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Abstract

The aim of This paper is to define for the first time the concept of symbolic Turiyam group. This work is devoted to
study some elementary properties of symbolic Turiyam groups and to establish the algebraic basis of this structure
such as symbolic Turiyam subgroups, symbolic Turiyam homomorphisms, and symbolic Turiyam isomorphisms.
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1. Introduction
Turiyam set [77] is a new interesting concept aims to generalize the neutrosophic ideas [1-3]. The symbolic Turiyam
set was supposed in [78], with an algebraic application by the symbolic Turiyam ring.

In [80-82], we can see many algebraic structures build over the idea of symbolic Turiyam set such as Turiyam
modules, spaces, and matrices to deal the data with Non-Euclidean Geometry [83-84].

In the literature, many authors around the world have studied the algebra of neutrosophic sets, where we find many
generalizations of classical algebraic structures such as neutrosophic matrices, neutrosophic groups\rings, and spaces
[4-8,11-25,30-42,50-70].

In this work, we put the theoretical basis of the symbolic Turiyam group in a similar way of n-refined neutrosophic
groups defined in [10, 27]. Also, we define some related AH-substructures to make this new algebraic structure more
understandable.

DOI: https://doi.org/10.54216/JNFS.030205
Received: April 05, 2022 Accepted: July 16, 2022

43



Journal of Neutrosophic and Fuzzy Systms (INES) Vol 03, No. 02, PP. 43-52, 2022

Main results

Definition:

Let (G,*) be a group, we define the corresponding symbolic Turiyam group T'(G) as follows:
T(G)=(<GU{T,F,LY}>x) ={(ay,a.T,a,F,as1,a,Y); a; € G}.

It is easy to see that T(G) is closed under =, and it is a semi group but not a group since T has no inverse with
respect to * in general.

Remark :
If (G,+) is an additive abelian group, then addition on T'(G) can be described as follows:
COﬂSider X = (ao, alT, azF, a31, a4Y),y = (bo, blT, sz, b31, b4Y) , We have

x+y = (ap+ by, [a; + b]T, [a, + b,]F, [as + bsq1]1, [a, + b,]Y). In this case (T(G), +) is a classical abelian
group.

The identity element is (0,0,0,0,0).
Itiseasytoseethat T(G) = G X G X..X G (5 — times) in the case of abelian additive group G.
Example:

Let G = Z, be the additive group of integers modulo 2, the corresponding symbolic Turiyam group is T(G) =
{(OJOlOJOJO)’ (1l0I0I0l0)’ (11 Tl 0)010)' (11 T' F} OIO)' (11 T' F} I} 0)' (11 T} F’ I’ Y)

,(0,7,0,0,0),(0,T,F,0,0),(0,T,F,1,0),(0,T,F,1,Y) ...etc}.

Remark:

If G is a multiplicative group, then group product on T(G) can be described as follows:
Consider x = (ag, a; T, a,F,asl,a,Y),y = (by, b1 T, b,F, bs1,b,Y) , we have

sxy = (to, t4T, t,F, t31,t, Y); to = aghy, ty = agbia,b;

t, = agb,a,b,a,bya,b,a,b,,t; = agbsa,bsa,bsazbsa,bsasbgaszb,azb,asb,,

ty = agbsaib,a,bsa,babyasbiab,.

The identity element is (eg, egly, ---, egly)-

In this case T(G) is not isomorphic to the direct product of 5 copies of G, since it is not a classical group in this
case.

Definition:

(@) Let T(G) be a symbolic Turiyam group. It is called abelian if x x y = y = x forall x,y € T(G).

(b) The subset Z(T(G)) = {y € T(G);y * x = x * y for all x € T(G)} is called symbolic Turiyam center.
Theorem :

Let T(G) be a symbolic Turiyam group. Then

(@) If G is abelian, T is abelian.

(b) T(G) is abelian if and only if T(G) = Z(T(G)).

Definition:

Let T(G) be a symbolic Turiyam group, H be a nonempty subset of T(G), we say that H isa symbolic Turiyam
subgroup if H contains a subgroup of G.
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Example:

Let G = Z, be the additive group of integers modulo 2, the corresponding symbolic Turiyam group is T(G). The
set H = {(0,0,0,0,0), (1,0,0,0,0), (1,T, 0,0,0), (1,0, F,1,Y)} is symbolic Turiyam subgroup of T(G), since it
contains G = {(0,0,0,0,0), (1,0,0,0,0)} which is isomorphic to a subgroup of G. (We can consider it as a
subgroup of G).

By previous example, we can see that Lagrange's theorem is not true in general in the case of finite n symbolic
Turiyam group.

Definition:

Let T(G) be an symbolic Turiyam group, we denote to the number of elements in T(G) by
O(T(6)). If T(G) is finite, then O(T(G)) = m, elsewhere O(T(G)) = oo.

O(T(G)) is called the order of n symbolic Turiyam group T(G).

Theorem:

Let G be a finite group, T(G) be its corresponding symbolic Turiyam group. Then if 0(G) = m, we have
0(T(6)) =m®.

Definition:

Let T(G), T(K) be two symbolic Turiyam groups, f: T(G) — T(K) be a well defined map, we say that f is a
symbolic Turiyam homomorphism if:

@) f(xy) = f()f(y) forall x,y € T(G).

(b) f(0,T,0,0,0) = (0,T,0,0,0), f(0,0,F, 0,0) = (0,0, F, 0,0), £(0,0,0,1,0) = (0,0,0,1,0), £(0,0,0,0,Y) =
(0,0,0,0,Y).

Example:

Let
G=ZK=1Z7,f:T(G)—>TK); f(x,yT,zF,pl,q¥) =
((x mod4), (y mod4)T, (z mod4)F, (p mod 4)1, (q mod 4)Y)

, where x,y,z,p,q € Z.
Letm = (x,yT, zF,pl,qY),n = (a, bT,cF,dl,eY) be two arbitrary elements in T(G), it is clear that
fm+n) = f(m) + f(n).

f(0,T,0,0,0) = (0,T,0,0,0), f(0,0, F,0,0) = (0,0, F, 0,0), £(0,0,0,1,0) = (0,0,0,1,0), f(0,0,0,0,Y) =
(0,0,0,0,Y). Thus f is a symbolic Turiyam homomorphism.

Definition:

Let T(G), T(K) be two symbolic Turiyam groups, f: T(G) — T(K) be a symbolic Turiyam homomorphism, we
define:

(@) Ker(f) ={x € T(G); f(x) = er)}-
b)) Im(f) ={y €T(K); Ix €T(G): f(x) =y}
Theorem:

Let T(G), T(K) be two symbolic Turiyam groups, f: N,,(G) — N,,(K) be a symbolic Turiyam homomorphism,
we have:

(@) Ker(f) is a symbolic Turiyam subgroup of T(G).
(b) Im(f) is a symbolic Turiyam subgroup of T(K).
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Example:

Let
G=ZK=12,f:T(G)—-TK); f(x,yT,zF,pl,q¥) =
((x mod4), (y mod4)T, (z mod4)F, (p mod 4)I, (q mod 4)Y).

Ker(f) = (4Z,4ZT,4ZF,4Z1,4ZY) = {(4x,4yT,4zF,4pl,4qY); x,y,2,p,q € Z}, which is symbolic Turiyam
subgroup, since it contains L = (4Z,0,0,0,0).

Definition:

Let T(G),T(K) be symbolic Turiyam groups, f:T(G) — T(K) be a symbolic Turiyam, we call it a symbolic
Turiyam isomorphism if it is bijective.

Example:

Let G = Z be the group of integers with normal addition, T(G) = {(a, bT,cF,dI,pY);a,b,c,d,p € Z} be its
corresponding symbolic Turiyam group. We define

f:T(G) - T(G); f(a,bT,cF,dl,pY) = (—a,bT,cF,dl,pY), itis clear that f is a bijective symbolic Turiyam
homomorphism, thus it is a symbolic Turiyam isomorphism.

Definition:
Let T(G) = {(ag, a4 T, a,F,azl,a,Y); a; € G} be a symbolic Turiyam group,

T(H) = {(by, b;T,b,F,bs1,b,Y); b; € H;; H; is a subgroup of G for all i} is called a Turiyam AH-subgroup
of T(G).

If H; = H; for all i # j, then itis called an AHS-subgroup.

The AH-subgroup T(H) is called AH-abelian if H; is abelian for all i. Also, it is called AH-cyclic if H; is cyclic
for all i.

Example:

Let G = S5 be the non abelian symmetric group of order 6, there are two non isomorphic subgroups of G,
K = Z7,,S = Z5, consider the corresponding symbolic Turiyam group T (G), we have:

N;(H) = (K,ST,KF,S1,SY) = {(a,bT,cF,dl,pY);a,c € K and b,d,p € S} is an AH-subgroup of T(G).
T(H) is an AH-cyclic, since K, S are cyclic.

Definition:

Let G be any group, T(G) be its corresponding symbolic Turiyam group,
T(H) = (Hy, H,T,H,F,H;1,H,Y); H; < G be an AH-subgroup of T(G). We say

(@) T(H) is AH-normal subgroup if H; is normal for all i.

(b) T(H) is AH-nilpotent subgroup if H; is nilpotent for all i.

(c) T(H) is AH-solvable subgroup if H; is solvable for all i.

(d) T(H) is AH-meta abelian subgroup if H; is meta abelian for all i.
(e) T(H) is AH-simple subgroup if H; is simple for all .

Example :

Consider the symmetric group of order 6 (G = S3), it has one normal subgroup H = Z5, and three 2-Sylow
subgroups K = S = L = Z,.

Let T(G) be the corresponding symbolic Turiyam group, we have
(@) M, = (K, HT,KF,KI, HY) is an AH-subgroup of T(G).
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(b) M, is an AH-nilpotent/AH-solvable, since K,H are nilpotent, and solvable subgroups of G.
(c) M, is an AH-simple, since K,H are simple.

(d) M, is not an AH-normal, since K is not normal.

(e) M, is an AH-meta abelian, since H,K are meta abelian subgroups.

Remark:

If G is an additive abelian group, then any AH-subgroup is a classical subgroup. This is because T(G) is a
classical group and isomorphic to the direct product of G with itself (5 times).

Definition:
Let G,K be any two groups, T(G), T(K) be their corresponding symbolic Turiyam groups,
fi:G = K;0 < i <4 be a classical homomorphism for all i. We say

@ f:T(G) » T(K); f(ag, a,T,a,F,azl,a,Y) = (fo(ao), f1(a)T, f2(az)F, f3(a3)T, fo(a,s)Y) is an AH-
homomorphism.

(b) If f;: G — K is an isomorphism for all i, then f: T(G) — T(K) is called an AH-isomorphism.

(©Iffi=fj;i# j,then f:T(G) — T(K) is called an AHS-homomorphism.

(d) The AH-kernel is defined as follows: AH — Ker(f) = (Ker(fy), Ker(fi)T,Ker(f,)F, Ker(f3)I, Ker(f,)Y).
(e) The AH-image is defined as: AH — Im(f) = (im(f,), im(f )T, im(f,)F,im(f3)I, im(f,)Y).

We denote to the AH-homomorphism
:No(G) = Ny (K); f(ao, aiT, ayF, azl, a,Y) = (fo(ao), f1(a)T, f2(a)F, f3(a3)T, fa(as)Y) by

f = (fO!flT'fZF'fSI'fAl—Y)'
Definition :
Let G be any group, T(G) be its corresponding symbolic Turiyam group,

T(H) = (Hy, H,T,H,F,H;1,H,Y), T(K) = (Ko, KiT,K,F,K31,K,Y); H;,K; < G be any two AH-subgroups of
T(G).

(a) We define the intersection as follows: T(H) N T(K) = (Hy N Ky, (H; N Ky)T, (H, N K,)F, (H; N K3)I, (Hy N
KY).

(b) We define the product as follows: T(H).T(K) = (Hy. Ky, (H,.K{)T, (H,.K,)F, (H;. K3)I, (H,. K,)Y).

(c) We define the direct product as follows: T(H) x T(K) = (H, X Ky, (H; X K;)T, (H, X K,)F, (H5 X
K3)I, (Hy X K,)Y).

Example :

Let G = (Z,+),K = (Zg, +) be two groups, T(G), T(K) be the corresponding symbolic Turiyam groups, we
have

@) fo: G = K; fy(a) = amodb, f;:G - K; f,(a) = 2a mod6 are two classical homomorphisms.

(b)

f:T(G) - T(K); f(ag, aiT,axF,a:1,a,Y) = (fo(ao), fo(a)T, fi(ax)F, fo(as)l, fi(a)Y) =

(ap mod6, (a; mod6)T, (2a, mod6)F, (a; mod6)I, (2a, mod 6)Y) is an AH-homomorphism.

(c) AH — Ker(f) = (Ker(f,), Ker(fu)T,Ker(f,)F,Ker(fy)l,Ker(f,)Y) = (6Z,6ZT,3Z F,3Z1,6ZY).
Theorem :

Let G be any group, T(G) be its corresponding symbolic Turiyam group,
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T(H) = (Hy, H,T,H,F,H31,H,Y), T(K) = (Ko, K, T, K,F,K51,K,Y); H;, K; < G be any two AH-subgroups of
T(G). We have:

(@) T(H) n T(K) is an AH-subgroup of T(G).

(b) If T(H), T(K) are AH-normal, then T(H).T(K) is AH-normal.

(c) T(H) x T(K) is an AH-subgroup of T(G) X T(G).

(d) If T(H), T(K) are AH-abelian, then T(H) N T(K), T(G) x T(G) are AH-abelian.

(e) If T(H), T(K) are AH-cyclic, then T(H) N T(K) is AH-cycilc.

(f) If T(H), T(K) are AH-nilpotent, then T(H) N T(K), T(G) x T(G)are AH-nilpotent.

(9) If T(H), T(K) are AH-solvable, then T(H).T(K),T(G) x T(G),T(G) N T(G) are AH-solvable.
(h) If T(H), T(K) are AH- meta abelian, then T(H) n T(K), T(G) x T (G)are AH-meta abelian.
Theorem :

Let G,K be any two groups, T(G), T(K) be their corresponding symbolic Turiyam groups,

T(H) = (Hy, H,T,H,F,H;1,H,Y); H; < G be an AH-subgroup, f;: G = K;0 < i < n be a classical
homomorphism for all

Lf:T(G) » T(K); f(ag, aiT, axF, a11,a,Y) = (fo(ao), f1(a)T, f2(az)F, f3(as)T, fa(as)Y) be an AH-
homomorphism, we have:

(@) If T(H) is AH-cyclic/AH-abelian, then f (T (H)) is AH-cyclic/AH-abelian.

(b) If T(H) is AH-nilpotent/AH-solvable, then f (T (H)) is AH-nilpotent/AH-solvable.
(c) If T(H) is AH-meta abelian, then f (T (H)) is AH-meta abelian.

(d) If T(H) is AH-normal, then f (T (H)) is AH-normal.

(e) AH-Ker(f) is an AH-normal subgroup of T(G).

(F) AH-Im(f) is an AHS-subgroup of T(K).

Conclusion

In this article we have defined the concept of symbolic Turiyam group for the first time. Also, we have
introduced some corresponding notions such as symbolic Turiyam subgroup, symbolic Turiyam homomorphism,
and symbolic Turiyam isomorphism. Many examples were constructed to clarify these concepts.
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