International Journal of Neutrosophic Science (IJNS) Vol. xx, No. yy, PP. x-y, year

- ASPG

American Scientific Publishing Group

Pre-separation Axioms in Neutrosophic Topological Spaces

Sudeep Dey !'2, Gautam Chandra Ray?*
1Department of Mathematics, Science College, Kokrajhar, Assam, India
2De:par’[ment of Mathematics, Central Institute of Technology, Kokrajhar, Assam, India

Emails: sudeep.dey.1976 @ gmail.com, gautomofcit@gmail.com

Abstract

In this article, we first establish a few results based on neutrosophic interior, neutrosophic closure, neutrosophic
pre-open sets, and neutrosophic pre-closed sets. Afterward, we define neutrosophic pre-7j space, neutrosophic
pre-11 space, neutrosophic pre-T5 space, and study their various properties along with the interconnections
between the spaces. We also establish some results using neutrosophic pre-irresolute function, neutrosophic
pre*-continuous function.
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1 Introduction

The thought of a fuzzy set was revealed by L.A. Zadeh™® in the year 1965 and a generalized model of a fuzzy
set, known as the intuitionistic fuzzy set, was published by K. Atanassov' in 1986. Afterward, the notion
of a neutrosophic set was developed and studied by Florentin Smarandache.?*?% It had been established by
Smarandache?® that a neutrosophic set was a generalization of an intuitionistic fuzzy set. A neutrosophic set
is entangled with three membership functions which are the truth-membership function, falsity-membership
function, and indeterminacy-membership function. It is noteworthy that all these three neutrosophic compo-
nents are impartial to one another. After Smarandache had brought the idea of neutrosophy to light, it was
studied and taken in advance by many researchers®%:27:30:3% across the globe. There are some innate difficul-
ties in the earlier methods (classical or fuzzy) because of the deficiency of parameterizing tools and so, those
methods are insufficient to deal with several real-life problems. These problems can be handled in a more gen-
eral and suitable way with the help of neutrosophic theory. Different types of practical-based works such as
decision-making problems,*> medical diagnosis,'# image processing'® had been carried out in a neutrosophic
environment.

In 2012, Salama & Alblowi?® revealed the idea of neutrosophic topological space as an extension of intuitionis-
tic fuzzy topological space developed by D.Coker!? in 1997. Later, a number of notions related to neutrosophic
topological spaces had been developed by several researchers.®!3:17:19.22.23.29.31 Rao & Rao?! introduced the
concepts of neutrosophic pre-open and pre-closed sets in 2017 and thereafter, Arokiarani et al.? developed the
idea of neutrosophic pre-open, pre-closed, and pre-continuous functions. In recent years, separation properties
were studied by some researchers.®-11:15:20.32.33 1 2020, Ahu and Ferhat’ introduced and studied the concept
of pre-separation axioms in neutrosophic soft topological spaces. From the above discussion, it has been clear
that the separation axioms in neutrosophic topological spaces via neutrosophic pre-open sets have not been
studied so far.
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In this article, our primary motive is to define and learn about the separation axioms using neutrosophic pre-
open sets which we shall call neutrosophic pre-separation axioms. But, before proceeding to that, we set
up a few definitions and propositions based on neutrosophic interior, neutrosophic closure, neutrosophic pre-
open sets, and neutrosophic pre-closed sets in section 3, which will be utilized in studying neutrosophic pre-
separation axioms. In section 4, we define neutrosophic pre-7{ space, neutrosophic pre-77 space, neutrosophic
pre-15 space and study their various properties. We try to establish some relationships between neutrosophic
separation axioms' and neutrosophic pre-separation axioms. We also study some hereditary properties. Apart
from these, we establish some significant results implementing some functions such as neutrosophic contin-
uous function, neutrosophic pre-irresolute function, neutrosophic pre*-continuous function. In section 5, we
bestow a conclusion.

The article is organized by conferring some basic notions in section 2. In section 3, we establish some results in
connection with single-valued neutrosophic sets. We then define neutrosophic subspace with example and in-
vestigate some properties. In section 4, we define neutrosophic 7Ty, 77, T»-spaces and study various properties.
In section 5, we confer a conclusion.

2 Preliminaries:

2.1 Definition:?*

Let X be the universe of discourse. A neutrosophic set A over X is defined as A = {(x, Ta(z),Za(z), Fa(z)) :
x € X}, where the functions 74, Z4, F 4 are real standard or non-standard subsets of |70, 11|, i.e., Ta : X —
J70,1%[, Ta: X — 70,17, Fa: X —]70,1%[and ~0 < Ta(z) + Za(z) + Fa(z) < 3*.

The neutrosophic set A is characterized by the truth-membership function 74, indeterminacy-membership
function Z 4, falsity-membership function F 4.

2.2 Definition:3

Let X be the universe of discourse. A single-valued neutrosophic set A over X is definedas A = {(z, Ta(z),Za(z), Fa(x)) :
x € X}, where Ta,Z4, Fa are functions from X to [0, 1] and 0 < Ty (z) + Za(z) + Fa(z) < 3.

The set of all single-valued neutrosophic sets over X is denoted by ' (X).

Throughout this article, a neutrosophic set (NS, for short) will mean a single-valued neutrosophic set.

2.3 Definition:"
Let A, B € N(X). Then

(i) (Inclusion): If Ta(z) < Tp(x),Za(z) > Ip(z), Fa(z) > Fp(z) for all z € X then A is said to be a
neutrosophic subset of B and which is denoted by A C B.

(i) (Equality): If AC Band B C Athen A = B.

(iii) (Intersection): The intersection of A and B, denoted by A N B, is defined as AN B = {(x, Ta(z) A
Te(x),Za(x)VIpg(x), Falzx)V Fp(z)):z e X}

(iv) (Union): The union of A and B, denoted by AU B, is defined as AUB = {{(z, Ta(z)V Tp(z),Za(z) A
Ip(z), Falx) NFp(z)) v e X}

(v) (Complement): The complement of the NS A, denoted by A€, is defined as A° = {(z, Fa(x),1 —
Za(z), Ta(z)) : w € X}
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(vi) (Universal Set): If Ta(z) = 1,Z4(x) = 0, Fa(x) = 0 forall z € X then A is said to be neutrosophic
universal set and which is denoted by X.

(vii) (Empty Set): If Ta(z) = 0,Z4(x) = 1, Fa(x) = 1 for all z € X then A is said to be neutrosophic

empty set and which is denoted by 0.

2.4 Definition:?®
Let {A; : i ea} C N(X), where A is an index set. Then

() Uiendi ={(x,VieaTa, (), NieaZa, (), NieaFa,(x)) : v € X}.
(11) miEAAi = {<.13, /\iEAni (J)), \/iEAIAi, (.13), v’ieA]:Ai ($)> HES X}

2.5 Definition:?

Let A/(X) be the set of all neutrosophic sets over X. ANS P = {{(z,Tp(x),Zp(z),Fp(z)) : x € X} is
called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) = o, Zp(y) = B, Fp(y) = v
for y=xand Tp(y) =0,Zp(y) = 1,Fp(y) =1 for y #Za,where 0 < a < 1,0< < 1,0<y< 1. A
neutrosophic point P = {(z, Tp(z), Zp(z), Fp(z)) : x € X} will be denoted by Py 5 or P < z,a, 8,7 >
or simply by 24,3, For the NP 4 s, z will be called its support. The complement of the NP P ; | will be
denoted by (P5 5., )¢ orby x(, 5 . ANS P = {(z,Tp(x),Zp(z), Fp(x)) : © € X} is called a neutrosophic
crisp point (NCP, for short) iff for any element y € X, Tp(y) = 1,Zp(y) = 0, Fp(y) = 0 for y = x and

Te(y) =0,Zp(y) =1, Fp(y) = Lfory # z.

2.6 Proposition:!S

Let X,Y, Z be three sets such that ) # Z C Y C X. Let A € N(X) and {A) : A ea} C N (X), where A is
an index set. Then

1) (Uxea AN [y=Uxea(Ax Iv) () (Myea AN [y=Naea(Ax [v)
(111) A° |y: (A |y)c (IV) (A |y) |Z: A ‘Z-

2.7 Definition:?°

Let X and Y be two non-empty sets and f : X — Y be a function. Also let A € N(X) and B € N(Y).
Then

(1) Image of A under f is defined by
FA) =y, f(Ta) (W), f(Za)(y), (1 = f(1 = Fa))(y)) : y € Y}, where

) = {Zup{TA(:E)ZIEf ()} ijﬁlg;ig
HTA) = {ilnf{zm) e [ W) iﬁi; ’
(1 F(1 - Fa)w) = {ilnf{f“‘(x) e

(2) Pre-image of B under f is defined by
F71B) = {{a, f1(Tp) (), fH(Zp) (@), f~H(FB)(2)) s @ € X}
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2.8 Definition:"

Let 7 C N(X). Then 7 is called a neutrosophic topology on X if

@) ﬁ) and X belong to 7.
(i1) Arbitrary union of neutrosophic sets in 7 is in 7.

(iii) Intersection of any two neutrosophic sets in 7 is in 7.

If 7 is a neutrosophic topology on X then the pair (X, 7) is called a neutrosophic topological space (NTS,
for short) over X. The members of 7 are called neutrosophic 7-open sets (or neutrosophic open sets or open
sets, for short) in X . If for a neutrosophic set A, A¢ € 7 then A is said to be a neutrosophic 7-closed set (or
neutrosophic closed set or closed set, for short) in X.

2.9 Definition:"
Let (X, 7) be aNTS and A € N'(X). Then the neutrosophic

(i) interior of A, denoted by int(A), is defined as int(A) = U{G : G € T and G C A}.
(ii) closure of A, denoted by cl(A), is defined as cl(A) = N{G : G° € Tand G D A}.

2.10 Theorem:*!
Let (X,7) be aNTS and A € N (X). Then

(i) A iaa neutrosophic pre-open set (NPO, for short) in X if and only if A C int(cl(A)).
(ii) A ia a neutrosophic pre-closed (NPC, for short) set in X if and only if cl(int(A)) C A.
(iii) A ia an NPC set in X if and only if A° is an NPO set in X.
(iv) Every neutrosophic open set in a NTS is an NPO set.

(v) Every neutrosophic closed set in a NTS is an NPC set.

If G is an NPO (resp. NPC) set in X then we may also say that G is a 7-NPO (resp. 7-NPC) set.

2.11 Theorem:2

Let f : X — Y be a function from a NTS (X, 7) to a NTS (Y,0). If f(G) is an NPO set in Y for every
neutrosophic open set G in X then f is called a neutrosophic pre-open function.

2.12 Definition:?2

Let f : X — Y be a function from a NTS (X, 7) to a NTS (Y, o). If f~1(G) is an NPO set in X for every
neutrosophic open set G in Y then f is called a neutrosophic pre-continuous function.

2.13 Definition:1”

Let f : X — Y be a function from a NTS (X, 7) to a NTS (Y, o). If f~1(G) is an NPO set in X for every
NPO set G in Y then f is called a neutrosophic pre-irresolute function.

https://doi.org/10.542 1 6/xxxxxxx 4
Received: Month Day, Year Accepted: Month Day, Year



International Journal of Neutrosophic Science (IJNS) Vol. xx, No. yy, PP. x-y, year

2.14 Definition:!s

Let (X,7)beaNTS.Let) #Y C X and 7 |y= {G |y: G € 7}. Then (Y, 7 |y) is a NTS. The topology
7 |y is called the neutrosophic relative topology of 7 on Y or the neutrosophic subspace topology of ¥ and
the NTS (Y, 7 |y) is called a neutrosophic subspace (or a subspace, for short) of the NTS (X, 7). Members of
7 |y are called 7 |y-open sets in Y. ANS A € N(Y) such that A° € 7 |y is called a 7 |y-closed set in Y.

2.15 Definition:!*

Let (Y, 7 |y) be a neutrosophic subspace of a NTS (X, 7) and A € N (Y). Then the neutrosophic interior of
A, denoted by inty (A), is defined as inty (A) = U{G : G € 7 |y and G C A} and the neutrosophic closure
of A, denoted by cly (A), is defined as cly (A) =N{G : G° € 7 |y and G D A}

2.16 Definition:1®

A property of a NTS (X, 7) is said to be hereditary if whenever the space X has that property, then so does
every subspace of it.

2.17 Proposition:'’

Let (Y, T |y) be a neutrosophic subspace of a NTS (X, 7) and A € N(Y). Then A is 7 |y-closed NS iff
A = F |y for some 7-closed NS F' in X.

2.18 Definition:'s
ANTS (X, 7) is called a neutrosophic

(i) To-space or (INTp-space, for short) iff for any two NPs z g 4 and yor g/ 4/,  # v, there existsa U €
suchthatx g, € U, yor gy ¢ UorthereexistsaV € rsuchthatzq g, ¢ V, yar g € V.

(ii) T4-space (INT7-space, for short) iff for any two NPs x g, and Yo’ g/ v/, * # y, there exists a U € 7
such that 2,3 € U, Yo g/ ¢ U and there exists a V' € 7 such that x5y ¢ V, Yar g, € V.

(iii) 75-space or neutrosophic Hausdorff space (N'13-space or Hausdorff space, for short) iff for any two NPs
Ta,8,y and Yor g 4, ¢ # y, there exist U,V € Tsuch that 4 g3 € U, yor g € Vand U NV = .

3 Some important results:

3.1 Proposition:
Let (Y, 7 |y ) be a neutrosophic subspace of a NTS (X, 7). Then

() cx(G) ly=cly(G |y) forevery G € N (X), where cly (G |y) is the T |y-closure of G |y and clx (G)
is the 7-closure of G.

(i) intx(G) |y=inty (G |y) for every G € N(X), where inty (G |y) is the 7 |y-interior of G |y and
intx (G) is the T-interior of G.
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Proof: (i) clx(G) |y=[[){F : Fisart-closed NS and G C F}] |y= ({F |y: F is a 7-closed NS and
G C F}by26@()]={F |yv: Flyisat |y-closed NSand G |y C F |y} [by 2.17] = cly (G |y ).

() intx (G) ly=[U{A: AisaT-open NS and A C G}] |[y=J{A |y: Aisat-open NS and A C G} [by
260 =UJ{A |y: A |yisaT |y-open NS and A |y C G |y} [by 2.14] = inty (G |y).

3.2 Proposition:

Let (Y, 7 |y) be a neutrosophic subspace of the NTS (X, 7) and A € N (Y). Then Aisa T |y-NPCsetinY
iff Aisa7 [y-NPOsetinY.

Proof: Ais a7 |y-NPC set & cly(inty(A4)) C A < A° C [cly(inty (A))]¢ = inty ((inty (A))°) =
inty (Cly (AC)) & AC Clinty (Cly (AC)) < ACisarT |y—NPO set.

3.3 Proposition:
Let (Y, 7 |y ) be a neutrosophic subspace of the NTS (X, 7). Then

(i) G|y isat |y-NPOsetinY forevery 7-NPO set G in X.
(ii) G|y isat |y-NPC setin Y for every 7-NPC set G in X.

Proof:

(i) Gisa7T-NPOsetin X = G Cintx(clx(G)) = G |y C [intx(cdx(Q))] ly= G |y C inty (clx(G) |y)
[by 3.1Gi)] = G |y C inty (cly (G |y)) [by 3.1()] = G |y isa 7 |y-NPO setin V.

(ii) G is a T-NPC set = G is a 7-NPO set = G° |y is a 7 |y-NPO set [by 3.3(1)] = (G |y)®is a7 |y-NPO
set [by 2.6(ii1))] = G |y is a 7 |y-NPC set in Y[by 3.2].

3.4 Definition:
Let (X, 7) be aNTS and A € N'(X). Then the neutrosophic

(i) pre-interior of A, denoted by Pint(A), is defined as Pint(4) = U{G : G is an NPO set in X and
G C A}.

(ii) pre-closure of A, denoted by Pcl(A), is defined as Pcl(A) = N{G : Gisan NPCsetin X and G D A}.

3.5 Definition:

Let (X, 7) and (X, 7*) be two NTSs. If every 7-NPO set in X is a 7*-NPO set in X then 7 is said to be
pre-coarser than 7* (denoted by 7 < 7*) or 7* is said to be pre-finer than 7 (denoted by 7* > 7).

3.6 Example:

Let X = {a,b}, 7" = {@,f(} andT = {@,)N(,A}, where A = {{a, 1,0,0), (b,0,1,1)}. Obviously both (X, 7)
and (X, 7*) are NTSs. It is also clear that every 7-NPO set is a 7*-NPO set. Therefore, by the definition 3.5,
T is pre-coarser than 77, i.e., 7* is pre-finer than 7.
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3.7 Definition:

Let f : X — Y be a function from a NTS (X, 7) to aNTS (Y, o). If f~1(G) is a neutrosophic open set set in
X for every NPO set G in Y then f is called a neutrosophic pre*-continuous function.

4 Neutrosophic Pre-separation Axioms:

In this part of the article, we define neutrosophic pre-T{, neutrosophic pre-77, and neutrosophic pre-T> spaces
with examples and investigate various properties.

4.1 Definition:

A NTS (X, 7) is called a neutrosophic pre-Tj space (N PTy-space, for short) iff for any two NPs z, 3., and
Yo' 8 > T F Y, there exists an NPO set U in X such that x4 g € U, yor g+ ¢ U or there exists an NPO
set Vin X suchthatzo g ¢ V, yor g € V.

4.2 Example:

Let X = {a,b}and T = {@,)NQA, B}, where A = {{a,1,0,0), (b,0,1,1)} and B = {(a,0,1,1),(b,1,0,0)}.
Clearly the NTS (X, 7) is a neutrosophic pre-T; space.

4.3 Proposition:

Let 7 and 7* be two neutrosophic topologies on a set X such that 7* is pre-finer than 7. If (X, 7) is an
N PTy-space then (X, 7*) is also an N PTj-space.

Proof: Let x, g~ and Yo/ g/ 4, T # y, be two NPs in X. Since (X, 7) is an N PTy-space, so there exists
a 7-NPO set G in X such that x4 53, € G, Yo g ¢ G or there exists a 7-NPO set H in X such that
ZTap~y & H, Yo g € H. Since 7* is pre-finer than 7, so every 7-NPO set in X is a 7*-NPO set in X. Thus
for any two NPs z g and yo/ g/ o+ in X such that z # y, there exists a 7*-NPO set G such that z, 5. € G,
Yar,3 ~ ¢ G or there exists a 7*-NPO set H such that 2 3 ¢ H, yar g € H. Hence (X, 7*) is an
N PTy-space.

4.4 Proposition:

Let (X, 7) be a NTS. If X is NTy-space then X is an N PTj-space.

Proof: Let x4 . and yo g+, © 7# y, be two NPs in X. Since (X, 7) is a NTy-space, so there exists a
T-open NS G such that o 5, € G, Yo g+ ¢ G or there exists a 7-open NS H such that z, 5, ¢ H,
Yo' 8, € H. Since every neutrosophic open set is an NPO set [by 2.10(iv)], so for any two NPs z, g and
Yo' 874> T F y, there exists a 7-NPO set G such that 2, 3 4 € G, yar,37,4 ¢ G or there exists a 7-NPO set
H suchthat x4 8, ¢ H, Yo g, € H. Hence (X, 7) is an N PT-space.
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4.5 Remark:

Converse of the proposition 4.4 is not true. We establish it by the following counter example.
Let X = {a,b} and 7 = {0, X} Clearly (X, 7) is not a N'Tj-space.

We now show that (X, 7) is an N PTj-space. Let aq 5.~ and by g/, be any two NPs in X such thar a #
b. Also let A = {(a,1,0,0),(b,0,1,1)}. Obviously A € N(X), anp, € Abut by g~ ¢ A Now
int(cl(A)) = int(X) = X D A. Therefore A is an NPO set in X. Thus for any two NPs a5, and bys g -,
a # b, there exists an NPO set A in X such that aq 3, € A but by g ¢ A. Therefore (X, 7) is an
N PTjy-space.

Hence the NTS (X, 7) is an N PTy-space but not a NTp-space.

4.6 Proposition:

Let (X, 7) be an N PTy-space. Then every neutrosophic subspace of X is an N PTy-space and hence the
property is hereditary.

Proof: Let (Y,7 |y) be a neutrosophic subspace of (X,7), where 7 |y= {G |y: G € 7}. We want
to show (Y, 7 |y) is an N PTy-space. Let x4 g and yo’ g, be two NPs in Y such that « # y. Then
ZTaprsYar gy € X, & # y. Since (X,7) is an NPTy-space, so there exists a 7-NPO set U such that
Tapy € U, Yar,pry ¢ U or there exists a 7-NPO set V' such that o5, ¢ V, Yar,p.» € V. Then
(Zapy €U |y, Yarpry €U ly)or (zapy €V |y, Yarp v € V |y). Also by the proposition 3.3(i),
Uly,V |y areT |y-NPOsetsin Y as U, V are 7-NPO sets in X. Thus for any two NPs x, g v and yqo’ g7 ~,
x # y, there exists a 7 |[y-NPO set U |y such that 24 5., € U |y, Yor 87,4 ¢ U |y or there exists a 7 |y-NPO
set V |y such that 24 34 ¢ V |y, Yar g,y € V |y Therefore (Y, 7 |y) is an N PTy-space and hence the
property is hereditary.

4.7 Proposition:

Let (X, 7) be a NTS. Then X is an N PTy-space iff for any two distinct neutrosophic crisp points 1 ¢ ¢ and
Y1,0,05 (21,0,0)4[Pel(y1,0,0)] or (y1,0,0)4[Pcl(21,0,0)]-

Proof: Necessary part: Suppose that both (x1,0.0)§[Pcl(y1,0,0)] and (y1,0,0)4[Pcl(x1,0,0)] are false. Then
(x11070)q[Pcl(y1,070)} and (y170,0)q[Pcl(x17070)] are true. Now (x1,070)q[Pcl(y17070)] = 21,0,0 ¢ [Pcl(y17070)]c
= 2100 ¢ [N{G : Gisan NPC set and y1 90 € G}]° = x100 ¢ U{G° : G°is an NPO set and
Y100 & G} = x100 ¢ G° for all NPO sets G° in X such that y; 9o ¢ G°. This ascertains that if H
is an NPO set such that y1 00 € H then 100 € H. Similarly (y1,0,0)q[Pcl(x1,0,0)] implies that if K is
an NPO set such that 1 9,0 € K then y;,9,0 € K. Thus every NPO set containing one of x1 90 and y1,0,0
must contain the other. But this is a contradiction to our assumption that X is an N PTj-space. Therefore

(£1,0,0)9[Pcl(y1,0,0)] or (y1,0,0)q[Pcl(71,0,0)]-

Converse part: 4 3.~ and yp 4 be any two NPs in X such that = # y. Now, if (21,0,0)¢[Pcl(y1,0,0)] then
x1,0,0 € [Pcl(y1,0,0)]°. Obviously x5, € [Pcl(y1,0,0)]° but ypq.r & [Pcl(y1,0,0)]. Since Pcl(yi,0,0) is
NPC set, so [Pcl(y1,0,0)] is NPO set. Thus there exists an NPO set [Pcl(y1,0,0)]° in X such that x, g, €
[Pcl(y1,0,0)]° but yp g.r & [Pcl(y1,0,0)]° Similarly if (y1 0.0)§[Pcl(z1,0,0)] then there exists a an NPO set
[Pcl(1,0,0)]° in X such that x, g, ¢ [Pcl(z1,0,0)]° and yp q.r € [Pcl(z1,0,0)]°. Therefore (X, 7) is an
N PTy-space.

Hence proved.
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4.8 Proposition:

Let f be a bijective neutrosophic pre-open function from a NTS (X, 7) to aNTS (Y, o). If (X, 7) is NTy then
(Y, o) is an N PTy-space.

Proof: Let y, , . and 32 - be two NPs in Y such that y' # y2. Since f is bijective, so there exist two
NPs z}, 5. and 22, 5 ., &' # 2%, in X such that f( Th5,) = yéyqy,ﬂ and f(x2, 3 ) = Yo o0 Since
Xis N To, so there exists a 7- open NS G such that z, 4 € Gand z2, By §Z G or there exists a T-open
NS H such that ! 0By ¢ H and 22, .~ € H. Suppose G exists such that z! a5~ € Gand z? ¢ G.
Since f is a neutrosophic pre-open function, so f(G) is a 0-NPO set such that y, 0 = f(x} B8 7) € f ( ) and
Yo g = f(xi,’ﬁ,ﬁ,) ¢ f(G). Similarly if H exists such that xawgﬁ ¢ H and 22, 1 g € Hthen f(H)isa
0-NPO set such that y, . = f(z} 5.,) ¢ f(H)and 2, . ., = f(x2 4 ,) € f(H). Thus for any two NPs
yzl)ﬁq,r and y]%’,q’,r/’ y! # y?, in Y there exists a 0-NPO set f(G) such that y;)qm € f(G), yg,vq%, ¢ f(G) or
there exists a 0-NPO set f(H) such thaty, , . ¢ f(H), yZ’,q/,r’ € f(H). Therefore (Y, o) is an N PTy-space.
Hence proved.

4.9 Proposition:

Let f be a one-one neutrosophic pre-continuous function from a NTS (X, 7) to aNTS (Y, o). If (Y, 0) is NT}
then (X, 7) is an N PTj-space.

Proof: Let ! a,p,, and z2, 3, De any two NPs in X such that ! # 2. Since f is one-one, so there exist
two NPs ypqr and yp o, T/, y' # y% in Y such that f(x aﬁv) yp,q,r and f(z2, B ) = yp’,q/,r” ie.,
i’ﬁﬁ = [y q4r) and 22, sy =1 (yp )+ Since Y is N'Tp, so there exists a o-open NS G such
thaty, . . € G, y2 ... & G or there exists a g-open NS H such thaty, . . ¢ H,y?2 .. € H. Since f is
a neutrosophic pre-continuous function, so f~!(G) is a 7-NPO setin X. Alsoy, .. € G = f~'(y} . .) €
fHG) = al s, € fFUG)and g2 0 & G = [T yo ) & FHG) = 225, & fHG).
Similarly f‘l( ) is a 7-NPO set in X such that 22, g € f7UH), zh 5., ¢ f‘l( ). Thus for any
two NPs z! ﬂ’ and za .~ In X such that x! # 22, there exists a 7-NPO set f~1(G ) in X such that
aﬁ,y € f- ( ), % g & G or there exists a 7- NPO set f~'(H) in X such that z}, 5 ¢ f~'(H),
T gy €17 L(H). Therefore (X, 7) is an N PTp-space. Hence proved.

4.10 Proposition:

Let f be a one-one neutrosophic pre-irresolute function from a NTS (X, 7) toa NTS (Y, 0). If (Y, o) is NPT,
then (X, 7) is an N PTj-space.

Proof: Let ! a5, and :ca 3, De any two NPs in X such that z! # 22. Since f is one-one, so there exist
two NPs ypq,, and yp o, T/, y' # y%, in Y such that f(x aﬁv) yp,q,r and f(z2, By ) = yp/7q/7r,, ie.,

é’ﬁﬁ = Y yp.4.,) and 22, g =7 (yp o). Since Y is NPTy, so there exists a 0-NPO set G such
that y} .. € G, y2 .. ¢ G or there exists a 0-NPO set H such thaty, . . ¢ H,y2 . € H. Since
[ is a neutrosophic pre-irresolute function, so f~*(G) is a 7-NPO set in X[by 2.13]. Alsoy,,,. € G =
f_l(yzlnq,r) € f7i@) = xclxﬁ,’y € /7HG) and yz’,q’m’ G = f_l(yg’,q’,r’) ¢ 17Hae) = xz’ﬂ’w/ #
S7HG). Similarly f~'(H) is a 7-NPO set in X such that 22, 5, , € f~'(H), z} 5. ¢ f~'(H). Thus
for any two NPs z}, 5 _ and a2, 5 . in X such that 2" # =, there exists a 7-NPO set f~'(G) in X such
that z), 5 € f~1(G), 22, 4 ., ¢ G or there exists a 7-NPO set f~'(H) in X such that =, 5 _ ¢ f~'(H),
xi,ﬁw, € f~Y(H). Therefore (X, 7) is an N PTp-space. Hence proved.
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4.11 Proposition:

Let f be a one-one neutrosophic pre*-continuous function from a NTS (X, 7) to a NTS (Y, o). If (Y,0) is
N PTj then (X, 7) is a NTy-space.

Proof: Let z! a3, and z2, . De any two NPs in X such that z' # 22. Since f is one-one, so there exist
two NPs ypq, and yp o 7/, y' # y?, in Y such that f(x aﬁv) yp’qﬂq and f(z2, B ) = yp,7q/7,,.,, ie.,

(11,/3,'y = f~Yyp.,.,) and 22, g =7 (yp ). Since Y is NPTy, so there exists a 0-NPO set G such
that y;’q’,, € G, yﬁ’,q’,r/ ¢ G or there exists a 0-NPO set H such that ypq,, ¢ H, yp e 6 H. Since f
is a neutrosophic pre*-continuous function, so f~ ( ) is a T-open NS 1n X[by 3.7]. Also y aor € G =
F 7 Wpar) € FTHG) = 2lp, € fFHG) and v oo & G = [y g 0r) & f HG) = wi/,gw ¢
f7HG). Similarly f~'(H) is a 7-open NS in X such that 22, 5 . € f ( )s &4 5~ ¢ f7'(H). Thus
for any two NPs [, , _ and 2, 45 _, in X such that z # 2, there exists a 7-open NS f~*(G) in X such
that z}, 5 € f71(G), 22, 5 ¢ G or there exists a 7-open NS f~'(H) in X such that =), 5 ¢ f~'(H),
xi,’ﬁw, € f~Y(H). Therefore (X, 7) is a NTp-space. Hence proved.

4.12 Definition:

A NTS (X, 7) is called a neutrosophic pre-T} space (N PT}-space, for short) iff for any two NPs z, 3., and
Yo' 8 > T 7 Y, there exists an NPO set U in X such that z, g, € U, yor g/ ¢ U and there exists an NPO
set Vin X suchthatzo g ¢ V, yor g € V.

4.13 Example:

Let X = {a,b}and T = {@,)NQA, B}, where A = {{a,1,0,0), (b,0,1,1)} and B = {(a,0,1,1),(b,1,0,0)}.
Clearly the NTS (X, 7) is a neutrosophic pre-7} space.

4.14 Proposition:

Let 7 and 7* be two neutrosophic topologies on a set X such that 7* is pre-finer than 7. If (X, 7) is an
N PT;-space then (X, 7*) is also an NPT} -space.

Proof: Let x, g~ and Yo/ g 4, T # y, be two NPs in X. Since (X, 7) is an N PT;-space, so there exists
a 7-NPO set G such that o 54 € G, Yor 3+ ¢ G and there exists a 7-NPO set H such that z, 5, ¢ H,
Yo 8 € H. Since 7* is pre-finer than 7, so every 7-NPO set is a 7*-NPO set. Thus for any two NPs z,, 5
and Yo g, © # Y, there exists a 7"-NPO set G such that 24,58, € G, yor,p.v ¢ G and there exists a
7*-NPO set H such that x 3 4 ¢ H, Yo’ 5 € H. Hence (X, 7*) is an NPT} -space.

4.15 Proposition:

Let (X, 7) be a NTS. If X is NT;-space then X is an N PT;-space.

Proof: Let 2, . and Yo/ g~ © 7# y, be two NPs in X. Since (X, 7) is a NTj-space, so there exists a
T-open NS G such that x5, € G, Yo' 5. ¢ G and there exists a 7-open NS H such that z, g, ¢ H,
Yo'.p7~ € H. Since every neutrosophic open set in X is an NPO set in X, so for any two NPs z, g - and
Yo' 84> T 7 Y, there exists a 7-NPO set G such that 2, 5 4 € G, yor 5, ¢ G and there exists a 7-NPO set
H suchthat xo 8. ¢ H, yor g~ € H. Hence (X, 7*) is an N PT;-space.
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4.16 Remark:

Converse of the proposition 4.15 is not true. We establish it by the following counter example.
Let X = {a,b} and 7 = {(), X} Clearly (X, ) is not a N'T}-space.

We now show that (X, 7) is an N PTj-space. Let aq g, and by g~ be any two NPs in X such that a # b.
Also let A = {(a,1,0,0),(b,0,1,1)} and B = {(a,0,1,1),(b,1,0,0)}. Clearly A and B are two NPO sets
in X. Thus for any two NPs a g~ and by’ g/ +/, a # b, there exists an NPO set A in X such that an g, € A,
bar g1~ ¢ A and there exists an NPO set B in X such that a, g 4 ¢ B, bar g 4 € B. Therefore (X, 1) is an
N PT;-space.

Hence the NTS (X, 7) is an N PT}-space but not a N7} -space.

4.17 Proposition:

Let (X, 7) be an N PT;-space. Then every neutrosophic subspace of X is an N PTj-space and hence the
property is hereditary.

Proof: Let (Y,7 |y) be a neutrosophic subspace of (X, 7), where 7 |y= {G |y: G € 7}. We want
to show (Y, 7 |y) is an NPT;-space. Let x4 . and yar 5, be two NPs in Y such that  # y. Then
Ta,ByYar gy € X, x # y. Since (X,7) is an NPT;-space, so there exists a 7-NPO set U such that
Tap~y € U, Yo g~ ¢ U and there exists a 7-NPO set V such that 245~ ¢ V, yor.p+ € V. Then
(@apy €U |y, Yo g €U |yv)and (zapy €V |v, Yo €V |y). Also by the proposition 3.3(i),
Uly,V |y arer |y-NPOsetsin Y as U, V are 7-NPO sets in X. Thus for any two NPs x, g v and ya’ g7+,
x # vy, there exists a 7 |y-NPO set U |y such that 24 5~ € U |y, yar,pv ¢ U |y and there exists a
T |y-NPO set V' |y such that 24 34 € V' |y, Yar 8, € V |y. Therefore (Y, 7 |y) is an NPT;-space and
hence the property is hereditary.

4.18 Proposition:

Let (X, 7) be a NTS. If every neutrosophic point in X is an NPC set then X is an N PT-space.

Proof: Let z, 3., and Y./ g, be two NPs in X such that z # y. Since every NP is an NPC set, so the
neutrosophic crisp points 10,0 and y1 9,0 are NPC sets in X. Then (z1,0,0)¢ and (y1,0,0)¢ are NPO sets in

X such that 4 g~ € (¥1,0,0)%, Yar.8 v ¢ (Y1,0,0)¢ and 2o g~ & (21,0,0)¢, Yar,8 4 € (21,0,0)¢. Therefore
(X, 7) is an N PT}-space.

4.19 Proposition:

Let (X, 7) be a NTS. Then every neutrosophic crisp point in X is an NPC set iff X is an N PT}-space.

Proof: Necessary part: Let £ 5,4 and Yo/ g/ 4 be two NPs in X such that z # y. By hypothesis, neutrosophic
crisp points 21,00 and y1 0,0 are NPC sets in X. Then (x1,0,0)¢ and (y1,0,0)¢ are NPO sets in X such that

Ta,y € (¥1,00) Yoy & (¥1,00)¢ and za g4 & (21,0,0), Yar,5/ v € (T1,0,0)¢. Therefore (X, 7) is an
N PTi-space.

Sufficient part: Let x71,0,0 be an NCP in X. Also let y,, 4 € (21,0,0)¢ be any NP. Then obviously = # y. Let
us consider an NP z, 3 , with support . Since X is an N PT}-space, so for y,, 4 and x, g -, there exists a 7-
NPO set G such that y,,  » € Gand x4 g, ¢ G. Since forall o, 5,y with0 <« <1,0< < 1,0< v < 1,

one such G exists, therefore we must have a 7-NPO set H such that y,, , » € H and 1,90 N H = (). Therefore
Yp.gr € H C (21,0,0)° So, (21,0,0)° is a T-NPO set and consequently, 1 ¢ o is a T-NPC set.

Hence proved.
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4.20 Proposition:

Let (X, 7) be a NTS. If (X, 7) is an N PT}-space then it is an N PTj-space.

Proof: Let z, g and yo’ g+, T # y, be two NPs in X. Since X is NV PT}-space, so there exists a 7-NPO
set U such that g 4 € U, Yo' 3+ ¢ U and there exists 7-NPO set V such that 24 g ¢ V, Yor gr.y € V.
Hence (X, 7) is an N PT-space.

4.21 Remark:

Converse of the proposition 4.20 is not true. We establish it by the following counter example.

Let X = {a,b} and 7 = {@,X,A}, where A = {(a,1,0,0), (b,0,1,1)}. Clearly the NTS (X, 7) is an
N PTy-space.

We now show that (X, 7) is not an N PT}-space.

We first establish that the NCP a1 o ¢ is a not an NPC set. We have cl(int(a1,0,0)) = cl(A) = X. Therefore
cl(int(ai,0,0)) € a1,0,0, i-e., a1,0,0 is not an NPC set. Therefore by the proposition 4.19, (X, 7) is not an
N PTi-space.

Thus the NTS (X, 7) is an N PTy-space but not an N PT} -space.

4.22 Proposition:

Let f be a bijective neutrosophic pre-open function from a NTS (X, 7) to a NTS (Y, o). If (X, ) is NT} then
(Y, o) is an N PT;-space.

Proof: Lety, , . andy> ., ., y" # y*, be two NPsin Y. Since f is bijective, so there exist two NPs z, ;

and xi,”@,ﬁ,, x! # 2%, in X such that f(:v}l,ﬁﬁ) = Y4 and f(xi,ﬁ,ﬁ,) = yg,7q/7r,. Since X is N1, so
there exists a 7-open NS G such that xé 5 € G, miu g & G and there exists a 7-open NS H such that
! H, 2%, ., ., € H. Since f is a neutrosophic pre-open function, so f(G) is a o-NPO set such that
B,y a' By phic pre-op
Ypar = f(ah ) € f(G)and 2 o = f(a2, 5 ) ¢ f(G). Similarly f(H) is a 0-NPO set such that
Ypgr = [(@h 5,) ¢ f(H)and y?, . = f(z2, 5 ) € f(H). Thus for any two NPs y, . and y2, ., ., in
Y such that y' # y?, there exists a 0-NPO set f(G) such that y, , . € f(G), y2 .+ ¢ f(G) and there exists
a 0-NPO set f(H) such thaty, . & f(H), y2 .. € f(H). Therefore (Y, o) is an N PT;-space. Hence
proved.

4.23 Proposition:

Let f be a one-one neutrosophic pre-continuous function from a NTS (X, 7) to aNTS (Y, 0). If (Y, 0) is NT}
then (X, 7) is an N PT}-space.

Proof: Let x), ;  and 22, 5 ., be any two NPs in X such that z' # . Since f is one-one, so there exist
two NPs yp . and y2 ., ., y' # y?, in Y such that f(z) 5 ) = yp .. and f(22, 5 ) = Y2 4 s 100
xh 5 = F Ypgr) and al, 5 0 = f7H(y2 ). Since Y is NTi, so there exists a g-open NS G such
thaty, ., € G, y2 ... ¢ G and there exists a o-open NS H such thaty, , . ¢ H,y>, .. € H. Since f
is a neutrosophic pre-continuous function, so f~*(G) and f~!(H) are 7-NPO sets in X. Also y, ., € G =
T Wpqr) € FTHG) = 2y 5, € fFHG)and yy 0 & G = [Ny ) & FHG) = 22 50 &
f7HG). Similarly 22, 5, _, € f~'(H)and z}, 5. ¢ f~'(H) . Thus for any two NPs z}, 5 _ and 22, 5, in
X such that ! # 22, there exists a 7-NPO set f~*(G) such that x}lﬁﬁ € ffl(G),mi,,Bw, ¢ f~1(G) and
there exists a 7-NPO set f~"(H) such that z), , ¢ f~'(H), 22, 5 ., € f~'(H). Therefore (X,7) is an
N PT;-space. Hence proved.
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4.24 Proposition:

Let f be a one-one neutrosophic pre-irresolute function from a NTS (X, 7) toaNTS (Y, o). If (Y, 0) is NPT}
then (X, 7) is an N PT}-space.

Proof: Let z! a3, and z2, . De any two NPs in X such that x! # 2. Since f is one-one, so there exist
two NPs ypq, and yp s y! # y?, in Y such that f(x aﬁv) Yp.qr and f(z2, BrA) = yp,7q/7,,.,, ie.,

éyﬁﬂ = f"Yyp.,.,) and 22, g =7 Y(y2 ). Since Y is NPTy, so there exists a 0-NPO set G such
that y, .. € G, y2 ., ¢ G and there exists a 0-NPO set H such thaty,, . ¢ H, y2 .. - € H. Since
f is a neutrosophic pre-irresolute function, so f~1(G) is a 7-NPO set in X[by 2.13]. Also y or € G =
F 7 Wpor) € FHUG) =l 5 € UG and ) o & G = fTHYY 0 0) é? Q) = xi,ﬁw, ¢
f7HG). Similarly f~'(H) is a 7-NPO set in X such that 22, 5, _, € f~'(H), 2} 5., ¢ f~'(H). Thus for
any two NPs x|, 5 _ and a2, 5 . in X such that 2! # x?, there exists a 7-NPO set f~'(G) in X such that
xh 5 € FTHG), 22 5 ¢ G and there exists a 7-NPO set f~'(H) in X such that z}, 5 ¢ f~'(H),
xilﬁw, € f~Y(H). Therefore (X, 7) is an N PT}-space. Hence proved.

4.25 Proposition:

Let f be a one-one neutrosophic pre*-continuous function from a NTS (X, 7) to a NTS (Y, o). If (Y,0) is
NPT, then (X, 7) is a NT}-space.

Proof: Let ! o, and z2, B, b any two NPs in X such that x! # 2. Since f is one-one, so there exist
two NPs ypqr and yp a y! # y?, in Y such that f(x ozﬁw) = yp 4 and f(z2, ) = yp,’q,w,, ie.,

xhgy = ypgr) and a5 = f71 (Y2 4 0). Since Y is NPT, so there exists a -NPO set G such
that y, .. € G, y2 ., ¢ G and there exists a 0-NPO set H such thaty, . . ¢ H, y2 . . € H. Since
f is a neutrosophic pre*-continuous function, so f~!(G) is a T-open NS in X[by 3.7]. Also y , €G=
f_l(y;,q,r)Ef_l(G):>x(lx,ﬂ,’y€f_1( )andypqr’¢G:>f (ypqr)¢f ( ):>xa5’ '¢
f7H(G). Similarly f~'(H) is a 7-open NS in X such that 22, sy €T YH), x a,ﬂﬁ ¢ f~Y(H). Thus for
any two NPs z}, 5 and 22, 5, in X such that 2" # 2, there exists a 7-open NS f~'(G) in X such that
xl 5 € [7HG), 22 5 ¢ G and there exists a 7-open NS f~'(H) in X such that z, , . ¢ f~'(H),
&2, g € fT1(H). Therefore (X, 7) is a NT;-space. Hence proved.

4.26 Definition:

A NTS (X, 1) is called a neutrosophic pre-T5 space or neutrosophic pre-Hausdorff space (N PT5-space or
N P-Hausdorft space, for short) iff for any two NPs z, g, and yo’ g/ -/, T # y, there exist two neutrosophic

pre-open sets U, V in X such that x4 g, € U, Yo gy € VandU NV = 0.

4.27 Example:

Let X = {a,b}and 7 = {0, X, A, B}, where A = {(a,1,0,0), (b,0,1,1)} and B = {(a,0,1,1), (b, 1,0,0)}.
Clearly the NTS (X, 7) is a neutrosophic pre-T5 space.

4.28 Proposition:

Let 7 and 7* be two neutrosophic topologies on a set X such that 7* is pre-finer than 7. If (X, 7) is an
N PT5-space then (X, 7*) is also an N PT,-space.
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Proof: Let 2, 3~ and Yo 54/, © # y, be two NPs in X. Since (X, 7) is an N PT,-space, so there exist

7-NPO sets G, H such that z, 3, € G, Yo' 3/, € H and G N H = (. Since 7* is pre-finer than 7, so every
7-NPO set is a 7*-NPO set. Thus for any two NPs 2, 5., and Yo/ 5,4 in X such that  # y, there exist

7*-NPO sets G, H such that 2,3 5 € G, Yo g € H and G N H = (). Hence (X, 7*) is an N PT,-space.

4.29 Proposition:

Let (X, 7) be a NTS. If X is NT»-space then X is an N PT5-space.

Proof: Let 2, 3 4 and Yo/ g/ 4/, © # y, be two NPs in X. Since (X, 7) is a NT5-space, so there exist 7-open
NSs G, H such that x5y € G, Yo' gy € Hand GNH = §. Since every open NS is an NPO set, so for
any two NPs z, 3~ and yo/ g/ 4/, T # ¥, there exist 7-NPO sets G, H such that x5, € G, Yo' ',y € H
and G N H = {).. Hence (X, 7) is an N PT-space.

4.30 Remark:

Converse of the proposition 4.29 is not true. We establish it by the following counter example.
Let X = {a,b} and 7 = {0, X}. Clearly (X, 7) is not a NT-space.

We now show that (X, 7) is an N PTs-space. Let a, 5 and by g/, be any two NPs in X. Also let A =
{{a,1,0,0),(b,0,1,1)} and B = {{a,0,1,1),(b,1,0,0)}. Clearly A and B are two NPO sets in X such that
AN B = (). Thus there exist NPO sets A and B such that aq g 5 € A, by g+ € B and AN B = (). Therefore
(X, 7)is an N PTy-space.

Thus the NTS (X, 7) is an N PT3-space but not a NT,-space.

4.31 Proposition:

Let (X, 7) be an N PT5-space. Then every neutrosophic subspace of X is an N PT5-space and hence the
property is hereditary.

Proof: Let (Y,7 |y) be a neutrosophic subspace of (X, 7), where 7 |y= {G |y: G € 7}. We want
to show (Y, 7 |y) is an N PTh-space. Let x4 g and yo’ g, be two NPs in Y such that « # y. Then
Ta,By Yol gy € X, & # y. Since (X,7) is an NPT,-space, so there exist 7-NPO sets U, V' such that
Ta,By € U, Yo' By € Vand UNV = . Then Ta,B,y € U |Y, Yo' By € \% |y and (U |y) n (V |y
)=(UNV)|y=0 |y= 0. Also by the proposition 3.3(1), U |y,V |y are 7 |y-NPO sets in Y as U,V are
7-NPO sets in X. Thus for any two NPs x, 3 and yo g+ in Y such that z # y, there exist 7 |y-NPO sets
Uly,V |y suchthat zo 5~ € U |y, yarpv € V |y and (U |y) N (V |y) = 0. Therefore (Y, 7 |y) is an
N PT5-space and hence the property is hereditary.

4.32 Lemma:

In a co-finite NTS, every finite NS is an NPC set.

Proof: Let (X, 7) be a co-finite NTS and let U be a finite NS in X. As U = (U®)¢ is a finite NS, so U¢ is an
open NS[as (X, 7) is a co-finite NTS], i.e., U is a closed NS. Since every closed NS is an NPC set, therefore
U is an NPC set.
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4.33 Remark:

From 4.32, it is clear that in a co-finite NTS, an NPO set is a NS whose complement is a finite NS. Therefore,
in a co-finite NTS, an NPO set is a neutrosophic open set.

4.34 Lemma:

Let X be an infinite set. Then the co-finite NTS (X, 7) is not an N PT5-space.

Proof: Suppose that (X, 7) is an N PTs-space. Then for any two NPs z, g and y g/~ in X such that
x # vy, there exist 7-NPO sets G, H such that x5, € G, Yo g v € Hand GN H = 0. Since (X, 7) is a
co-finite NTS, so G, H are open NSs [by 4.33] and therefore, their complements, i.e., G, H¢ are finite open
NSs. Now GNH = = (GN H)® = (0)° = G°U H° = X, which is not possible as X is an infinite
neutrosophic set and G¢ U H€ is a finite neutrosophic set. Therefore (X, 7) is not an N PT,-space.

4.35 Proposition:

Let (X, 7) be a NTS. If (X, 7) is an N PT5-space then it is an N PT;-space.

Proof: Let z, 3. and Yo’ g, be any two NPs in X such that ¢ # y. Since (X, 7) is an N PT5-space, so
there exist 7-NPO sets H and K such that 2, 3, € H , Yo' g € K and HN K = (). Since o 3., € H and

HNK =0,s0 Zop~ ¢ K. Similarly yo g ¢ H. Thus for any two NPs z, g, and yar g/~ in X such
that « # y there exists a 7-NPO set H such that z, 3 € H, Yo,/ ¢ H and there exists a 7-NPO set K
such that o 3 4 ¢ K, Yo g, € K. Hence (X, 7) is an N PT}-space.

4.36 Remark:

Converse of the proposition 4.35 is not true. We establish it by the following counter example.

Let N be the set of all natural numbers and N (N) be the set of all neutrosophic sets over N. Also let N =

{(£,1,0,0) : 2 € N} and () = {(x,0,1,1) : z € N}. Let 7 be the set containing () and all those neutrosophic
sets over N whose complements are finite. Then (N, 7) is a co-finite NTS.

Since N is an infinite set and since (N, 7) is a co-finite NTS, so by the lemma 4.34, (N, 7) is not an N PT5-
space.

We show that (N, 7) is NPT}-space. Let x4 3. and Yo/ g/ be two NPs in N such that © # y. Since
[(21,0,0)°]° = 21,0,0, a finite NS, so (x1,0,0)¢ is a T-open NS and therefore, a 7-NPO set. Clearly yo/ g+ €
(x1,00)¢ and x4 g4 ¢ (21,00)° Therefore (x1,00)° is a 7-NPO set such that y,/ g+ € (21,0,0)° and

ZTa g~y & (21,0,0)° Similarly (y1,0,0)° is a 7-NPO set such that yos g/ € (y1,0,0)° and 2 84 € (¥1,0,0)°
Therefore (N, 7) is an N PT}-space.

Thus (N, 7) is an NPT} -space but not an N PT5-space.

4.37 Proposition:

Let (X, 7) be an N PTy-space. Then for any two NPs x,, g, and y,, 4 such that z # y, there exists an NPO
set G suchthat o, 3 4 € G, Ypq.r € G and y,, 4, € [Pcl(G)]°.

Proof: Since X is N P15-space, so for any two NPs z, 5, and y,, - such that x # y, there exist two NPO sets
Gand H in X suchthatz, g, € G, Ypqr € HandGNH =0.Now GNH =0 = H C G° = y,, 4. € G°.
Since H¢ is an NPC set and G C H®, so Pcl(G) C H® = H C [Pcl(GQ)]® = yp,qr € [Pcl(G)]°. Hence
proved.
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4.38 Proposition:

Let (X, 7) be an N PT5-space. Then for every NP 2, g in X, o g = {Pcl(G) : xo,p,, € G and Gis an
NPO set }.

Proof: Let z, 3 be an NP in X. Also let 41 9,0 be an NCP in X such that x # y. Since X is NPT5-
space, so there exist two NPO sets G and H in X such that o5, € G, y100 € Hand GNH = 0.
Now GNH =0 = H C G° = yi100 € G° Since H° is an NPC set and G C H°, so Pcl(G) C
H® = H C [Pd(G)]° = 31,00 € [Pd(G)]® = yo1,1 € Pcl(G), ie., ypgqr N Pcl(G) = 0 for every
NP with support y # . Thus for every NPO set G such that z, ., € G, we have y, ., N Pcl(G) = 0
for all NP such that © # y. Obviously x4 3., € Pcl(G) for every NPO G with 4 3, € G. Therefore
Za,By = {Pcl(G) : 4,3, € G and G is an NPO set }. Hence proved.

4.39 Proposition:

Let f be a bijective neutrosophic pre-open function from a NTS (X, 7) to aNTS (Y, 0). If (X, 7) is NT3 then
(Y, o) is an N PTy-space.

Proof: Let y, .. and v ., .., y* # y°, be two NPs in Y. Since f is bijective, so there exist two NPs
1 2 1 2 . 1 _ 1 2 _ 2 - -
Ty g and xi, 5 o, xt # % in X such that f(z 5.) = v, and f(25, 5 /) = Yo' gt Since X is

N3, so there exist 7-open NSs G, H such that x(llﬁﬁ e G, xi/ﬂ,ﬂ, € Hand GNH = (). Since fisa

neutrosophic pre-open function, so f(G), f(H) are o-NPO sets such that y, , . = f(z}, 5.) € f (~G) an~d
yfﬂ’q,yw = f(mi,ﬁw,) € f(H). Again since f is bijective, so f(G)N f(H) = f(GN H) = f(0) = 0.
Thus for any two NPs yll)_’q’r and yg,7q,,r, in Y such tha~t y! # y?, there exist 0-NPO sets f(G), f(H) such that
Ypgr € F(G),y v € f(H) and f(G) N f(H) = 0. Therefore (Y, o) is an N PTy-space. Hence proved.

4.40 Proposition:

Let f be a one-one neutrosophic pre-continuous function from a NTS (X, 7) to a NTS (Y, 0). If (Y, 0) is NT5
then (X, ) is an N PT5-space.

Proof: Let z ;

two NPs g, . and g2, s y' # y°, in Y such that f(z} 5. ) = vy, and f(x2, 5 1) = Yoy s i€
Thpy =T Wpgr)and a2, o o= f7HY2 o) §ince (Y, 0) is NTx, so there exist c-open NSs Hy, Ho

and 22, @ be any two NPs in X such that x' # 22. Since f is one-one, so there exist

such that yzl),w € Hy, yf,x ¢ € Hs and Hy N Hy = (). Since f is a neutrosophic pre-continuous function, so
f~Y(Hy) and f~1(H,) are 7-NPO sets in X. Now f~L(H,) N f~Y(Hs) = f~Y(Hy N Hy) = f~1(0) = 0.
Alsoy, .. € Hi = [N yp ) € fTHHL) = 2l 45 € f~1(Hy). Similarly xi,”@w, € f~Y(Hs). Thus

for any two NPs z}, 5 and x2, 5, in X such that z* # x, there exist 7-NPO sets f~'(H,) and f~"(H>)

in X such that x}lﬁﬁ € fTY(H), 22 5 € [T (Ha) and 71 (Hy) N f~1(Ha) = (. Therefore (X, 7) is
an N PT5-space. Hence proved.

4.41 Proposition:

Let f be a one-one neutrosophic pre-irresolute function from a NTS (X, 7) to aNTS (Y, o). If (Y, 0) is NPT
then (X, 7) is an N PT5-space.

Proof: Letz}, ;  and z7, 4 , be any two NPs in X such that z* # 2. Since f is one-one, so there exist two

1 2 T2 1 _ 1 2 _ .2 : 1
NPs y, ., and ys, ./, y" # y*, in Y such that f(z, 5.) = Y, 4 and f(xa,ﬁw,) = Yy g o 160 Ty g0 =
f (v} 4.,) and 22, B = fﬁl(yg/ o)~ Since (Y, o) is NPT, so there exist o-NPO sets Hi, H such that
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yzl)’w € Hq, yf,, g € Hsy and H1 N Hy = (. Since f is a neutrosophic pre-irresolute function, so f~1(Hj)

and f~!(H,) are 7-NPO sets in X [by 2.13]. Now f~1(Hy) N f~1(Hy) = f~Y(H, N Hy) = f~1(0) = 0.
Alsoyp .. € Hi = f"Nyp ) € [THHL) = xl 5., € f7'(Hy). Similarly 22, 5, _, € f~'(Hs). Thus
for any two NPs z}, ; _ and a2, 45 , in X such that z* # °, there exist 7-NPO sets f~'(H,) and f~'(H>)
in X such that z, , € f~'(H1), 22, 5, € f~'(Hz) and f~'(Hy) N 71 (Ha) = {. Therefore (X, 7) is
an N PTs-space. Hence proved.

4.42 Proposition:

Let f be a one-one neutrosophic pre*-continuous function from a NTS (X, 7) to a NTS (Y, 0). If (Y, 0) is
NPT, then (X, 7) is a NT-space.

Proof: Letz}, ;  and z7, 5 , be any two NPs in X such that z* # 2. Since f is one-one, so there exist two

NPs yp . and g2 o oyt # 42 inY such that f(z} 5 ) =yp . and f(22, 5 ) = y2 o ie,xl 5 =
f (yp.4.,) and xi,ﬁ,ﬁ, = fﬁl(yg/vq,m,). Since (Y, o) is NPT, so there exist 0-NPO sets Hy, Ho such that

y},,w € Hy, yf,,’q,,r, € Hy and Hy N H, = (). Since f is a neutrosophic pre*-continuous function, so f~!(H;)

and f~1(Hs) are 7-open NSs in X[by 3.7]. Now f~1(Hy) N f~Y(H2) = f~Y(Hy N Hs) = f~1(0) = 0.
Alsoyy .. € Hi = f"Nyp ) € [THHL) = xl 5, € f7H(Hy). Similarly 22, 5, _, € f~'(Hs). Thus
for any two NPs xéﬁﬁ and mi,,ﬁw, in X such that x! # 22, there exist 7-open NSs f~!(H;) and f~1(Ha)
in X such that z, , € f~'(H1), 22, 5, € f~'(Hz) and f~'(Hy) N f~'(Ha) = 0. Therefore (X, ) is a
NT;-space. Hence proved.

5 Conclusion:

In this article, we have defined neutrosophic pre-Tj, pre-17, and pre-7» spaces in connection with neutrosophic
topological spaces which are based on single-valued neutrosophic sets and then studied their various properties
with examples. We have shown that if X is a neutrosophic Tj-space (resp. T7-space, T»-space) then X is a
neutrosophic pre-Ty (resp. pre-13, pre-T5) space but the converse is not true. We have established that a
neutrosophic pre-75 (resp. pre-17) space is a neutrosophic pre-73 (resp. pre-71) space but the converse is not
true. We have also proved that if Y is a neutrosophic subspace of X then for every neutrosophic pre-open
(resp. pre-closed) set in X, there is a neutrosophic pre-open (resp. pre-closed) set in Y. We have proved
that the property of a space of being N PTy(resp. NPTy, NPT5) is a hereditary property. Lastly, we have
tried to set up some results using various functions such as neutrosophic continuous function, neutrosophic
pre-irresolute function, pre*-continuous function etc.

In the coming future, we shall try to develop and study some other types of separation properties. Hope that
the findings of this article will assist the research fraternity to move forward with the development of different
aspects of neutrosophic topological spaces.
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