}
and - 1 .
SAxpl(@1,91)03(22,92)] > §{<Ax3($1’yl) +§A><B(x27y2)}
Now,
%[(Il,m)%(xz,yz)] = %(Iloﬂmylolyz)
= maX{CAf(CUlOﬂz) g\g(ylowz)}
< mac{max{<] (@1), < (@2)}, max{<F (1), <& (v2) }}
= max{max{c} (21), % (1)} max{c] (@2). <% (32)})
_maX{CA/:/B(xl,yl ,Qfxg(x%yz)}-
Also,
Tl 1) 02(w2,82)) < max{<T, (w1, 01), Gz v2)}
and . o o
Shxl(@1,91)0s(22,y2)] < max{sh, p(21, 1), ¢hy p(22,92)}-
Hence A/>\<73 is an IVNSBS of &7 x Ss. O

If Zﬂ, Avg, s ;l; are IVNSBSs of bisemirings S1, So, ..., S, respectively, then
A]_ X A2 X ... X An is an IVNSBS OfS]_ X 82 X ... X Sn

Let A be an IVN subset in S, the SIVNR on &, that is an IVNR on A is V given by

< (z,y) = min{c] (z),<] ()}

<5<x,y> max{< (), <% ()}

Let A be an IVNSBS of S and V be the SIVNR of S. Then A is an IVNSBS of & if and only if V is an
IVNSBS of S x S.
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Proof. Suppose that A is an IVNSBS of S and V is the SIVNR of 8. Let z = (21, 2),y = (y1,2) € S X S.
Then

o7 (@01y) = oh [((21, 22) 01 (31, 12)]

= §$(x1<>1y1, I2<>192)

= min{¢} (£10191), 64 (220132)}

T
T
(

=4

(y2)}}
(y2)}}

y1)}, min{s] (22),
22) b, min{sT (1), s
=

= min{gv (z1,22), 5y (Y1, 92) }

> m1n{m1n{§A (1)<
mm{mm{gA (z1), §Z

=4

— min{s] (z),5f (1)}
Also, o7 (202y) > min{s. (x) and - (1)}, o (£03y) > min{<] (x), 7 (4)}. Now,

Fx01y) = F((@r,22)01(y1,92)]
=t (10151, 220 192)
;z($1<>1y1) +;§(:172<>1y2)

2
> %{gi(ffl) ;ﬁ(yl) N ﬁ(xz);ﬂi(yz)}
_ %{Cﬁ(ml) ;ﬁ(ﬂfz) N ﬁ(yl);rcﬁ(yz)}
_ §%(x17x2) +<%(y1,y2)
2

2

z xT
Also gv(mOgy) M and gV(xOgy) w Slmllarly, S (Jcoly) < max{gv( ), st (y)}
7 (xogy) < max{gv( )7 f( )}, and 67 (x0sy) < max{gv( ),<7: (y)}. Hence V is an IVNSBS of S x S.

Conversely, assume that V is an IVNSBS of S x 8. Let # = (21, #) and y = (y1,92) be in S x S. Then

min{c] (z101y1), s} (220192)} = ofF (210191, 220 192)
T

= o [(w1,22) 0131, 32)]

= (@01)

> min{<f (), 7 (4)}

= min{c] (21, 22)}, 5 (y1,y2)}

= min{min{c] (21), <] (2)}, min{<] (y1), <] (42)}}-
If J(}}Olyl)wﬁ J(z2<>1y2), then cjr(xl) < CAAf(IZ) and ;Z:(yl) < ;,7;(?/2)- We get E(xlolyl) 2
min{c] (z1),s] (y1)}, and

min{c] (210291), ] (2202y2)} = minfmin{c] (z1), <] (22)}, min{c] (y1), <] (42)}}.

If 7 (2102y1) < 6] (2202y2), then ] (21 $2y1) > min{c] (z1),6] (y1)} and

min{s] (210ay1), <4 (22052)} > min{min{s] (21), <] (@2)}, min{<7 (y1), <] (y2)}}-
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If T (2103y1) < 6] (223y2), then ¢ (21$3y1) > min{c] (z1),6% (y1)}. Now,

%{3(331012/1) + 3(332013/2)} = & (210191, 2201Y2)

= ;\g[($1,$2)<>1(y17y2)]
T

=<N($<>1y)
svlr) + v ()
- 2
_ %(9617332) +$(y1,y2)
2
! L(a1) + K@) | A(yr) +h(y2)
_i{A 2A + 2A }

If G(@1011) < chlwadrge), then G(21) < Glwo) and G(y1) < Gly). We get G(z1011) =
<A(zl)+<A(y1) . Similarly, <A($1<>2y1) CA(II)+<A(91) and <A(CC1<>33/1) > 7914(“)“%(?“) Similarly to prove

that maX{<A (210191), 4 (220192) } < max{max{cA (1), 4 (z2)}, maX{gA (yl) <A (y2)}}

If f(210151) > < (220172). then ¢f (1) > ¢f(z2) and ¢f(y1) > < (y2). We get ¢f (z1011) <
max{s] (v1), <% (1)} and

max{c} (2102y1), 4 (2202y2)} < max{max{c} (z1),% (z2)}, max{c} (y1), <% (y2)}}-

If ¢f (2102y1) > % (2202y2), then ¢ (21 $2y1) < max{s] (z1),s% (v1)} and

max{ (2105y1), <7 (220ay2)} < maxmax{ck (21), & (w2)}, max{<k (1), % (32)}}.

If < (x103y1) > s (2203y2), then ¢ (1 Osy1) < max{s] (z1),s% (y1)}

Hence A is an IVNSBS of S. O

Let A be an IVN subset in S. Then < = (gﬂj , ;g, ;{; ) is an IVNSBS of S if and only if all non-void level set

—

¢(t:5) is a subbisemiring of S for ¢, s € [[0, 1]].

e

Proof. Assume that <'is an IVNSBS of S. For each ¢,s € [[0,1]] and a1, a2 € <(*). We have ;Z_(al) >

t YA T(ag) > t and gA(al) > 1, gA(ag) >t and <A (al) <561 7 (az) < 5. Now, §Z{(a1<>1a2) > min{gZ(al),

sT(ag)} > t and gA(a1<>1a2) > M > H't = tand ¢} (a1{raz) < max{c (a1),¢% (a2)} < 3.

This implies that a;<{>1as € (%), Similarly, a1<>2a2 € <9 and a;$s3aq € ¢(65). Therefore ¢(6:5) is a
subbisemiring of S for each ¢, s € [[0, 1]].

—_—

Conversely, assume that ¢(t-5) is a subbisemiring of S foreach ¢, s € [[0, 1]]. Suppose if there exist a1, a2 € S

T (a4 (a
such that§A (a1d1a2) < mln{gA (a1),s4 (ag)} gA(a1<>1a2) < M andgA (a1d1a2) > max{gA (a1),5% ((12)}
Select t,.5 € [[0, 1]] such that <] (a1<>1a2) < T < min{c7 (a1), A T (as)}, gA(a1<>1a2) <i< M

and ¢} (a1<>1a2) >35> max{gA (a1), <l 7 (az)}. Then ay, as € c(t ), but a1 $ras ¢ g(t s). This Contradlcts to

—_—

that ¢(:5) is a subbisemiring of S. Hence <7 (a;<{1az) > mln{gA (a1),s} (ag)} gA(a1<>1a2) > M

and ;;(0101(12) < max{gA (al),gA (a2)}. Similarly, {2 and {3 cases. Hence ¢ = (gZ{,gA,gA) is an
IVNSBS of S. O
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Let (S1, ®1, ®2, ®3) and (Sq, ®1, @2, ©3) be bisemirings. Let = : S; — S» be any function and A be any

IVNSBS in Sy, V be any IVNSBS in 2(S;) = So. If ¢4 = [c7.<%, <] is an IVN setin Sy, then Gy is an IVN
set in So, defined by

— T : =—1 — I . =1
sup{s; (z if zre= sup{sy(x if ze=
T(y) = p{ci ()} ' y Z(y) = p{cs(2)} . y
0 otherwise 0 otherwise
~ inf{cZ ()} if z € =1
g‘.7/-‘(y) — {ca ()} . Y
1 otherwise

forall z € S; and y € Sy is called the image of ¢4 under Z. Similarly, If ¢, = [;;r, ;‘I;, ;‘Jj:] is an IVN set in
Sy, then IVN set ¢4 = Z o gy in S [i.e., the IVN set defined by ¢4 (z) = ¢y (E(x))] is called the preimage of
Sy under 2.

Let (81, ®1, ®2, ®3) and (Sa, ©1, ©2, ©3) be bisemirings. The homomorphic image of IVNSBS of & is an
IVNSBS of Ss.

Proof. Let 2 : S; — S» be any homomorphism. Then E(z ®1 y) = E(x ) E(y),E(z ®2 y) = E(z) @2
E(y) and E(z ®3 y) = E(z) @3 E(y) for all z,y € S;. Let V = E(A) A is any IVNSBS of S;. Let

Z(2),ZE(y) € Sa. Letz € E71(Z(z)) and y € =71(Z(y)) be such that ¢} (z) = sup {gA( )} and
z€E71(E(»))
shy)=sup  {<](2)}. Now,
zEE"1(E(y))
o7 (2(x) @1 (y)) = sup  {<F(2)}

2 €E71(E(2)@1E(y))

= sup {f(z)}
2 €E-1(E(z@1y)

= ;T/(CE ®1Y)
> min{<7 (z),] (v)}

= min{gAVT/u( ), ;/T/:(y)}

Thus, 67 (E(x) ©1 E(y)) > min{s} Z(z), F Z(y)}. Similarly, 7 (Z(x) ©2 Z(y)) > min{c} Z(z), T E()}
and gv(E(m ©3 _( y) = min{{E(m),g Z(y)}. Letx € = 1(Z(x)) and y € Z7(Z(y)) be such that

Z@)= sup {Z(2)}andcE(y)= sup {<Z(2)}. Now,
2€2-1(2(x)) 2€2-1(2(y))

t(E(z) @1 E(y)) = sup {ci(z)}
2 €21 (E(@)©12(y))

-~ sup  {<%(2)}
2 €E-1(E(z@1y))

=c¢k(z®1y)

(x) + A(y)
2

WE(r) + VEWY)
5 :

2

Y]

Thus, ¢ (2(z) @1 Z(y)) > LEEIVEW  Gimilarly, Z (2(z) @ B(y)) > LEEDEVEW yng I (2(2) @5

2
E(y)) > ”“Qﬂ Let Z(z),Z(y) € Sa. Letx € Z71(E(z)) and y € =7 1(Z(y)) be such that
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= it (FEradfe) =l {F() Now,

FE@ )=, it {F(E)}
z €ETH(E(x)@1E(y))

= inf {5}
z €E-1(E(z®1y)

=4 (z®1y)
< max{<Z (), (y)}

= maX{CV =(z), %E(y)}

Thus, C\f (E(z < max{{’ =(x), 5’ E(y)}. Similarly, ¢/ (2(z) @2 E(y)) < max{s{=(z), s} =(y)}

)@1E(y))
and ¢7; (2(z) ©3 Z(y)) < max{c{.Z(z),si: Z(y)}. Hence V is an IVNSBS of Ss. O

Let (81, ®1, ®2, ®3) and (Sa, ©1, ©2, ©3) be bisemirings. The homomorphic preimage of IVNSBS of S; is
an IVNSBS of S;.

Proof. Let 2 : S; — S be any homomorphism. Then E(z ®1 y) = E(z) @1 E(y), E(z ®2y) = E(z) @2
E(y), and E(z @3 y) = E(z) @3 E(y) forall z,y € &1. Let V = E(A A), here V is ~any IVNSBS of S.

Let 2,y € Si. Now, SAC ®1y) = o (E(z @1 y)) = <$(5( ) ©1 E(y)) > min{c] =(z 2), T E(y)} =
min{<] (), < (»)}. Thus, <A(fc ®1 y) > min{c] (z), Z( )} Now, ¢f(z ®1 y) = (E(z @1 y)) =

§V<.:(x) ®1 ‘_l(y)) 2 §V (T)+§Vw(y) (’I')"!‘(A(y) Thus gA(x ®1 y) w NOW, gf(z ®1 y) =
G (E@@ry)) = T (E@ )@1~( ) < maX{Cv (1), 57 ()} = max{% (), % (1)} Thus, f (v @1 y) <
max{g 4 (x),s% (y)}. Similarly other operations, Ais an IVNSBS of S;. O

Let (81, ®1, ®2, ®3) and (Sa, ®1, ©2, ©3) be bisemirings. If = : S; — S is a homomorphism, then E(Z(:—:))
is a level subbisemiring of IVNSBS V of Ss.

Proof. Let = : §; — S be any homomorphism. Then E(z®1y) = Z(z) ©1E(y), E(z®2y) = E(z) ©2E(y
and Z(z ®3 y) = Z(z) @3 Z(y ) forall z,y € S;. Let V = Z(A), A is an IVNSBS of ;. By The Theorem
V is an IVNSBS of S,. Let A(t s) be any level subblsemmng of A. Suppose that z,y € A(t s)- Then

=(e @1 ). Z(x @2 9) and 2z @5 ) € Aqy). Now, o (2(@) = o4 (1) = Lk (EW) = <4() = E
Thus, <7 (E(e) @1 2(1) > < (@ 81) = & Now, F (E(x) = k(o) = & (EW) = k(v) = E. Thus,
F(E() 1 5)) > A @1y) > L Now, F(2()) = §(2) < 5.7 (EW) = F() < 5 Ths,
& (B(z) @1 E(y)) < <f (x@1y) < 5, forall Z(z), E(y) € S,. Similarly other operations, Z(A; 4)) is a level
subbisemiring of IVNSBS V of Ss. O

—~

—~—

Let (S1, ®1, ®2, ®3) and (Sa, @1, ©2, ©3) be bisemirings. If = : S; — Sy is any homomorphism, then A
is a level subbisemiring of IVNSBS A of S;.
Proof. Let=: 81 — S» be any homomorphism. Then E(z®1y) = Z(2) ©12(y), E(r®2y) = E(z) ©22(y),
and E(z @3 y) = Z(z) @3 H( )forall z,y € 8. Let V = Z(A), V is an IVNSBS of S,. By Theorem | Ais
an IVNSBS of S;. Let = (A(t s)) be alevel subblsemlrlng of V. Suppose that =(z), 2(y) € _(A(t,s)). Then
=(r ®1 9),5(x @2 y) and Z(z ©3 9) € Z(Aq). Now, <] () = o (2(x)) = L54 (1) = o (2(w) = 7
Thus, ] (z @ y) > mm{<A( ),<i(y)} > & Now, @) = G(E@) = tiy) = FEW) = &
Thus, §(z @1 y) > SEE0 > 7 Now, o () = <V<E<x>> < 5y = J(EW) < 5 Thus,
;Z—(x @1 y) = ;5(5( )@1 E(y)) < max{gA( ),sh (y)} < 8, forall z,y € S;. Similarly other operations,
Z(:; is a level subbisemiring of IVNSBS Aof 8. O
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4 (o, B)-IVNSBSs

In what follows that, (&, 3) € [[0, 1]] be such that 0 < & < 8 < 1.

Let A be any IVN subset of S is called an («, 3)-IVNSBS of S if for each ,y € S,

max{s% (z{1y), @} > min {M,B}

max{<] (01y), @} > min{<] (2), <] (v), B} N or L
max{<] (¢02y), 3} = min{] (2), ] (v). B} max{<k(e0ay), @} > min { AEZA00 5
max{dx—(ffosy)a a} > min{gzx—(ff)v gz—(y)7 E} or

max{<% (20ay), &} > min { AELG0 51

min{s} (z01y), a} < max{c{ (z), o (). 5}
min{5% (@021).&) < max{c} (x).<F (). 5}
min{c] (z¢sy), &} < max{c](z), <% (v), 5}-
By Example 3] we get
l=pu l=v =1 l=w

<T(1) | [0.80,0.85] | [0.75,0.80] | [0.55,0.60] | [0.70,0.75]
Z(1) | [0.75,0.80] | [0.70,0.75] | [0.62,0.64] | [0.65,0.70]
% (1) | [0.30,0.35] | [0.60,0.65] | [0.75,0.80] | [0.65,0.70]

Then A is a ([0.40, 0.45], [0.55, 0.60])-IVNSBS of S.
The intersection of a collection of («, 8)-IVNSBSs of § is an («, 8)-IVNSBS of S.
Proof. Let {V; : i € I'} be a collection of (e, 3)-IVNSBSs of S and A = m‘z Let z,y € S. Then
iel
max (<] (+019), &) = inf max{<], (+019), &)}

> inf{min{<7, (2). <7, (v). 5}}

= min {inf{<], ()}, inf{<], (4)}. 3}

= min{<] (z), <] (). B}.

Similarly, max{<] (+02y), @} > min{c] (x),] (), B} and max{c] (z05y), @} > min{s] (),<] (y), B}.
Now,

max{c (¢01y), &} = inf{max{<f (2019), a}}

> inf{min{%(w) +;I/:(y),§}}
i€l 2

{ inf{<f, ()} + inf{<F, (1)} N}
= min B

2

_ @)+l
_mln{ A 5 A 7ﬁ}
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Similarly, max{?f;(xOgy),&} > min{M ﬁ} and max{gA(xogy) al > mm{w,g}.

Now,

min{;j\f(xoly), a} = s_up{min{;é(xoly), at}

< ig?{maX{CV( ), ;\i(y)vg}}

= max {sup{<f; (2)}, sup{<7; (1)}, 5}
el el
= max{<} (z),<% (v), E}

Similarly, min{c] (z{2y), a} < max{s] (z),s% (v), B} and min{c} (z{3y), a} < max{s] (z),s% (y), B}.
Hence A is an («a, §)-IVNSBS of S. O

If A and B are (a, )-IVNSBSs of bisemirings S; and S, respectively, then Ax Bisan (ar, B)-IVNSBS of
Sl X SQ.

Proof. Let A and B be two (ar, B)-IVNSBSs of S; and S respectively. Let (z1, y1), (22, y2) € S1 X Sa. Now,

— —

maX{<Ix3[($1ayl)<>1($2,y2)],a} = max {<Zx3($1<>1$2,yl<>12!2) a}
{maX{gA (10122), A}, maX{@s (110112); Oé}}
min { min{c (#1), ¢ (v2), B}, min{sF (51), < (o). 5} }
mm{{mm{cA 21), <k (1)} min{ <] (e2), < (v}, B}
{Fes

st g(1,y1) <ZxB(xz,y2),5}-

= min
Also,
max {%[(30173/1)02(50273/2)]7&} > min {Czr:;(ﬂflayl)»%(xzaw)ﬁ}
and o — — -
max { T, pl(z1,91) Qalez,yo)), & b > min {5 (@1, 90). K (2, 0). B
Now,

P —

max {<£x3[(3317y1)<>1(3327y2)], &} = max {§£XB($1<>1$2, y1<>1y2)7&}

= %{ max {;g(x1<>1m2)7 &} + max {%(ylolyg), a}}

1{min{m,g} +min{m7§}}

v

2 2 2
— min E{Cf(xl)ﬂ%(yl) +<£($2)+<§(y2)}75
2 2 2
. {cixB<x1,y1>+<£xB<m2,y2> ~}
= min 0 0.
2
Also, - -
T 7
T ~ . S ('rlvyl)+< (I27y2) Y
max{gixB[(xl,yl)OQ(@,yz)]aOé} me{ AxB 5 AxB B
and - s
7 T
— ~ B ES (T1,91) +¢ (2,92) ~
maX{gixs[(fﬂl,y1)<>3($2,y2)],04} >mm{ AxB 5 AxB B .
https://doi.org/10.54216/IJNS. 190109 126

Received: March 08, 2022 Accepted: September 16, 2022



International Journal of Neutrosophic Science (IJNS) Vol. 19, No. 01, PP. 116-131, 2022

Similarly,

—_—

min {CA/;X/B[(%» y1)01 (22, ¥2)], @} = min {Cfxg(xlolﬂﬁz, y101Y2), 52}

min{;?(%@wz), at, min{%(ylolyz), &}}

{
< max { max{cf (@1), f (¢2), B} max{<F, (40), <7 (1), B} |
{fn ~ T

Also,
min {gAxB[('Tlay1)<>2('r27y2)]aa} < max {gfxB(xlayl)vgfxB(x%y2)76}
and o — — .
min {gfxB[(xhy1><>3($27y2>]7&} < max {gfxB(‘rl’y1)7§fxB($2ay2)’ﬁ}'
Hence A x B is an (cr, B)-IVNSBS s of S. O

If Al, Ag, . A are (v, 3)-IVNSBSs of bisemirings Sy, Sa, ..., S, respectively, then
Ay X A2 X ... X Ay isan (a, B)-IVNSBS of §1 X Sg X ... X S,,.

Let A be an (a, 8)-IVN subset in S, the (, 8)-SIVNR on S, that is an (c, 3)-IVNR on A is V given by

max{< (z.y), &} = min{<] (@), ] (v). 5}
max{ﬁ?(ac7 y),a} = min{gfé(x), gé/(y), ,6’~}
min{s{ (z,y),a} = max{c] (x),<{ (v), 5}.

Let A be an (a, 8)-IVNSBS of S and V be the (v, 3)-SIVNR of S. Then A is an (c, 8)-IVNSBS of S if and
only if Vis an (o, 8)-IVNSBS of § x S.

Proof. The proof is similar to Theorem@ [

Let (81, ®1, ®2, ®3) and (Sz, ©1, ©2, ©3) be bisemirings. The homomorphic image of («, 3)-IVNSBS of S;
is an (o, §)-IVNSBS of S,.

Proof. Let = : &1 — S be any homomorphism. Then E(z®1y) = E(z) ©1E(y), E(z®2y) = E(z) ©2E(y),

and E(z @3 y) = E(x) @3 E(y) forall 2,y € &;. Let V = E(A), A be e any (o, B)-IVNSBS of S;. Let

E(x),E(y) € Sa. Letz € E71(Z(x)) and y € =~ 1(Z(y)) be such that ¢} (z) =  sup  {c](2)} and
2€E-1(E(x))

Ay = _sup {;Z;(z)} Now,

s {f()).a}

Z €E71(E(2)@1E(y))

{
:max{ sup {gz(z/)},&}
{

z' €271 (E(2@1y))
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min {§‘7/—E(x) SUE(y), B } and max {g{,r( (z) @3 E(y)),&} > min {§‘7/—E(x)7§‘7,—5(y),§ . Let (), Z(y)
€ 8. Letz € E71(E(z)) and y € E71(E(y)) be such that ¢§(z) = sup  {s%(2)} and L (y) =
2€21(3(x)

Thus max {§V (BE(z)@1 E(y)), } > min {ﬁE(m),gA‘fE(y),g} Similarly, max {gNT(E(x) ©2E(y)),ap >

sup {;f;(z)} Now,
2€E7H(E(y))

max {F (E() 1 Z@)). &) =max{  swp _ {F()}a}

2’ €271 (E(2)@1E(y))

wf s (GED)a)

E-1(E(z@1y))

Il
=)

max {;%/(x ®1Y) }
&

)+ ) =

> min {%75}
— min { f2() . FEW) 3
Thus max {;\I;(E(x) ©1 E(y)), a} > min{w7 E} Similarly,
— ~_ o
max {F (2 (x) 2 2(v)). &} > min { VDT VEW 5
and - -
. - o
max {F (E(e) @3 E(y)), &} > min{g‘/“(x) ;r<v~(y) 3
Letz € 27! (E(z)) and y € 2~ !(E(y)) be such that E(x) —  inf {;f(z)} and

z€E71(E(x))

Gy = ze;39f5(y)){§f (2)}. Then

min {gi(a(“@) ©1 E(y))’&} = min /em(ir(lf)@ =( ))ﬁf(z/)}’&}
z = =4 1= Yy

{
- min{ inf {Z}f(z’)},a}
{

2 €271 (E(z®1y))

Thus min {%(E(x) ©1 Z(y)), &} < max {CAV}J—E(x), gAV}/-E(y), E} Similarly, min {c:];:(E(x) ®22(y)), &} <

max {g{fE(m), T E(y), E} and min {g{f(E(m) ©3 Z(y)), &} < max {c{fE(:vL T E(y), E} Hence V is an
(v, B)-IVNSBS of Ss. O

Let (S1, ®1, ®2, ®3) and (S2, ©1, ©2, @3) be bisemirings. The homomorphic preimage of («, 5)-IVNSBS of
Sy is an (a, §)-IVNSBS of S;.

Proof. Let= : & — Sp be any homomorphism. Then E(z®1y) = Z(z) ©1Z(y), E(z®2y) = E(2) ©2E(y),

and E(z ®3 y) = E(z) @3 E(y) forall 7,y € Sy. Let V = Z(A), where V is any (a, 8)-IVNSBS of Ss.
1)), &} = max{c/(E(x) @1 E(y)),a} >

Let x Y € S1. Then max{qA (z ®1 Y), 04} = max{gv( (x®
min{s{ Z(x), 7 (y), B} = min{c] (), ] (), 3}. Thus,

max{&(:c ®19y),a} > min{;j:(z), J(y)a E}
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Now, max{<%(z ®1 9),@} = max{<f (E(z ®1 )),a} = max{<f(E(x) ©1 E(y),a} = min{=(x),
FE(y). B} = min{ (x), % (4), B} Thus,
max{c}(z ®1 y),a} > min{ck (2), 5 (). B}.

Now, min{e (x ®1 y),} = min{ef (5(z @1 9)),3} = min{ef (5(x) ©1 (9)), @} < max{F=(a),
E(y), By = max{<% (), < (y). B}. Thus,

min{¢% (z ®, y),a} < max{c} (), (y), 5}

In a similar manner for the other two operations. Hence Alis an (o, B)-IVNSBS of Si. O

5 (a, 8)-IVNNSBSs

Let A be any IVN subset of S is called an IVNNSBS of S if foreach z,y € S,

Z(201y) = <E(yO1z)

o) =Fwow) | o G (@01y) = & (y012)
A (@O2y) =L (y02r) | h(@02y) = A(y021) | 4 (2021) = o] (ydaw)
T (x03y) = <] (yOsz) or sh (x0sy) = of (yOsx)

Z(20sy) = <X (yOsz)

(1) The intersection of a collection of IVNNSBSs of S is an IVNNSBSs of S.
(2) The intersection of a collection of (c, 3)-IVNNSBSs of S is an («, §)-IVNNSBS s of S.

Let Sy, 8o, ..., S, be bisemirings.

(1) If Ay, As, ..., A, are IVNNSBSs of Sy, S, ..., S,, respectively, then A1 x Ay x ... x A, is a IVNNSBS
of S| X S x ... x §,,.

—~—

2) If :47,:4;, ,;171 are (a, §)-IVNNSBSs of 81, 8o, ..., S, respectively, then Ay x Ag X ... X A, is an
(a, B)-IVNNSBS of §1 X Sg X ... X Sp,.

(1) Let A be any IVNNSBS of S and V be the SIVNR of S. Then A is a IVNNSBS of S if and only if V is
aIVNNSBS of S x S.

(2) Let A be any (a, 3)-IVNNSBS of S and V be the (c, 3)-SIVNR of S. Then A is an (a, 3)-IVNNSBS
of S if and only if V is an (a, 8)-IVNNSBS of S x S.

Let (81, ®1, ®2, ®3) and (S2, ®1, @2, ©3) be bisemirings.

(1) The homomorphic image of any IVNNSBS of &7 is a IVNNSBS of S,.
(2) The homomorphic image of any («, §)-IVNNSBS of & is an (a, §)-IVNNSBS of Ss.

Let (81, ®1, ®2, ®3) and (S2, ®1, @2, ©3) be bisemirings.

(1) The homomorphic preimage of any IVNNSBS of S5 is a IVNNSBS of S;.
(2) The homomorphic preimage of any («, 5)-IVNNSBS of S; is an («, 5)-IVNNSBS of S;.
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6 Conclusion

We developed the concepts of level sets of an IVNSBS and an IVNNSBS. We introduced an approach for
(a, B)-IVNSBSs and IVNNSBSs over bisemirings. Presenting a homomorphism fuzzy subbisemirings of
subbisemirings to IVNNSBSs of subbisemirings is the major objective of this work. Therefore, in the fu-
ture, we should think about the applications of cubic subbisemirings and interval valued soft neutrosophic
subbisemirings.
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