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Abstract  

The objective of this paper is to study algebraic properties of complex neutrosophic matrices, where a necessary 

and sufficient condition for the invertibility of a complex square neutrosophic matrix is presented by defining the 

complex neutrosophic determinant. On the other hand, this work introduces the concept of neutrosophic 

characteristic polynomial and neutrosophic Cayley-Hamilton theorem for the complex case. 

Keywords: Neutrosophic complex matrix; neutrosophic real number; neutrosophic determinant; neutrosophic 

inverse 

1. Introduction 

2. Preliminaries 

Definition 2.1 [28]:  Classical neutrosophic number has the form      where     are real or complex numbers 

and   is the indeterminacy such that       and      which results that  

     for all positive integers  . 

Definition 2.2 [29]: Let                      Then we have: 
  
  
 
  
  
 
         
  (     )

 

Definition 2.3 [10]: Let  be a field, the neutrosophic file generated by 〈   〉 which is denoted by  ( )  
〈   〉. 

Definition 2.4 (Neutrosophic complex matrix) [16]. Let       {(   )       ( )} where  ( ) is the 

neutrosophic complex field. We call to be the neutrosophic complex matrix. 

Definition 2.4 : Let      is a neutrosophiccomplex matrix. We call to be the neutrosophic square complex 

matrix if    . 

Now a neutrosophic   square complex matrix is defined by form       where   and   are two  squares 

complex matrices. 
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3. Main discussion 

Definition 3.1:  

Let        be a neutrosophic   squarecomplex matrix. The determinant of M is defined as 

           [   (   )      ]. 

Definition 3.2:  

Let        a neutrosophic square     matrix, where  ,   are two squares    complex matrices, then 

  is invertible if and only if  and     are invertible matrices and  

         [(   )      ]. 

Theorem 3.3: 

  is invertible matrix if and only if                   . 

Proof: 

From Definition 3.2 we find that   is invertible matrix if and only if       are two invertible matrices, hence  

   [   ]           which means  

           [    (   )      ]              . 

Example 3.4:  

Consider the following neutrosophic complex matrix  

       (
   
    

)   (
  
      

). 

(a)             (
     
   

)     (   )                (     )     hence   is 

invertible. 

(b) We have: 

    (
  

 

 
 
 

 

 
 

 
 
 

 

,  (   )   (
  

 
 

 
 
 

 
 
 

 
 
 

 

+   

         (   )   [(   )      ]  (
  

 

 
 

 

 

 
 

 
 

 

 

)   (
  

 

 
 
  

 

 
 

 
 

 

 
    

). 

(c) We can compute      (
  
  

)      . 

Definition 3.5: 

Let        be a neutrosophic   square complex matrix, were   and   are two   square complex matrices, 

then 

       [(   )    ]. 

Definition 3.6: 

Let        be a neutrosophic   squarecomplex matrix, were   and   are two   square complexmatrices, 

then 

       [(   )    ]. 

Remark 3.7: 

Let        and        be two neutrosophic   squarecomplexmatrices, then 
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(3.7.1)    (   )           . 

(3.7.2)    (   )  (    )    

(3.7.3)             

Remark: The result in the section (c) can be generalized easily to the following fact: 

          if and only if         (   ). 

Definition 3.8:  

Let        be a neutrosophic   square complex matrix, where   and   are two   square complex matrices, 

And       . We define the neutrosophic characteristic polynomial by the form: 

 ( )     [       ]     [      (    )]     [(       )  (  ) ] 

 ( )     (       )   [   (      (   ))     (       )] 

 ( )  α( )   [β( )  α( )]. 

Where: 

α( )     (       )  β( )     (      (   )) 

Example 3.9: 

Consider the following neutrosophic complex matrix  

       (
   
    

)   (
  
      

)      (
  
  

). Then. 

φ( )  α( )   [β( )  α( )] 

α( )     (       )  |
     
   (   )

| 

α( )     (   )              (   ) 

β( )            

Then. 

φ( )  α( )   [β( )  α( )]       (   )   [(   )      ] 

Theorem 3.10:  

A neutrosophic characteristic polynomial of neutrosophic square complex matrix is equal a neutrosophic 

characteristic polynomial of its transpose. 

Proof: 

Let        be a neutrosophic   squarecomplex matrix, where   and   are two   squarecomplexmatrices. 

Letφ( )  α( )   [β( )  α( )]a neutrosophic characteristic polynomial for  and   is transpose for  . 

Let ψ( ) be the neutrosophic characteristic polynomial of     then 

φ( )     [       ] 

φ( )     (       )   [   (      (   ))     (       )] 

Now we have. 

ψ( )     [       ]
     [(       )  (  ) ]

  

ψ( )     [(       )
   *(      (   ))

 
 (       )

 +] 
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ψ( )     (       )
   *   (      (   ))

 
    (       )

 + 

By Remark 3.7we have. 

[   (       )]
     (       ) 

   (      (   ))
 
    (      (   )) 

Then. 

ψ( )     (       )   [   (      (   ))     (       )] 

Then. 

φ( )  ψ( ) 

Example 3.11: 

Consider the neutrosophic matrix defined in Example 3.9, we have: 

φ( )       (   )   [(   )      ] 

Now.  

   (
  
     

)     (
   
     

) Then. 

ψ( )  α
 
( )   *β

 
( )  α

 
( )+ 

α
 
( )     (       

 )  |
    
    (   )

| 

α
 
( )       (   ) 

β
 
( )     (      (   )

 )  |
  
    (    )

| 

β
 
( )            

Then. 

φ( )  ψ( )       (   )   [(   )      ] 

Theorem 3.12:( Neutrosophic complex Cayely-Hamilton): Any neutrosophic square complex matrix is a root 

of its a neutrosophic characteristic polynomial. 

Example 3.13: 

Consider the neutrosophic matrix defined in Example 3.9, we have: 

φ( )       (   )   [(   )      ] 

Now we find φ( ). 

φ( )       (   )     (   )   (     )      

       [(   )    ]  (
    
    

)   (
     
     

) 

φ( )  (
    
    

)   (
     
     

)  (
   
     

)   (
   
    

)  (
    
    

)

  (
     
     

)   (
      
      

)  (
  
  

)   (
  
  

)  (
  
  

) 

φ( )    
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4. Refined neutrosophic matrix 

Definition 4.1: The structure of refined  neutrosophic  numbers is taken as           instead of (         ). 

Definition 4.2:   
     ,   

     ,                

Definition 4.3: (Refined neutrosophic complex matrix). 

Let  (

       
   
       

+be an    matrix: if                 ( ), then it is called an refined 

neutrosophic complex matrix, where   ( ) is an refined neutrosophic complex field. 

Example 4.4: Let   (
    (    )  (   )      

     (   )  
* as a     refined neutrosophiccomplex matrix. 

Theorem 4.5: Let             be a square    refined neutrosophiccomplex matrix; then it is 

invertible if only of       and       are invertible. The inverse of   is 

        ((     )   (   )  )   ((   )
      )   

Proof: The proof holds as a special case of invertible elements in refined neutrosophic rings [30]. 

Definition 4.6: 

Let             be a refinedneutrosophic   square complex matrix, where     and   are   square 

complex matrices, then. 

      [(     )  (   ) ]   [(   )
    ]  . 

Definition 4.7: 

Let             be a refinedneutrosophic   square complex matrix, where     and   are   square 

complex matrices, then 

        (         )       [   (     )     (   )]   [   (   )      ]  . 

Remark 4.8: 

(a).If  is an   matrix, then it can be represented as an element of the refined neutrosophic ring of matrices 

such as the following:            , where     and  are complex matrices with elements from ring  and 

from size      

For example,   (
(    )           (   )     

  (   )    (   )  
*  (

     
  

)  (
     
    

)    

(
    

(   )  
*   . 

(b). Multiplication can be defined by using the same representation as a special case multiplication on refined 

neutrosophic rings as follows: 

(         )(         )  (  )  (              )   (        )   

Theorem 4.9:  

Let             be a neutrosophic   square complex matrix, where     and   are two   square complex 

matrices, And            . We define the neutrosophic characteristic polynomial by form: 

 ( )     [       ]     [      (         )]     [(       )  (  )   (  )  ] 

 ( )     (       )  [   (      (     ))     (      (   ))]  
 [   (      (   ))     (       )]   

 ( )  α( )  [β( )   ( )]   [ ( )  α( )]  . 



Journal of Neutrosophic and Fuzzy Systems (JNFS)                                             Vol. 04, No. 01, PP. 21-29, 2022 

DOI: https://doi.org/10.54216/JNFS.040103  
Received: April 13, 2022    Accepted: August 15, 2022 
 

26 

Where: 

α( )     (       )  β( )     (      (     ))  ( )     (      (   )) 

Example 4.10: 

Consider the following neutrosophic matrix  

              . Where   (
    
      

),   (
   
   

)    (
     
  

) 

      (
   
      

) ,     (
  
     

). 

Then. 

 ( )  α( )  [β( )   ( )]   [ ( )  α( )]   

α( )     (       )  |
  (   )   

   (    )
| 

α( )     (    )       

β( )     (      (     ))  |
    
   (    )

| 

β( )     (    )  (    ) 

 ( )     (      (   ))  |
    
   (   )

| 

 ( )     (   )  (     ) 

Then. 

φ( )  α( )  [β( )   ( )]   [ ( )  α( )]   

φ( )     (    )       [(    )  (     )]   [(    )   ]   

Conclusion 
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