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Abstract

The main purpose of this manuscript is to expand the notion of neutrosophic crisp set (NCS) by presenting the
notion of n-valued refined neutrosophic crisp set with some illustration examples. We also establish some of its set-
theoretical operations.
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1. Introduction

Smarandache presented in [1, 2] the concept of "neutrosophic set" which is a generalization of the concept of
"fuzzy set" and the concept "intuitionistic fuzzy" set to handle with uncertainty and imprecision by incurporating
degrees of non-membership and indeterminacy as independent components. Salama and Smarandache presented in
[3, 4] the concept of neutrosophic crisp set (NCS) which is a generalization of the concept of crisp set and the
concept of "intuitionistic set" [5]. Thereafter, many researchers have applied the notion of NCSs in topology, image
processing and decision-making problems (for example see [6, 7, 8, 9, 10], [11], [12-21]).

Rajashi et al introduced in [22] the notion of (QSVNS) that involves "truth", "falsity”, "unknown" and
"contradiction” depending on four-valued logics [23,24]. Shawkat introduced in [25] the notion of "n-values refined
neutrosophic soft set" which is a generalization of the notion of "neutrosophic soft set". Thereafter, Shawkat and
Ayman used this concept to solve decision-making problems [26]. Rama and Surapati introduced in [27] the notion
of "pentapartitioned neutrosophic set" by splitting indeterminacy to independent components namely
"contradiction”, "ignorance, and "unknown"-membership based on [24].

In [24], Smarandache split truth into many types of truths, indeterminacy into several types of indeterminaciesand

falsehood into several types of falsitiesand proposed "n-symbol-valued refined neutrosophic logic" (NSVRNL). In
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this manuscript, we use the NSVRNL and propose n-valued refined neutrosophic crisp set. We also establish some
of its set-theoretical operations. The proposed set is generalization of existent set NCS.
2. Preliminaries

In this section, we recall some basic concepts relevant to the upcoming sections. For more details on the concepts
presented in the section (return to the refs, [4], [24]).

I. Neutrosophic Crisp Set (NCS) [4].

Let G be a non-empty fixed set. The form Q =< A, B, C > is called (NCS). Hear A, B and C, represent the set of
"memberships","indeterminacies” and "non-memberships" respectivelyof elementsof G to Q, where A,B,C are
subsets of G.

I1. n-Valued Refined Neutrosophic Logic [24].

The neutrosophiclogic value of a given proposition hasthe values, A =(truth), B =(indeterminacy), and C =
(falsehood). Smarandache have defined two types of n-valuedlogic, symbolicand numerical.

1 - The n-symbol-valued refined neutrosophic logic (NSVRNL).

In general: C can be split into many types of falsities Cy; C,;... C, B into several types of indeterminacies: By; B,;...
B,, and A into several types of truths: A;; A,;... Ap, where all p,r,s > 1are integers, and n = p+r+s. All subcomponents
Ai; Bj; Care symbolsfor all i €{1,2,...p}, forall j €{1,2,.., r}, and for all k €{1,2,.., s}.

2 - The n- numerical-valued refined neutrosophic logic (NNVRNL).

In sameway, but allsubcomponents A;; B;; Cy are notsymbols, but subset of [0,1], forall i €{1,2,..,p}, for all j
€{1,2,.,r} and for all k €{1,2,.., s}. In this manuscript, we use the NSVRNL and propose n-valued refined
neutrosophic crisp set as follows:

3. n-Valued Refined Neutrosophic Crisp Set (vnc™-set).

In this section, we define the notion of vnc™-set and give some illustration examples.
3.1. Definition

Let G be a nonempty fixed set. The form Q = < Ay,..., Ay; By,..., By Cy,..., Cs > is called an n-valued refined
neutrosophic crisp set (for short, vnc™-set ), where A, ..., Ay; By, ..., Brand Cy, ..., C; are subsets of G. Here, A,,...,
Ay By,..., Brand Cy,..., Cq, are called membership sets; indeterminacy sets and non-membership sets, respectively of
vnc"-set Q, where all p, r, s = 1 are integers, and n= p+ r+s. The set of all vnc™-sets over G will be denoted by
VNCSg. The following special cases can be obtained from the above definition.

Case (1): Quadripartitioned neutrosophic crisp set or (vnc*-set).
3.2. Example

Let G = {hy hy h3 hy, hs} be a nonempty fixed set. Let the indeterminacy B be refined (split) as B; = unknown and
B, = contradiction. A;, B4, B, and C; are subsets of G,
n=4 =1+ 2+1. Then, we can write the vnc*-set Q as follows: Q = < {h,}; {hs}, {hs hs}; {hi} >.

Case (11): Pentapartitioned neutrosophic crisp set or (vnc3-set).
3.3. Example

Let G = {hy hy h3 hy, hs} be a nonempty fixed set. Let the indeterminacy B be refined (split) as B; = unknown, B,

= ignorance and B3 = contradiction. A;, B, B, Bz and C; are subsets of G,
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n=5=1+3+ 1 Then, we can write the vnc5-set Q as follows: Q = < {h.}; {h,}, {h.}, {hs}; {hs, hi} >.
Case (111): Hexapartitioned neutrosophic crisp set or (vnc®-set).
3.4. Example

Let G = {h; hy hs hy, hs} be a nonempty fixed set. Let the truth A be refined (split) as A;= absolute truth and A,=
relative truth, the indeterminacy B be refined (split) as B; = absolute indeterminacy and B, = relative indeterminacy
and the falsity C be refined (split) as C; = absolute falsity and C, = relative falsity. A;, A,, By, B,, C;and C, are
subsets of G, n=6 =2 + 2 + 2. Then, we can write the vnc®-set Q as follows:

Q= <{h:}, {ha}; {h.}, {ns}; {h2}, {hs hs} >.

3.5. Definition

Let Q =<Ay,..., Ay By,..., By Cy,..., Cs > € VNCSG. If AinB; = empty, AinCy = empty and B;NCy = empty, where
i€ {1,2,,,,p}, j€ {1,2,,,,r} and ke {1,2,,,,5}, then the vnc™-set Q is called star vnc™-set (for short, svnc"-set).
3.6. Definition

Let Q =<Ay,..., Ay By,..., By Cy,..., Cs> € VNCSG. If the union of all subcomponents, A;,..., Ap; By,..., B; Cy,..., Cs
equals G and AinB; = empty, AinC, = empty and B;nC, = empty and, where i€ {1,2,,,,p}, j€ {1,2,,,,r} and ke
{1,2,,,,5}, then the vnc"-set Q is called an 2star-vnc"-set (for short, 2svnc™-set).
3.7. Definition

Let Q=< A;,..., Ay By,..., B; Cy,..., Cs > € VNCSG. If the union of all subcomponents, Ay,..., Ay; By,..., By Cy,..., Cs
equals G and AinB;nNCy = empty, where i€ {1,2,,,,p}, j€ {1,2,,,,r} and ke {1,2,,,,s}, then the vnc"-set Q is called an
3star vnc™-set (for short, 3svnc™-set).
The set of all svnc"-sets, 2svnc"-sets and 3svnc"-sets over G will be denoted by SVNCSg , 2SVNCSE and 3SVNCSE,
respectively.
4. Operations of n-Valued Refined Neutrosophic Crisp Set.

Since our goal is to build the tools to develop n-valued refined neutrosophic crisp set. we will organize the existing
definitions into three types in each type these operations will be consistent and functional . As follows:
(( Operations of svnc™-set, Type 1))
4.1. Definition

LetQ=<Ay,..., Ay By,..., B Cyye, Cs>and W =< Xy, Xp; Yoo, Y 24,y Zo > € VNCSE. Then,

= The vnc"-empty set, denoted by 3 is defined as follows:
0 =<01,... By; Grooe, Gri Gpoevoy Go >,
= The vnc"- absolute set, denoted by G is defined as follows:
G=< Gy,..., Gp; D1,y By 1.y Bs >
= The inclusion between Q and W, denoted by Q & W is defined as follows:
QEW=<A,SX;,...Ap € Xp: Y, € By,....Y, S B;: Z, € Cy,....Z. € Cs >
= The union between Q and W, denoted by Q 0 W is defined as follows:

QOW=<A;UXp, AU Xp: Bi N Yy, B N Yy Co N Zy,.,Co N Zg >,
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=  The intersection between Q and W, denoted by Q A W is defined as follows:
QAW =<A N X1, Ap N Xp; B U Yi,.,B U Yy CLU Z4,..,,Cs U Zg >
= The complement of Q, denoted by Q° is defined as follows:
Q®=<Cy,..., Cs B, BSS Ay, Ay >
= Qand W are equal, denoted by Q £ W if Q Ewandw & Q.
(( Operations of svnc™-set, Type 1))
4.2. Definition
LetQ=<Ay,.., Ay By, B Cyy, Cs>and W =< Xy, Xp; Yoo, Y 24,0, Zo > € VNCSE. Then,
= The vnc"-empty set, denoted by @ is defined as follows:
0 =< 0s,, By Dreey B Gy G >
=  The vnc"- absolute set, denoted by G is defined as follows:
G =<Gy..r, Gy} Goyenr, G @10, D >,
=  The inclusion between Q and W, denoted by Q € W is defined as follows:
QEW=<A,SX;,.Ap S Xp: B, S Y1,....B, S Y;: Z, € Cy,...,.Z. S Cs >
= The union between Q and W, denoted by Q 0 W is defined as follows:
QUOW=<AUXy,.,As UXp; BiU Y1,...,.B U Y, CiN Zy,...,.Co N Zs >,
=  The intersection between Q and W, denoted by Q A W is defined as follows:
QAW =<ANX1,Ar N Xp; B1N Y1,..B N Yy CLU Z4,...,Cs U Zg >,
= The complement of Q, denoted by Q is defined as follows:
Q% =< A%y,..., A% By,..., B CCp,nn, €S>
= Qand W are equal, denoted by Q £ W if Q EWandWw & Q.
(( Operations of svnc™-set, Type II))
4.3. Definition
LetQ=<Ay,.., Ay By, B Cyy, Cs>and W =< Xy, Xp; Yoo, Y 24,y Zo > € VNCSE. Then,

= The vnc"-empty set, denoted by @ is defined as follows:
0=<0y,.. 0p Or,.... Dy; Br,..., Bs>.
=  The vnc"- absolute set, denoted by G is defined as follows:
E =< Gyyeery Gp; Gy, Gy Gy,eony G >,
= The inclusion between Q and W, denoted by Q & W is defined as follows:
QEW=<A,SX;,...AnCXp:B, S Y1,...B, S Y. C, € Z3,....Cs C Z >.
= The union between Q and W, denoted by Q 0 W is defined as follows:
QUOW=<AUXqApUXp; B1U Yy,..B U Yy CLU Z4,...,Cs U Zg >,

=  The intersection between Q and W, denoted by Q A W is defined as follows:
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QAW =<ANX1,'Ap N Xp; BN Y1,B N Y Ci N Zs,.,Cs N Zs >
= The complement of Q, denoted by Q° is defined as follows: Q° = < A%,..., AS; BS,..., BS; CCy,..., C&>.
= Qand W are equal, denoted by Q 2 W if Q € W and W € Q.
4.4. Example
Consider example 1 in case 1.
Let Q = < {hy}; {hs}, {hs hs}; {hy, hs} >and W = < {hy hy}; {hs}, {hs}; {h:} > € VNCSE. Then,
% Typel.
= QO W=<{h}u{hyh}: {hs} n{hs}, {hs} n {hs had; {h} n {hy ha} >
= <{hy, hi}; {hs}, {ha}; {hi} >.
= QAW=<{h}n{h, h}; {hs} U {he}, {ha} U {hs ha}i {hi} U {hy b} >
= <{hz}; {hs}, {hs ha}; {hy ha} >.
= Q%=<{hy h}; {hy, hy s hy, e}, {hy, hy hs, he}; {ho} >,
% Typell.
= QU W=<{h}u{h,h}; {hs}u {hs}, {hs} U {hs ha}i {hi} 0 {hy b} >
= <{hy, hi}; {hs}, {hs ho}; {hi} >.
= QAW=<{h}n{hyhi}; {he} n {hs}, {ha} N {hs i (i} U {hy ha} >
= <{hz}; {hs}, {hs}; {hy, ha} >.
= Q“=<{hy hs hy hs, he}; {hy hy hg hy, he}, {hy, hy hs, he}; {hy, hs hs, he} >.
s Type lll.
= QU W=<{h}u{h, h}; {hs} U {hs}, {hadu {hs ha}; {hi} U {hy by} >
= <{hy, hi}; {hs}, {hs ha}; {hy, ha} >.
= QAW=<{h}n{hyh}: ths} 0 {hsk {hs} 0 £hs e {ha 0 {hy b} >
= <{ha}; {hs}, {hs}; {he} >.
= Q%=<{hy hs hy hs, he}; {hy, hy hs ha, e}, {ha, hy hs, he}; {hy, hs hs, he} >.
4.5. Corollary
= For, Type I and Type Il. If Q and W are two 2svnc™-sets, then Q A W does not have to be an 2svnc™-set.
= For, Type I and Type II. If Q and W are two 2svnc™-sets, then Q O W does not have to be an 2svnc™-set.
= For, Type I and Type Il. If Q and W are two 3svnc”-sets, then Q A W does not have to be an 3svnc"-set.
= For, Type I and Type Il. If Q are two 3svnc™-sets, then Q O W does not have to be an 3svnc™-set.
= For, Type |. If Q is an 3svnc™-set, then (Q)© does not have to be an 3svnc™-set.
Note that:
For, Type I and Type Il. Q = < {hy, hy}; {hs hs}, @ ; {hs}> and W = < {hy}; {h, hs}, @ ; {hs, hs} > are two 2svnc*-
sets. But, Q A W is not an 2svnc*-set.
For, Type I and Type II. Q = <<{hy, hy, he}; {hs ha}, @ ; {hs, hs, he}>and W = < {hy, he}; {hz he}, @ ; {hs, hy, hs} >
are two 3svnc*-sets. But, Q A W is not an 3svnc*-set.
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For, Type I and Type II. Q = < {hy, ho}; {hs hs}, @ ; {hs}>and W = < {h.}; {h,, h3}, @ ; {hs, hs} > are two 2svnc*-

sets. But, Q O W is not an 2svnc*-set.

For, Type I and Type Il. Q =<{hy, hy, he}; {hs, he}, @ ; {hy, hs, he}>and W = < {hy, he}; {hy, he}, @ ; { hy, hs, hy, hs}

> are two 3svnc*-sets. But, Q O W is not an 3svnc*-set.

4.6. Proposition
Let Q, £ and W € VNCSZ. Then,

Q €G.
- BEQ
QEQ
= IfQ EWandWCE thenQCE
Proof. It is clear.
4.7. Proposition
Let Q, £ and W € VNCSE. Then,

= QUQ=QQNnQ=Q

- Q08=QQnB=0.

» Q0G=G,QAG=0Q.

= (QAW)AE=QAWNAE)
» QOW)0£=Q0wDg)
= (@)°=Q

= For, Type I and Type Il the equalities Q 0 Q%+ G and Q A Q%+ 3 are in general not true.

= For, Type 11, Q0 Q° =G, Q A Q%= B, (in general).

Proof. It is clear.

4.8. Proposition
Let Q and W € VNCSE. Then,

= (QAW)°=Q° D WE.

= (QOW)°=Q°AWE.

Proof.

For, Type I.

(Q AW)C = (< Ay N Xqyeeey Ap N Xp; B1U Y4y, BLU Y CLU Z4,..,Co U Z>)C
=< CiUZ4,..,.CoU Zg; (B1U Y (B, U Y AL N X,y Ap N Xp >
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=<CiUZ4,...CoU Zs, BN (Y)S,..., BN (V) AL N Xy, Ao N X >
=< Cpny Cg; (BY)C,oos(B)S; Ay Ap > 0 < Zyyy Zs; (Y)Cries (YD) Xy, Xp >
= (< Agye Ap; Burooy By Copeey Co>)° 0 (< Xy, Xp; Yoo Y5 Zan Zo>)° = Q€ O WE,
Similarly, we can prove (2).
For, Type Il.
(QAW)C = (< Ay N X1, Ap N Xp; B1 N Y4,.,B N Y CLU Zy,..,Co U Zg >)C
= < (AN X% (Ae N Xp)% (BN YY), (B N Y (CLU Zy)5,...,(CoU Z)© >
=< (A1) U (X0)%0(A)° U (Xp)S; (B U (Y1)©,onns(B) U (YD) (C)C N (Z0)°,, (C)° N (Z)° >
= < (A)C e (Ap)C; (B1)C,.oes(B)C; (C1)Cons (C) > T < (X0)C,ens(X6)C; (Y1), (YD) (Z0)Conn, (Z9)C >
= (< Agyees Ap; Burosy By Coree, Co>)C 0 (< Xy, Xpi Yar Yo Zgyn, Zs>)° = Q€ O WE,
Similarly, we can prove (2).
For, Type IlI.
(QAW)® = (< Ay N X1,e0Ap N Xp; B1 N Y1,.Br N Y Ci N 2y, Co N Z>)C
=< (AN X)% o (Ar N Xp)S; (B1 N Y1)C,, (B N YY) (Co N Zy)°,..,(Cs N Z)© >
= < (A)°U (X)), (AR)C U (Xp)% (B U (YD)S,.... (BT U (Y5 (C) U (Z0)C,..., (CY° U (Z)° >
= < (A)%1s(AR); (B)C,ees(B)C; (C1)C ey (C)° > 0 < (X0)%1oers(Xp)%; (YD)Croees (YD (Z0)C (Z9) >
= (< Agyeo Ap; Buyoos, By Copey Co>)° 0 (< Xy, Xp; Yo, Yo Zayen, Z5>)° = Q€ 0 WE,
Similarly, we can prove (2).
4.9. Definition
Let f: G » K be a mapping, Q = < A;,..., Ay, By,..., By; Cy,..., Cs > € VNCSE,
W =< Xy, Xp; Y1,y Yi; Zy,..., Zg > € VNCSR. Then,
o The imageof Q underf, denoted by f(Q) € VNCSE, is definedas:
f(Q) = < f(Ay),..., f(Ap); f(By),..., f(B)); f(Cy),..., F(Cs) >.
o The preimage of W under f, denoted by f~*(W) € VNCSg, is defined as:
fHW) = < £75(Xy),, £7H0OK); £ (YD), £71(Y0); £71(20), o, £7H(ZS) >,
4.10. Corollary
Let f: G - K be a mapping,
Q=<A;,..., Ay By,..., By Cy,..., Cs > € VNCSE,
Qi = <Au,.., Agp; Big,.r, By Cig,eoy Cis > € VNCSE,
W =<Xy,, Xp; Y0, Yi; 24,y Zg > € VNCSR,
Wi = < X1, Xap; Yty Y Zag,eon, Zis > € VNCSE. Then,
» W, EWeo f1(Wy) E FLW).

= uEQef(Q)EQ.
» Q& f1(f(Q)), and if f is an injective, then Q = f~1(f(Q)).
«  f(f~1(W)) € W, and if f is a surjective, then f(f~1(W)) = W.
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£71(W; O W) = £~1(Wy) O £-1(W).
= FLWL A W) = F1(Wy) A FL(W).
= f(Q:0Q =f(Q) U Q.
»  f(Q, 7 Q) € f(Qu) A f(Q) and, if f is an injective, then f(Q; A Q) = f(Qy) A Q).
- (@) =0, (K) G.
. f(a) :a and f(ﬁ) =R, iffisa surjective.
Proof. Straightforward,
6. Conclusion
We used the NSVRNL and proposed n-valued refined neutrosophic crisp set with some of its set-theoretical
operations. We can propose a group decision making method based on vnc™-sets (In particular, n=4 or 5 or 6), and
give algorithm of proposed method. We hope that the results of this study will be useful for resear-chers to present

additional new studies on the n-valued refined neutrosophic crisp sets .
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