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Abstract

In Neutrosophic Normed spaces, we investigate a unique quadratic function and a unique additive quadratic
function of the Hyers-Ulam-Rassias stability for the functional equation Y ., f(z; — (1/n) Z;Zl xj) =
S f(x) — nf((1/n) >°1, ;) which is said to be a functional equation associated with inner products
space.
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1 Introduction

The aim of this article is to prove an Neutrosophic version of the Hyers-Ulam-Rassias stability for the func-
tional equation:

n

> of Ii—%zﬂﬁj —Zf(mi)_nf<;zxi> 0
i=1 =1 i=1 i=1

which is said to be a functional equation associated with inner product spaces. It was shown by Rassias [1]
that the norm defined over a real vector space X is induced by an inner product if and only if for a fixed integer

n > 2 it follows
2
n

n n
1 2
D ||ei =y 2w = 2l —n
i=1 N3 i=1

n 2
3

i=1

0

forall z;,...,x, € X. Interesting new results concerning functional equations associated with inner product
spaces have recently been obtained by Park et al. [2, 3] and Najati and Rassias [4] as well as for the fuzzy
stability of a functional equation associated with inner product spaces [5].

Stability problem of a functional equation was first posed by Ulam [6] which was answered by Hyers [7]
on approximately additive mappings and then generalized by Aoki [8] and Rassias [9] for additive mappings
and linear mappings, respectively. Later there have been proved several new results on stability of various
classes of functional equations in the Hyers-Ulam sense (cf. the following books and papers [10-18] and the
references cited therein), as well as various fuzzy stability results concerning Cauchy, Jensen, quadratic and
cubic functional equations. Furthermore some stability results concerning Jensen, cubic, mixed-type additive
and cubic functional equations were investigated in the spirit of intuitionistic fuzzy normed spaces, while the
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idea of intuitionistic fuzzy normed space was introduced and further studied.In future studies on this subject, it
is also possible to work with the idea of “Probabilistic metric space” using neutrosophic probability. In 1940,
Ulam raised the following question. Under what conditions does there exists an additive mapping near an
approximately addition mapping? The case of approximately additive functions was solved by Hyers under
certain assumption. In 1978, a generalized version of the theorem of Hyers for approximately linear mapping
was given by Rassias. The stability concept that was introduced and investigated by Rassias is called the
Hyers-Ulam-Rassias stability. During the last decades, the stability problems of several functional equations
have been extensively investigated by a number of authors. Neutrosophic set(NS) is a new version of the idea
of the classical set which is defined by Smarandache [26]. The first world publication related to the concept of
neutrosophy was published in 1998 and included in the literature [24].

2 Preliminaries

Definition 2.1. [23] A binary operation * : [0, 1] x [0,1] — [0, 1] is a continuous t-norm [CTN] if it satisfies
the following conditions :

1. * is commutative and associative,

2. * is continuous,

3. axl=aforala e |0,1],

4. a8 < 70 whenever o < «yand 8 < §, for each o, 8,7, € [0, 1].

Definition 2.2. [23] A binary operation < : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm [CTCN] if it satisfies
the following conditions :

1. & is commutative and associative,

2. < is continuous,

3. a0 0=aforalac|0,1],

4. o O B << 6 whenever o <y and 8 < 6, for each v, 38,7, € [0, 1].

Definition 2.3. The six-tuple (X, i, v, w, *, <, ®) is said to be an Neutrosophic Normed Spaces(NNS) if X is
a vector space, Let x and &, ® be the CTN and CTCN, respectively. u, v, w are Normed spaces on X x (0, 00)
fulfilling the conditions below: For each z, 5 € X and for each s, > 0, ® # 0,

1. 0 <p(z,t) <1,0 <w(z,t) <1,0 <w(z,t) <1, forallte (0,00);

2. p(zx,t

5. w(®x,t) =p (a:, \%I) for each ® £ 0;

6. p(z,t)* p(B,s) < p(z + B, +s);

7. p(z,.) : (0,00) — [0, 1] is continuous increasing function;
8. tgrglo p(z,t) =1and 7}1_r)r(1) pu(z,t) =0;

9. v(z,t) < 1;
10. v(z,t) =0iff z = 0;
1. v(®z,t) =v (3177 ﬁ) for each @ + 0;
12. v(z, ) v(B,s) > v(x+ 8,t+ s);
13. v(z,.) : (0,00) — [0, 1] is continuous increasing function;
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14. lim v(z,t) = 0 and lim v(z,t) = 1.;
t—0

t—o0
15. w(z,t) < 1;
16. w(z,t) =0iff z = 0;

17. w(®z,t) ( ) for each @ # 0;

_t
@
18. w(z, 1) @ w(p,s) = w(z+ B,t+s);
19. w(z,.) : (0,00) — [0, 1] is continuous increasing function;
20. lim w(z,t) = 0and lim w(z,t) =1,
t—o0 t—0
Then (p, v, w) is called Neutrosophic Norm(NN).
Example 2.4. Let (X, || - ||) be a NS. Define CTN and CTCN as follows zx 8 = z8and z & 8 = z+ [ — 2.

Fort = il [ e
T T

z,t) = ,v(z,t) = ,w(z,t) = —,

et = T @0 = e e =

forallz,8 € X andt > 0.If t < |||, then p(z,t) = 0,v(z,t) = 1,w(z,t) = 1. Then (X, p, v, w, %, O, ®)
is NNS

Definition 2.5. Let (X, u, v, w, *, <, ®) be a NNS.

1. A sequence (z,,) in X is Neutrosophic convergent to z € X if lim u(z, — z,t) = 1, lim v(z, —
n—o0 n—oo

z,t) =0and lim w(x, —z,t) =0ast > 0.
n—oo

2. Asequence (z,) is said to be Neutrosophic Cauchy sequence if lim p(@p4p—2,,t) =1, lIm v(2,4p—
n—oo n—oo

T, 1) :Oandnli_{gcw(xnw—mn,t) =0toeacht>0andp=1,2,....

3. A(X, p,v,w, x, <, ®) is said to be Complete if every Neutrosophic Cauchy sequence in (X, p1, v, w, x, O, ®)
is Neutrosophic convergent in (X, u, v, w, *, O, Q).

3 Neutrosophic Stability

Throughout this section, assume that X, (Z, i/, v',w’), and (Y, p, v,w) are linear space, NNS, and Neutro-
sophic Banach space, respectively. For convenience, we use the following abbreviation for a given function
f:X—=>Y:

n

Af(xh...,xn):Zf xi—%ij Zf —Q—nf(:leZ) 0O
i=1 j=1 i=1

We begin with the Hyers-Ulam-Rassias type theorem in NNS for the functional () which is said to be a func-
tional equation associated with inner product spaces.

Theorem 3.1. Let ¢ : X — Z be a function such that o(2x) = ap(x) for some real number « with
0 < |a| < 4. Suppose that an even function f : X — Y with f(0) = 0 satisfies the inequality

) =
WAf(z1, .o xn), b+ 4 ) > (p(x1), 1)* 1 ((n), tn),

)

) ®

t
VIAF(Z1, .y xn), b1+ 1) <V (p(x1),t1) 0 ( (zn),tn) and
WAf(@1, .. ), b+ ) S W (1), t W' (@(@n), tn) @G.1n
forallxy,...,x, € X andallty,...,t, > 0. Then there exists a unique quadratic function Q : X — Y such
that
" 47 o)t
Q) = F,t) 2 (v, LAY
1" 4 -
Q) = )0 < o] (g2 ana
” 4 — |la|)t
o) - fo)t) <] (= L1 BT
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forallx € X andt > 0, where

(n2). 55 ) s/ (gp((n — z), mlt)

iy (2, ) = 4/ (so !
o (oo irgnt) o (00 5t
1/1/ (x,t) =1 (SO

)
(). g gat) o0/ (st = o). 55— o))

8(n —
n

, t
2n2 4+ 9n
8(n—1)

T
8(n—1)
/
(), 2n? 4 9nt> oV (90(0), 2n? + Qnt) and
x

i 0.0) = (il g ght) 8 (il = D) 55 )

v

"2n2 +9n 2n2 + 9n
8(n—1) 8(n—1)
! A — " p(0), =—2¢] . 3
ww (cp(x) 2n2—|—9n>®w (ap() 2n2 + 9n G13)
Proof. Put x1 = nxy,2; = nxa(i = 2,...,n),t; = t(i = 1,...,n) in (3.111), and, using the evenness of f,

we obtain

( nf(xy + (n—1)zg) +
+( (

n—1)f(x1 — w2 > 1 (p(nw1), t) = ' (p(na2), t),

V' (p(nxy),t) oV (p(nwy),t) and

nfx1—|— (n—1Daxo)+ f

)

) —
nf x1+ n—1)zg) +

)= f(

)) f(nz1) — (n —1)f(nxs),nt ) < W (p(nan),t) @ W' (p(nee),t)  GI14)

for all z1, 22 € X and ¢ > 0. Interchanging x;1 with x5 in (3.1[4) and using the evenness of f, we get

( nf( n—lxl +x2) + f((n —1)(z1 — 22)) )
+(n—1)f(x1 —xz2) — (n — 1) f(nx1) — f(nxg)
( nf((n— 1)z +x2) + f((n—1)(z1 — z2)) )
—|—n— Vf(z1 —22) — (n— 1) f(nz1) — f(nxa), Nt
w ( nf((n— 1z +x2) + f((n — 1)(:51 — asg )
+(n—1)f(x1 —x2) — (n— 1) f(nz1) — f(nza),

for all z1, x5 € X and ¢ > 0. It follows from (3.1[4) and (3-I[3)) that

nf((n— 1)z +x2) + nf(xy + (n— 1)xs)
pl F2f((n—1)(x1 —22)) +2(n — 1) f(x1 —22) | > p/(p(nay),t) * ' (p(nx2),t),
—nf(nz1) —nf(nzs),2nt
nf((n— 1z +x2) +nf(x; + (n— 1)x2)
v| +2f((n—1)(x1 —22)) +2(n — 1) f(z1 —x2) | <V (p(nwz1),t) o' (p(nxe),t) and
—nf(nz1) —nf(nzs),2nt

nf((n—1)z1 +z2) + nf(r1 + (n — 1)z2)

wl F2f((n=1)(x1 —x2)) +2(n = 1) f(z1 — 22) | S (p(na1),t) @' (p(na2),t)  G16)
—nf(nz1) — nf(nzs),2nt

=
v

1 (p(nw1), t) * 1 (p(naa), t),

/

v l/

IN

V' (p(nxs),t) and

nxl
W (p(ney),t) @ W (p(nws),t)  @G15)

IN

forall z1,29 € X and ¢t > 0. Putting 1 = nxe,xo = —nxo, 2; =0(i=3,...,n), t;, =t (i=1,...,n)
in (3-I[1) and using the evenness of f, we obtain

nf((n— 1z +x2) + f(z1 + (n — 1)x2) , , ,
u( 12(n— 1) (s — 2) — Flnr) — fna) it ) >y (p(nz1), 1) * i (p(nz), 1) @/ (9(0), 1),

nf((n—1)z1+22) + f(x1 4+ (n— 1)z )
+2(n — 1) f(21 — 22) — f(nx1) — f(nw2),n
+f
f

nf((n—1)z1+x2) +
( ) —

IN

V(p(nay),t) o v (p(na2),t) o v/ ((0),1)

(1 + (n— )xz) , ' ,
ot 1) f (s~ m) — Fnr) — Flng) mt | S @020, @& (p(n22),6) @ ' (9(0), 1)
(EN1¥))
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forall 21, z2 € X and t;0. Hence, we obtain from (3.I[6) and (3.1]7) that
(= s = a2)) = (0= 121 = ), "2
> 1 (p(nx1), t) * ' (p(nx2), t) * ' (9(—nw2), t) * 1 (0(0), B),
9 n? +2n
o (= Vo1 = 22)) = (0= 021 = ), 5200
< V(p(na1),t) o v'((na), t) o v'(e(—na2),t) o v'(¢(0),1)  and
9 n? +2n
o (100 = Vo1 = 22)) = (0= 1P 22), )

< w'(p(na),t) ® W' (p(nes), t) @ W' (P(—nz2), t) @ W' ((0),1) @G.118)
for all 1,29 € X and ¢t > 0. So

p (= 102) = (0= 170, P20 2 ). 0 (0,1
v (f((n— D) = (n = 1) (@), = ;2’%) < V/(p(n),1) o/ ((0),1)  and
o (100 = 1) = (0= 1250, 52 ) < ptna). 6 @ (0(0).1) E19)

p(f(nx) = f((n—1)z) — (2n — 1) f(
v(f(nz) = f((n—1)z) = (2n - 1) f(z),nt) </ )s
w (f(nz) = f((n —1)z) = (2n = 1) f(z),nt) < ' (p(nz),t) @ W' ((0),1) G110
forall x € X and ¢t > 0. It follows from (3.1[9) and (3.1[10) that
() = ), P
n? +4n
2

t) > 4 (), 1) # 1 ((0). ),

v (f(nx) —n?f(x), t) < V'(p(nz),t) o/ (p(0),t) and

o (1) = n212), ") < ot ) 0. (4(0)0 al)

forallz € X and ¢ > 0. Letting 22 = —(n — 1)z in (3.117) and replacing 1 by I in the obtained inequality,
we get

( f((n—?zlﬁ ?T)f((o(c? ;t2)x) ) > 1 (p(nz),t) = 1/ (p((n — 1)z), 1) * 1/ ((0), 1),
f((n = Dz) = f((n - 2)z) : : )
V( (20 = 3)(x),nt > < V(p(na), t) o/ (p((n — 1)z),t) 0/ ((0),t) and

forall x € X and ¢ > 0. It follows from (3.1[9), (3.1[10), (3.1[11) and (3.1[12) that

p (= 200) = (0= 120, ")
> 1 (p(nx),t) * i/ (p((n — 1)a), t) * 1/ (p(nx), 1) = 1’ (0(0), ),
9 n? +4n
v (= 20) — (0= 1270, )
<V (plna). 1) o v/ (p(n = 1a).t) o/ (p(n2), 1) o/ (p(0),1)  and
o (10 = 20) = (0= 1750, )

< W'(p(nx),t) @ w'(p((n - ), 1) @' (p(nz),t) @ ' ((0), 1) @.113)
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forall z € X and ¢t > 0. Applying (3.1[11)) and (3.1[13)), we obtain
p (f(nx) — f((n - )@*4(”*1 f(x), (n® + 4n)t)
> 1 (p(nx), 1) = 1/ (p((n — 1)), t) * 1 ((na), t) * 1’ (£(0), t),
v (f(nz) - f((n— )w) A(n —1)f(z), (n* +4n)t)

<V (p(n),t) o/ (p((n — 1)z),t) 0/ (p(nz),t) 0 ' (0(0),t)  and
w (f(na) = f((n = 2)z) = 4(n — 1) f(2), (n® + dn)t)
< W(p(na),t) @ w'(p((n = 1)), 1) @ W'(p(ne), t) © ' (p(0), 1) G.114)
forall z € X andt > 0. Setting z1 = 2o = nz,z; = 0(i = 3,...,n),t; = t(i = 1,...,n) in G1[1), we
obtain

i (F((n =2)2) + (n = 1) F(20) = flna), Tt) = ' (p(na), 1) = 1 ((0), 1),
v (£((n=2)2) + (n = 1)f(22) = f(na), 5t) < V' (p(na),t) 0¥/ ((0),1)  and
w (f((n=2)7) + (n = 1)f(22) - f(na), 5t) < (p(na), 1) © ' (2(0), ) (NI
forall z € X and ¢ > 0. It follows from (B.1[14) and (3_1[13) that
( 12x) = 4f (@),
M

2n% + 9n ) > ' (p(nx), t) x @' (p((n — 1)z, t),t) x 1 (p(nx), ) * 1’ ((0), 1),
2n — 2

f(2z) —4f (),
V( 2n? + 9n ) <V (p(nz),t) o (p((n—1)z,t),t) o V' (¢(nz),t) o ' (©(0),t) and

2n — 2

f(22) — 4f(2),
w( 20 + On )<w’<so<mc>,t>@w'(w((n—nx,w)®w'<¢<nz>,t>®w'<w<0>,t> E116)

2n — 2

It follows that

(i), SETR) 4 (0= 1)), $30)
! (<p(nw), %t) x4t/ (@(0), 7;3;91#) ’

( V(pna), 5azg5t) o/ (p((n — 1)a), 5i57ght) ) and

p(f(@) =471 f(22),1) > (

-1
14 (f(x) —4 f(2l‘)at) < <>V’(<p(nx)7 287(1721137)115) o I/((p(O), 287(1721;;7{15)
. W (p(nz), S04 @ o (p((n — 1)z), Sozllt)
w(f(x) =47 (20),1) < ( o (o), =) & o/ (p(0), 2y ) G

Define
(o 258) e (- 0 B850
/’Ll z, = n— ’
s’ (o(nw), 35 70mt) « ' (9(0), 35780
o [ ¥ (ot R 00 (60— 1) F5031)
141 (Jf,t) = , 8(n—1) / 8(n—1) and
o' (pna), 2423 t) o' (p(0), aradt)
, o (pln), 3%55021) @ o (pl(n — 1)), $%55021) )

wq (x,t) =
1 @’ (o(ne), sikgent) © ' ((0), 5irant)

GI18)

Then, by our assumption,

1" 1" t 7" 1" t " " t
py (23, t) = py (:E, ) v (2z,t) = vy (:E, ) and wy (2z,t) = w, (x, ) (31119)
a a a
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Replacing « by 2"z in (3-I[17) and applying (3.1[19), we get

2ny  f(2ntlz) ot n ety N m "
N(4n—4n+174n =p| f2") — ———=,a"t | > puy (2", a"t) = py (z,1),

4
on 2n+1 ny 2n+1 . .
v (ﬁ Sl a2} ‘fln) —v (f<2“x> - m,a“t) < v} (@z,a") = v} (2,1)  and
g f(2ntlz) ant N f@ertlz)y g "

Thus for each n > m, we have

" (2”‘36 f(2mx) i, akt> _

qm 4n ’ k

E by f(2FHz) oft "
2 (k - 4k+1 ) 419 >:u‘1 (Ivt)7
k=m
2mx  f(2"x) 1 okt B — f(2Fz)  f(2Fia) 2okt
P\ T ’;47 _”]; TS ’];47
n—1
2kx  f(2Flz) Pt "
< ( T e <y (z,t) and
k=m
MMy f(2"m) = oft B O f(2kz)  f(2Ra) R okt
w gm  4n 4k =w Z 4k gk+1 7247
k=m k=m k=m
n—1
kg f(2Mx) ot "
= < 4k 4k+1 7 gk < wi (1) @21)
k=m
whereH;.Lzlaj =y %ag k- ,*an,Hyzlaj =a10a2% - ay, andH?Zlaj =a1®ay®---ay.Lete >0

and § > 0 be given. Since lim iy (2,¢) = 1, lim vy (z,t) = 0 and lim w, (z,¢) = O there exists some
t—o00 t—o0 t—o0

akto

(o)
to > 0 such that yu; (z,t0) > 1 — e vy (2,10) < € and w} (z,t9) < €. Since Z ( 1

) < 00, there is some
k=0

n—1 k
t
ng € N such that Z (a4k0> < ¢ for each n > m > ny. It follows that

k=m

-1

m n m n n Kk "
'u(24mw_f(z21"x)76> >u<f(2 x) [f(2 w)jz a tO) > gy (z,t0) > 1—¢

qm qn 4k
k=m
oMy f(27) ) ( femz)  f2ra) akt()) y
v — === <v — = ,Z — | Svi(zto) <e and
(4 4 4 4 = 4
n—1
om on om on kt .
y (4f B f(4n:v)7 6) - <f(4m:c) B f(4nx)7 S oz4ko> (o) < T
k=m

for all ¢ > to. This shows that the sequence {f(ii:“c)} is Cauchy in (Y, y, v,w). Since (Y, p, v, w) is Neu-

trosophic Banach space, {f (Z:ﬂ} converges to some point Q(z) € Y. Thus, we can define a mapping

Q(z) : X = Y such that Q(z) = (i, v,w) — limy, 00 (f(2";p)>. Moreover, if we put m = 0 in (3.1|21), we

4n
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get
n—1
2“% O[kt "
}L(Mf(l'), 4> >,LL1(1‘,t)7
k=0
n—1
2"y Oékt "
I/<4n _f<x)’2k> Syl (‘T7t>7 and
k=0
n—1
2“% akt 1’
w <4n — f(x), 4) <w (z,t) (3:1123)
k=0
Thus,
2" " t
M(n—f($)7t>2#1 <~’Ca — k)’
4 > k=0 (%)
27L ” t
14 ( 4,”1' _ f($)7t> S 141 (.’E, 7)—1k> and
>izo ()
2m " t
w < 4nx - f(I)vt) <w <~Ta nlk) : @G.1124)
k=0 (%)
Now, we will show that () is quadratic. Setting x; = 2™x;(i = 1,...,n) and t; = (%) (i=1,...,n)in
(31T}, we obtain
Af(2mxq,...,2Mx, t t
u( f( xlzim ) &€ ),t) ZHI <§0(2mxl)a4mn) *-'~*,u/ <¢(2mxn)74mn>

4m

= (@(ﬂcl)’ i)m 2) woe ek gl (@(wn)a (i)m 2) :
< t t
— ((p(ajl), (i)m 2) orrol <<p(a:n), (i)m :L) and

Af(2May,. .., 2, ¢ !
w( ( xli e ),t> <o (@(2’“331)747”) ®--eu (@(2’”%)’4’”)
m n n

— (plo) <§)m Do o (st (i)m Yo

forall x1,...,2, € X and t > 0. Letting n — oo in (3.1]25)), we obtain

, (Af(mel,...,men)7t>

p(AQ(z1,. .. xn), t) = Lv(AQ(x1,...,x,),t) =0 and w(AQ(z1,...,2,),t) =0 (3:1126)

forall z1,...,x, € X and all ¢ > 0. This means that @) satisfies the functional (I) and so it is quadratic (see
Lemma 2.2 of [4]).
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Next, we approximate the difference between f and @ in Neutrosophic sense. By (3.1[24), we have

1@~ 0 2 (@)~ H2. ) e (15 s )
> (x,W) ) <x7 (48a)t> |
/(@) - 1.0 < v Q) - T2 D) ov (52 s )
< (v agmr) () -
w(Qx) = f(2),t) <w (Q@) _ ) ;) iy (f(z:w e ;)
(

7 t " 4 — Oé)t
< w1 (.T}, oo) = W7 (x, ) @27)
25520 (9)" ;

for every x € X, t > 0 and large enough n. To prove the uniqueness of (), assume that ()’ is another quadratic
mapping from X to Y, which satisfies the required inequality. Then, for each z € X and ¢ > 0,

Q) - Q)0 2 1 Q) ~ ), g ) e (@)~ 1. 5 ) 2 (2. H5 ).
Q) - Q)0 < v (@) - s ) ov (@) - s 3 ) <of (2 U5 ana

w(Q) - Qo) <0 (@)~ f(a). 5 ) 0w (@) - s 5 ) < (+ U520 Emas

Since Q and Q' are quadratic, we have
HQE) = Q'(2),t) = 1 (Q2"7) - Q'(2"2),4"t) > py (az W) :
v(Q) = Q'(2),t) = v (Q(2"2) = Q'(2"x),4"1) < vy (az “fg“”’f) and
w(Q(r) = Q'(2),1) =w (Q(2"x) - Q'(2"2),4™) < wy (w 16) B1129)

forallz € X,t > 0andn € N. Since 0 < a < 4 and lim,, o (2)" = oo, we get

(
i (05

L N T R
. o _
Jim_ w, <:r, ST I 0 (3-1130)

Therefore u(Q(z) — Q' (x),t) = 1, v(Q(x) — Q'(x),t) = 0 and w(Q(z) — Q'(x),t) = 0 forall x € X and
t > 0. Hence Q(x) = Q'(z) for all z € X. This completes the proof of the theorem. O

Theorem 3.2. Let ¢ : X — Z be a function such that ¢(2x) = ap(x) for some real number o with
0 < |a| < 2. Suppose that an odd function f : X — Y satisfies the inequality

M(Af(xh s >mn)’t1 +eee tn) > MI<¢(xl)’t1) Hoeeo ok M/(Sp(xn)>tn y
oV (p(xy,)

VIAF(Z1, . xn), b1+ ) <V (p(x1),t1) 0 - (p(xn),tn) and
W(Af(xlv cees mn)atl +oo 4+ tn) < w/(cp('rl)’tl) - w/(clo(zn)atn) @1)
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forall xq,...,x, € X and all t1,...,t, > 0. Then there exists a unique additive quadratic function A :
X — Y such that

w(A(x) — f(x),t) > py <$, W) V(A(x) — f(2),t) < vy <:c7 (2_4|a)t>

and w(A(z) — f(z),t) < w; (x, W) &2

forallz € X andt > 0, where
" ,LL/ (‘p(zx)a n2+4n ) * ‘LL/ (@(x)a yﬂ_;_%mt)
Hz (l‘, t) = / / 4 ’
* (90( )v n2+4n ) * (50(0)7 mt)

P ,/(@z),n%) (<<n )>7n2+4n)) -
UL o (et ) o (5100 ) "

Wl () = ( (22), 724am ) ( ((n =), e ) ) &2

R’ (cp( ), o )®W (‘P(O)»mt>

Proof. Putxy = nxy,x; = nxll(z =2,...,n),t;=t(i=1,...,n)in li and using the oddness of f, we
obtain

nf(xl—i-(n—l)xl)—l—f((n—l)(gcl—xl)) olna . i (o,
H( —(n—l)f(xl—xl) f(nxl) (n—l) (nxl),nt ) 2#(@( 1)at) M(Sﬁ( 1)7t)7
S I - D) A= D ) ) L
(-i—(n—l)f(xl—xl) f(nzy) — (n—1)f(nxy),nt ) < Vilpa) t) o vi(p(na), 1) d
S @ D) - D@ =) ) Lo
(PSRN SR Sy ) =t neuietn). - G39

for all x4, zl € X and ¢ > 0. Interchanging x; with scl in (3.2{4)) and using the oddness of f, we get

nf((n =V +2) = f((n =~ Ve = 7)) o). 1) o 1 (o
”(+<n—1>f<x1—x’n—(n—1>f<nx1>—f<m;>,nt)2“(” e,
(= De ) = F(0-DE =50 2o (a6 an
(ot 2 L s sty e ) <m0 o)) and
o = Do)~ F =06 =) e @ (e
(PR W v ) ECCCS R LR =8

for all xy, a:/l € X and ¢ > 0. It follows from li and 1| that

x1+ (n— 1)x/1l) —nf((n—l)xl—l—x/l)/ /

(n—=1) (21— 2,)) = 2(n = Df(z1 —2) | =W (p(nx1),t) @ (p(nay), 1),
+(n = 2)f(nz1) = (n — 2) f(nay), 2nt

nf(xl—&—(n—l)xi/)—nf((n—l)a:l—ka:/l)/ ,
f((n=D(@r =) =2(n = V(w1 — 1) | <V(p(na1),t) ov'(p(ney),t)  and
+n—2)f(ne1) — (1 — 2)f(n)), 2nt

nf(l’1+(77,71)17/1l)7nf((n71)l‘1+l'll)/ /

w| +2f((n =121 = 21)) = 2(n = Df (21— 7,) | <W(p(nz), 1) @ W (p(ney),1) B.26)
+(n—2)f(nz1) — (n—2)f(nz;),2nt

forall:zcl,x/1 € X and ¢ > 0. Setting x1 = nxy,rs = fn:nll,xi =0¢=3,...,n),t; =t(i=1,...,n)in
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(32[T) and using the oddness of f, we get

F(n =Dy +23) — flar + (n - 1)a))
: ( +2f (21 — 2y) — f(n) — (o), nt )
) ( F(n =Dy +24) = far + (n - 1)a)) )
12f (e — 1) — f(nwa) — flnay),

flln =1z + 1'/1) —flz1 4+ (n— 1)30/1) / "ol —nz W' (
“’( +2f (@1 — ) — f(na) — f(nay),mt ) < et ) B4/ lp(-nz). ) © VA

!

1 (p(ny), t) = 1 (p(—nay), t) * g/ (0(0), 1),

v

v (p(nar), 1) o v/ (p(—nay),t) o/ (2(0),1)  and

IN

for all z1, ;vll € X and t > 0. It follows from (3.2/6) and (3.27)) that

(= s = )+ S =) = ) + 1), 520
> ' (p(nxr), 1) * (o), £) 5 ' (p(—nay), £) 5 1 (9(0), 1),
v (= s = ) + a1 = 1) = flan) + nal, 2

<V (p(ny), t) oV (@(na), t) o v (g(—nay),t) o V' (2(0), 1)  and

’ ’ n2 n
o (100 = Vo1 =)+ flar = 1) = flna) + flaay), "5 2"
< u(pln), 1) © /(). 1) © ' (o(~nz').£) © 6/ ((0). ) 629

forallz € X and t > 0. Putting 1 = n(z; — ), 2, =00 =2,...,n),t; = t(i = 1,...,n) i 1n , we
obtain
p(f(n(er —z,)) — f((n— 1)(21 — 2)) — flar —z,),nt) > (
w1 —2y)) = f((n— 1) (21— 27)) = fla1 —zy),nt) < V' (p(n(z1 — 21)),t) 0/ (p(0),¢)  and
w(f(n(zr — 1)) — F((n — 1) (21— 27)) — £( < | /

for all zy, 1:'1 € X and ¢ > 0. It follows from IE) and lEi that

=
=
=

(oo = a10) = o)+ st )

> i (p(n(wr — xy),8) = (p(nn), t) = 1 (p(nxy), b) = 1 (p(—nay), 1) = ! (2(0), 1),
o (Flater =) = ftnz) + ey, )

<V(p(n(r — 21),1) oV (p(nar), t) o/ (p(na)), 1) o V' (p(—nay), ¢) o 1/ (9(0),)  and
o (St =) = ) + ), 50

2
< W/ (p(n(z1 — 27),t) @ W (p(na1), ) @ W' (p(nay),t) @ W' (p(—nay), t) @' (9(0),t)  G210)

for all x € X and ¢ > 0. Replacing z; and a:/l by £ and —* in respectively, we have

i (120 = 270, ") 2 1 p(20),0) 4 (00, ) (ol =),0) 400010,

n2 n
v (20) = 250, 5 ) < /(0020000 (0l 1) 0V (=) t) 01/ (90 1)  and

n2 +4n

w (f(%) —2f(x), t) < W' (p(22),1) @ W' (p(2), 1) @ W' (p(—2), 1) ® W' ((0),8). @211
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It follows that
_ 'LL/ (SD 7n2 4n ) ("D 7n244nt)
MUGEESICT P N
* [ (SO( ), nz+4nt> * [ (@(0)7 mt>
v (p(2), i) oV (#(@), i)
o’ (gp(—x), ﬁt) o ((p(O), ﬁt)
W ((22), zrigt) © ' (9(@), 7rit)
Qw' (p(—), nzlﬁﬁ ®w (@(O)a nzjr%m

and

v(f(e) =27 f(22),1) <

w (f(x) - 271f(2x),t) <

Define

' (90 ) n2+4n ) * /j// (w(x)a mt)

o (2,1) = :
*H ! ((p a n2+4n ) * /J“/ (@(0)7 ﬁt)
" Z (SD ) n2+4nt) o (@(.17)7 ﬁﬁt)
vy (x,t) = ) . and
oV (gp ,n2+4nt><>1/ ( ,n2+4nt)

o o) (i)
wy (z,t) ==
o (@(—x), - ) ®w ( (0), =gt

G213
Then, by the assumption,

" " t 7 ” t 7" " t
po (2, 1) = gy (:z:, a> Vs (22,1) = 1y (:z:, a> and wy (22,1) = wy <:c, oz) (B214)
Replacing x by 2"z in (3:2[12) and applying (3.2]T4), we get

2” 2n+1 nt 2n+1 " "
p (; - LGﬂz)v C;n > =n (f<2"x) L a”t) > piy (2", 0t) = pig (, 1),

2
on 2n+1 ny 2n+1 . .
v ({” S, ‘;) —v (f(2”x) - f(2“”),a”t) < vy ("a,a") = v} (2,1)  and
on 2n+1 ng 2n+1 . .
w ( e Y, 2) —w (f@”x) - W,a”t) <y (2w, at) = wp (5,1). GB1S)

Thus for each n > m, we have

om f on n—1 kt n—1 f 2/€ f 2k+1 n—1 kt
a ( T (QHx)’ > O;k> =H (Z (zkx) - (2k+1x)’k§: e
1

k=m =m
e
2kx  f(2FHz) oft ”
Z <k - 2k+1 ) 2k _MQ(xvt)a
k=m
2m f(2"z) 1 okt B w2 f(2kx)  F(2R1a) okt
om on ’k_ ok | TV P ok ok+1 . ok
n—1 k k+1 k
x  f(2"tx) oft "
< H <k_ ok+1 ) 9k > <vy(z,t) and
k=m
e f(2e) bt (R f@R)  fMe) (R ol
om on 71@— k - = 9k ok+1 7’ - ok
n—1
2kx  f(2Flz) Pt "
<11 (Qk ~ g ogr ) S G216)
k=m
Wherenyzlaj =qa;kag k- ,*an,]_[?zlaj =000 Ay, and]_[?zlaj =01 Qay®---ay,.Lete >0

and 6 > 0 be given. Since lim ,u/z/ (x,t) =1, lim 1/; (z,t) = 0 and lim w;(x,t) = 0 there exists some
t—o0 t—o0 t—o0
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0 sk
7" " " . a”t .
to > 0 such that p, (z,t9) > 1 — €, vy (z,t9) < € and wy, (2, ) < €. Since E (2160) < 00, there is some
k=0

2k
oMy f(2n7) F2mz)  f(2nm) W= ot "
_ > — > —
M(zm on 76> _H( om on EZ ok —/LQ(x7t0)>1 €

, (me B f(2n$>76> < (f(ngj) _ f(Qng;)’ i akt0> < U;(.T,to) <e and

n—1 k
t
ng € N such that Z (ao) < ¢ for each n > m > ng. It follows that
k=m

E
3

3

2m 2n 2m 2n

gm on om 271) = okt "
w <2mx — f(2nz)75) <w (f(me) - f(2n93)’ Oé2k0> <wy (w,t0) <€ (3217

=m

=

for all ¢ > t¢. This shows that the sequence {w} is Cauchy in (Y, u, v,w). Since (Y, p, v, w) is Neu-

trosophic Banach space, {f (gzz)} converges to some point A(z) € Y. Thus, we can define a mapping

A(z) : X = Y such that A(x) := (u, v,w) — limy, 00 (ﬂ;%)) Moreover, if we put m = 0 in (3.2{16), we
get

n—1
2”1’ akt "
,u'<2nf<x)a 2) ZﬂQ(xat)v
k=0
n—1
2" Oékt "
<2n — f(.l?), Z k> < Vo (l‘, t) and
k=0
2"y 2okt
w <2n — f(=), k) < wy (z,1). (32118)
k=0

Thus,

Next, we will show that A is Additive. Putting z; = 2™;(i = 1,...,n)and t; = (L) (i = 1,...,n) in

(32[7)), we obtain
Af(2mxy,. .., 2™, t t
u( A 9“2’ 2 ® ),t) > <<p(2mz1),2m) koo gl (<p(2ml’n)72m)

pov n

(e (2) L) ow (wtam (2) 1),
, (Af(melé;n. ~72mxn)7t> < <@(2m$1)»2m;> o o1 (90(27"%),2’”;)
— <<p(1‘1), <z)m fl) oov <<p(xn), <2)m ;) and
. (Af(zmg;lér.n. .,men)7t> < ((p(mel)’Qm:;) @ @ (@(2m$n)72m2)
() oo (1) @
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forall zy,...,2, € X and t > 0. Letting n — oo in (3.2]20), we obtain
wAA(xy, ... o), t) = LLv(AA(zq, ..., 20),t) =0  and w(AA(z1,...,2,),t) =0 (32121)

forall z1,...,2, € X and all ¢ > 0. This means that A satisfies the functional () and so it is additive (see
Lemma 2.1 of [4]).

Next, we approximate the difference between f and A in Neutrosophic sense. For every x € X,¢ > 0 and
sufficiently large n, by (3:2[19), we have

n(Alx) — f(x).0) > p (A(x) %) ;) o (f(;:w ) t)

> 13 (IW> = fts <x 2 4a)t) :

v(a@) - 1) < v (4 - TE2 Y orr (H22 g0, 1)

<, (a:, 2220_2((2")k> =, (x, (2 4a)t> and
o (4(0) - )0 <o (40 - 18D Do (T2 yo). 1)

271

Swg x,it )zw; x,L_a)t , (3:2122)
(22:"_0(3)’“ ( 1 )

To prove the uniqueness of A, assume that A’ is another additive mapping from X to Y, which satisfies the
required inequality. Then, for each x € X and ¢ > 0,

H(A) = A0 = () = )5 )+ (A@) - £ 5) 20 (2 B,
V(A(z) — A'),t) < v <A(a;) — f(2), ;) ov (A’(x) — f(), ;) < (ac (2 _80‘”) and

t

(A - A0, 0 (A0) - 10,5 ) oo (40 - 0.5 ) <wf (2 EZ) @2y

Therefore, by the additivity of A and A’, we have

"

p(A(z) — A'(x),1) = p(AQ2"z) — A'(2"2),2"1) = py

€z,

N
—
Qv
SN—

3
—
A\
|
Q
N
~
\—/

V(A(x) — A'(x).1) = v (AQ2"2) — A'(2"2),21) < v (w (2)<2—a>t> and

w(A(z) — A'(2),t) = w (A2 z) — A'(2"2),2™t) < w, (x M) (B224)

forallz € X,t > 0andn € N. Since 0 < o < 2 and lim,,_, o0 (%)n = 00, we get

' 2V (2 — a)t
Jim_py (33,(“> <8 ) > =1,

i v ( s )70

Jim o, <x mra— 6225
Therefore u(A(z) — A'(z),t) = 1, v(A(x) — A'(x),t) = 0 and w(A(x) — A'(x),t) = 0 forall x € X and
t > 0. Hence A(z) = A’(z) for all z € X. This completes the proof of the theorem. O
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Theorem 3.3. Let ¢ : X — Z be a function such that o(22) = ap(x) for some real number o with
0 < |a| < 2. Suppose that a function f : X — Y with f(0) = 0 satisfies the inequality

,U(Af(ﬁh cee 7xn)at1 +o-+t ) > MI(QO(xl)vtl) N * N/(w(xn)vtn)v

V(Af(x1, . mp) bty + o+ tn) SV (@(m1),81) 0 oV (p(Tn), tn)  and

w(Af(x17~-~axn)7t1+ ctty ) <w (‘p(xl)’tl)®"'®w/(<p(xn)’tn) @1)
forallxy,...,x, € X andallty,. .., t, > 0. Then there exists a unique quadratic function Q : X — Y and

a unique additive function A : X — 'Y such that

Q) - Alx) = ), 0) > 0] (2 B ) AT (0, B0,

v(Q(z) — Alz) — f(x),t) < M, <x (4|O‘)t) o M, <x W) and

16 8
w(Q(z) — A(x) — f(2),t) < My (x W) o AL ( <2—8lal>t) ]

forallx € X and t > 0, where

i (tna), 35ght) i (i((n = D), 357ght) ot (@), Smnt)
Mi/($7t) = *p! (@(—nx), ;fg;;zlt) * 1 (w(_(n —1)a), QST(LZJ:;BJ) ,
o (p(=a), G20 ) o gt (0(0), 35531t)
(‘p(%)’ n2+4nt) e (‘p( ) i(&zrzt) g (90(_9”)’ ﬁt)
*p! ( (= 296)7n2+4nt) ' (@(%ﬁt)
v (so(nw), 232t o/ (ol(n = 1), 2432t ) o0/ (w(a), 2ke)
My (w,0) = | o' ((=na), 3530t) o' (p(—(n — Da), Smikt) o/ (w(—a). 35 5ke) |
ov’ (gp(O), %t)
v (@(23:), ﬁt) o ((p(x), mt) o (np(—x), ﬁt)
ov' ( (—2x), n2+4nt> o (@(O), mt)
o (p(ne), §5kt) @ (p((n— D), S5kt ) @0 (p(a), S5kt
M (z,t) = | ow (@(—n;ﬁ), Sl ) @0 ((—(n—1)z), 2875’;;;#) ®w (<p(_x), 285’;;917{1&) ,
@’ (2(0). 55ort)
., w’ (cp(Qx) )@w ( (7), g )@w ( (— x),ﬁt)
My (z,t) = 2*‘* 2*‘* B

M (2,t) =

M;(x, t):= and

3313)

Proof. Passing to the even part f. and odd part fo of f, we deduce from (3.3[T) that

M(Afe(x17 Ce ,xn),tl 4+ tn)

> W (o), 1) * p'(p(=a1), t) - (@), tn) * 1 (0(=n), tn),
V(Afe(xl, . 7xn)7t1 + .. +tn)

< Vl(%’(fﬁl)»h) OV’((‘D(_ggl)’tl) o - "OV/(SD(xn),tn) OV/(SO(—xn),tn) and
W(Afe(z1,. . yxn), t1 4+ -+ ty)

< W (o(z1),t) @w (p(—21),t1) ® - @ W (0(Tn), tn) @ W (9(—p), tn) @4)
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On the other hand,

wAfolxy, ..., xn) t1+ - +tn
2 ,U/(QD(le), tl) * ,U/((p(—l'l 7t1) E IR 3 ,u/(go(xn)atn) * M/(<P(—xn),tn)7

< V/(Sp(xl)?tl) Y V/(w(_xl 7t1) SO V/(Sp(fn)vtn) & l//(sa(_xn)7tn) and
W(Afo(x1,. .o @y) 1 + -+ ty
< w/(gp(xl)vtl) ® w/(@(—.’lil),tl) ® - W/(@(xn)vtn) ® WI(QO(_xn)ﬂfn) ‘ 5)

Applying the proofs of the Theorem [3.1]and [3.2] we get a unique quadratic function ) and a unique additive
function A satisfying

Q) — fu(@),t) = M, (x (4‘0"”) ,

8
(Q(x) — fo(x),t) < M, (a: (4_|O‘|)t> and

8
w(@e) - £e).0) < 0t (o, B0, &30
Also,
Ae) — foe). ) 2 3] (, E=J20),
V(A(z) — folz),t) < M, < 2 4'“”) and
S(Aw) - fofo),t) < 3 (o, 2= [0 &3
Therefore,
Q) ~ Aw) ~ flont) 2 3 (o, E2) wa (a, B=Jo0 )
Q) = A) - fa).0) < 5 (2 B0 ) oty (o BERDE) - ang
(@)~ AGw) ~ )0 < 01y (. S o] (o, B0 63
This completes the proof of the theorem. O
Conclusion

In this article, we prove existence of unique quadratic function and unique additive quadratic function between
linear space and Neutrosophic Banach Space.
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