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Abstract

In this paper, we have introduced the concept of nk‘ﬁ *(ny) by using CLya({n1}) where ny € N via Na-

open sets. Also we have introduced the spaces called Nv7#°-space and N1/#!-space.
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1 Introduction

Fuzzy set (F'S) was introduced by Zadeh [13] and after C. L. Chang [4] introduced Fuzzy Topological Spaces
(F'T'S) and Many authors converted general topological spaces in the context of Fuzzy Topological Spaces.
The concept of Intuitionistic Fuzzy set ({ F'S) was introduced by Atanassov [2], some more Intuitionistic Fuzzy
set new results are derived by Smarandache, Florentin, Said Broumi, Mamoni Dhar and Pinaki Majumdar [10]
which is the generalization of Fuzzy set. Later Coker [5] by using the notion of Intuitionistic Fuzzy Set
and derived the concept of Intuitionistic Fuzzy Topological Spaces (I F'T'S), The concept of Neutroscopic
Set (IV.S) was first given by F. Smarandache ([8], [9], [10]). By using the notion of Neutrosophic set many
fields have been developed, Analysis of Neutrosophic multiple regression, Intuitionistic Neutrosophic Soft
Set, Neutrosophic -Open and closed Maps, New Neutrosophic Sets via Neutrosophic Topological Spaces([3],
[6], [11], [12]), A. A. Salama and S. A. Alblowi [7] presented the concept of Neutroscopic Topological Space
(NT'S). Neutrosophic a-open set in Neutroscopic Topological Space was introduced by I. Arokiarani et al.[1].

Definition 1.1 (1). A neutrosophic set A in a neutrosophic topological space is called a neutrosophic a-open
set (briefly NaOS5), if A C Nint(Ncl(Nint(A))). The complement of neutrosophic a-open set is called
neutrosophic a-closed set.

2 Onnky“(A) via No-open sets

Definition 2.1. (a) Let N be aNTS and n € N. A subset Ny of N is called as Na-nbhd of n 3 Na-open set
Ns such that n € Ny C Nj.

The collection of all Na-nbhd of n € N is called Na-neighbourhood system at n and shall be denoted by
NBHy(n).

(b) Let N be a NTS and N; be a subset of N, A subset Ny of N is said to be Na-nbhd of N; 3 Na-
open set M such that Ny € M C No.

(c) Let Ny be a subset of N. A point ny € N is said to be Na-interior point of Ny, if Ny is an NBH o (n1).
The set of all N a-interior points of N is called an N a-interior of N7 and is denoted by NBH y,(n1).

(d) No-interior of N7 is the | of all Na-open sets C Np and it is denoted by INTna(N7). INTNa(N7) =
U{M : M is a Na-open set and M C Ny}.

Doi :https://doi.org/10.54216/1JNS.160101 9



International Journal of Neutrosophic Science (IJNS) Vol. 16, No. 1, PP. 09-15, 2021

(e) Na-closure of Ny is the () of all Na-closed sets D N7 and it is denoted by CLya(N7). CLya(N7) =
(M : M isa Na-closed set and Nw C M}.

(f) bigcap of all N a-open subsets of (N, 7,) containing N is called the N a-kernel of Ny (briefly, nkﬁ “(N1))-
nk}*(Ni) = N{M € Na(N, my): Ny C M}.

(9) Let n € Ny. Then Na-kernel of n is denoted by nky*({n}) = N{M € Na(N, 7y) : n € M}.
CLNOé(Nl) = ﬂ{M N1 C M e NQ(N, TN)}.

Theorem 2.2. A subset N1 of NTS (N, 7n) is Na-open if it is a N a-neighborhood of each of its points.

Proof. Let a subset N7 of a NTS (X, 7) be Na-open. Then for every n € N1, n € N; C Ny, and therefore
N is a Na-neighborhood of each of its points.
O

Theorem 2.3. Let N be NTS (N, 7n). If Ny is Na-closed subset of N and n € CLya(Ny) iff for any
Na-neighborhood N of nin N, N N Ny #n.

Proof. Let us assume that there is an N a-neighborhood M of the point n in IV such that M N N7 = Op. There
exist an Na-open set P of N such thatn € P C N. Therefore we have PN N; = Oy andson € N — P.
Then CLy«(N1) € N — P and therefore n ¢ CLyca(N7), which is the contradiction to the hypothesis
n € CLya(Ny). Therefore N N Ny # Op.

Conversely, n ¢ CLya(Ny), then there exists a Na-closed set P of N such that Ny C P andn ¢ P.
Thusn € N — Pand N — P is Na-open in N and hence N — P is an Na-neighborhood of n in N. But
N1 N (N — P) = 0y which is a contradiction. Hence n € C Ly« (Ny).

O

Theorem 2.4. Let N be NTS (N, 7n). Then for any nonempty subset Ny of N, nkﬁa(Nl) ={neN:
C'LNa({n}) NN, # ON}.

Proof. Letn € nkﬁa(Nl). Suppose that CLya({n}) " Ny = Oy. Then Ny C N — CLya({n}) and
N — CLya({n}) is Na-open set containing N; but not n, which is a contradiction.

Conversely, let us assume that n ¢ nkzﬁ“(Nl) and CLya({n}) N N1 # Oy. Then there exist a Na-open
set D containing N7 but not n and 0 € CLya({n}) N N1. Hence Na-closed set N — D contains n, and

{n} C N—D,o0¢ N — D. This is a contradiction to o € CLya({n}) N A. Therefore x € nkﬁa(Nl).
O

Definition 2.5. In a NTS (N, 7n), a NS N; is said to be weakly ultra- N a-separated (briefly, ||wul|| Na-
separated) from a set Ny if there exists an Na-open set M such that Ny C M and M N Ny, = Oy or
Ni N CLNO((NQ) =0pn.

By the previous definition and theorem, we have the following n, o € N of a NTS,

CLya({n}) = {o: {n} is not ||wul|| Na-separated from {n}}

nkﬁ“({n}) = {o: {o} is not ||wu|| Na-separated from {o}}

Definition 2.6. For any point n of a space (N, 7y) is called
(a) Na-derived (briefly, Dﬁ,a({n})) set of n is defined to be the set.

Dﬁa({n}) = CLya({n}) — {n} = {o: 0 # nand {0} is not ||wul|| Na-separated from {n}},
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(b) Na-shell (briefly, Shino({n})) of a singleton set {n} is defined to be the set.

Shana({n}) = nkY*({n}) — {n} = {0 : 0 # nand {n} is not |wu|| Na-separated from {0} }.

Definition 2.7. Let N be NTS (N, 7). Then we define
(a) Dg\,]\;*) ={n:n € N and Dﬁa({n}) =0n},
(b) SEN) = {n:n € N and Shona({n}) = On},

(¢) Na < n >= CLya({n}) Nnky*({n}).

Remark 2.8. Let ny, no € N. Then
(a)ng € nkgo‘({nl}) <= n; € CLya({nz2}).

(b) n2 € Shuna({m}) < m1 € DY, ({m}).

Theorem 2.9. Let ni, ny € N. Then the following conditions hold.
(a) ng € CLya({n1}) = CLya({n2}) C CLya({n1}).

(b) na € nk*({m1}) = nkY*({n2}) C nki*({m}).

Proof. (a) Let ng € CLya({nz2}). Then {ns} is not ||wul|| Na-separated from {n2}. So there exists an
Na-open set M containing ng such that M N{ny} # ¢. Hence no € M and by assumption M N{ny} # On.
Hence {ns} is not ||wu|| Na-separated from {n,}. So ng € CLya({n1}). Therefore CLya({n2}) C
CLya({n1}).

(b) Let ng € nkﬁa({ng}). Then {ng} is not ||wu| Na-separated from {n3}. So ny € CLya({ns}).
Hence CLya({ng2}) € CLya({n3}). By assumption ny € nk}*({n1}) and then n; € CLya({nz}). So
CLya({n1}) € CLya({ns2}). Ultimately CLya({n1}) € CLya({ns}). Hence n; € CLya({ns}), that
is ng € nky“({n1}). Therefore nk}*({na}) C nki*({n1}).

O

Recall that a subset NV of (N, 7) is called a degenerate set if IV is either a null set or a singleton set.

Theorem 2.10. Let nq, no € N. Then,

(a)Vny € (N, 7N), Shana({x}) is degenerate <= ny, na € (N, 7n), n1 # na, Dﬁa({nl})ﬂD]#Va({ng}) =
On,

(b) Vn1 € (N,7n), Dﬁa({nl}) is degenerate <= Vni, no € (N,7n), n1 # na2, Shino({n1}) N
Sh*NQ({nl}) = ON.

Proof. (a)Let D¥_({n1})ND%  ({n2}) # On. Then there exists ans € (N, 7y) such thatng € D%_({n1})
and ng € Dﬁa({nQ}). Then ng # ng # ny and ng € CLya({n1}) and ng € CLya({nz2}), that is
ni, ng € nkiy*({ns}). Hence nk)*({n3}) and so Sh.na({ns}) is not a degenerate set.

Conversely, let ny, na € Shina({ns}). Then we get ny # n3, n1 € ’I’Lk‘ga({ﬂg}) and no # ns,
ny € nkj*({ns}) and hence n3 is an element of both C'Ly({n1}) and CLya({nz}), which is a contra-

diction.

(b) Obvious.
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Theorem 2.11. Ifny € Na < ny >, then Na <ni >= Na < ng >.

Proof. I ng € Nao < ny >, then ny € CLya({n1}) Nnky*({ni}). Hence ny € CLya({n1}) and
ng € nkg“({nl}) and so we have CLya({nz2}) € CLya({n1}) and nkﬁo‘({ng}) C nkﬁ“({nl}) Then
CLya({n2}) N nk‘g(’({ng}) C CLya({ni1}) N nkﬁa({nl}) Hence Nao < ng >C Na < n; >. The
fact that ny € CLya({n1}) implies n; € nkﬁo‘({ng}) and ng € nkgo‘({nl}) implies nqy € CLya({ns2}).
Then we have that Nao < n; >C Na <ng >. So Na <n; >= Na < ng >.

O

Theorem 2.12. For all ny, ne € (N, 7n), either Na < n1 > NNa < ng >= 0y or Na < n; >= Na <
ng >.

Proof. Nao < nj > NNa < ng ># On, Ing € (N, 7y) such thatng € Na < ny >andnsz € Na < ng >.
So by the previous theorem, Na < ng >= Na < n; >= Na < ny >. Hence the result.
O

Theorem 2.13. For any two points ny, ne (N, Tn), the following are equivalent.
(a) nkY*({n1}) # nki*({na}).

(b) CLya({ni}) # CLya({na}).

Proof. (a) = (b) Let us assume nkgo‘({nl}) # nkﬁo‘({ng}), dng € nkﬁa({nl}) but ng ¢ nkﬁa({ng})
As n3 € nky*({mi}), m € CLya({ns}) and CLya({n:}) € CLya({n3}). Also we have taken
ns ¢ nkﬁa({ng}), CLya({ns}) N{n2} = 0y, so CLya({n1}) N {n2} = On and so {na} is ||wu| Na-
separated from {n;} and hence we get that no ¢ CLya({n1}). Hence CLya({n1}) # CLya({nz2}).

(b) = (a) Suppose CLya({n1}) # CLya({na}), 3Inzg € CLya({n1}) but n3 ¢ CLya({n2}). So,
we get an N a-open set containing ng and n; but not ny. That is no ¢ nkﬁ“({nl}) Hence nkﬁ"({nl}) %

nkﬁo‘({ng})
O

Definition 2.14. A NT'S (N, 7y) is said to be a N7 %-space if every Na-open set contains the N a-closure
of each of its singletons.

Definition 2.15. An NT'S (N, 7y) is said to be N1#!-space if for ny, ny in N with CLya({n1}) #
CLya({n2}), 3 disjoint Na-open sets N1 and Ny such that CLya({nq} is a subset of N1 and CLya({n2}
is a subset of 5.

Lemma 2.16. Let (N, 75) be a NTS andny € N. Thennsy € nkgo‘({nl}) <= ny € CLya({n2}).

Proof. Suppose that ny ¢ nkg *({n1}). Then 3 Na-open set N, containing n; such that n; ¢ Ny. Therefore
we've ny ¢ CLya({n2}). O

Theorem 2.17. [fa NTS(N, 7n) is N¢#'-space, then the NTS(N, 7n) is Ny #°-space.

Proof. Let N7 be an Na-open and ny € Ni. If ng ¢ Ny, then since nq ¢ CLya({nz2}), CLya({ni}) #
CLya({n2}). Hence, 3 Na-open set N,,, such that CLy«a({nz2}) C N, and N,,,, = na ¢ CLya({n1}).
Thus CLya({ni}) C N;. Therefore (N, 7y) is Ny -space. O

An NTS(N, 7y) is Ny#!-space <= for ny, ng € N; nkY*({n1}) # nk*({na}), 3 disjoint Na-
open sets N1 and Ny such that CLy«a({n1}) C Ny and CLy«a({n2}) C No.

Theorem 2.18. An NTS(N, 7v) is a Nv#C-space <= for anyny andny in N, CLya({n1}) # CLya({nz})
implies CLya({n1}) N CLya({n2}) = On.

Proof. Necessity : Assume (N, 7)) N1#%-space and ny, ny € N suchthat CLya({n1}) # CLya({na}).
Then, 3ng € CLya({n1})suchthatng ¢ CLya({nz2}) (ng € CLya({n2}))suchthatns ¢ CLya({ni}).
3 Ny € NaO(N, 7y) such that no ¢ Ny and n; € Na; hence ny € N,. Therefore, we've ny ¢
CLya({n2}). Thus ny € N1/CLya({n2}) € NaO(N, 1), = CLya({n1}) C N1/CLya({n2})
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and CLNa({nl}) n CLNOé({’I’LQ}) =0p.

Suf ficiency : Let No € NaO(N, 7y) and let ny € Na. We’ll prove that CLy«a({n1}) C Ns. Really,
let no ¢ No, ie.,ne € N/Na. Then ny # ng and ny ¢ CLya({n2}). This shows that CLya({ni}) #
CLya({nz2}). By assumption, CLya({n1}) N CLya({n2}) = On. Hence ny ¢ CLya({n1}). Therefore
CLNa({nl}) C Nos. O

Theorem 2.19. A NTS(N, 7v) is a Ny#%-space <= for any points ny and ns in Ny, nkﬁo‘({nl}) #
nk*({na}) implies nk‘g"({nl}) N nkﬁa({ng}) = 0.

Proof. Suppose that (N, 7y) is a N4#%-space. For any points ny and ng in N if nk}* ({n1}) # nk}*({n2})
then CLya({n1}) # CLya({n2}). Now we prove that nkﬁo‘({nl}) N nkﬁo‘({nQ}) = Opn. Assume that
ng € nky*({n1}) N nki*({n2}). By ng € nky*({n1}), it follows that n; € CLya({ns}). Since n; €
CLya({n1}), by the above Theorem CLy«a({n1}) = CLy«a({ns}). Similarly, we have CLya({ns}) =
CLya({ns}) = CLya({n1}). This is a contradiction. Therefore, we have nkga({nl}) N nkﬁa({ng}) =
On.

Conversely, let (N, 7x) be a NT'S such that for any points 1, and ng in N, nk*({n}) # nk}*({ns})
implies nkﬁa({nl})ﬂnkﬁ“({ng}) =0y.IfCLya({n1}) # CLya({nz2}), nkﬁo‘({nl}) # nkﬁa({ng})
Therefore nk}®({n1}) N nkY*({n2}) = On which implies CLya({n1}) N CLya({n2}) = On. Because
ng € CLya({n1}) implies that n; € nkﬁo‘({ng}) and therefore nkﬁ“({nl}) N nkﬁ“({ng}) # On. By
hypothesis, therefore we have nk)*({n1}) = nki*({ns}). Then ny € CLya({ni}) N CLya({n2})
implies that nkﬁa({nl}) = nkﬁo‘({ng}) = nkﬁa({ng}) This is a contradiction. Therefore, C Ly a({ni})N
CLya({ns}) = Oy is a Ny#O-space. O

Theorem 2.20. Fora NT'S(N, Tn), the following properties are equivalent:
(a) (N, 7n) is a Ny#O-space;

(b) Forany nonempty NS N1 and H € NaO(N, Tn) such that NyNH # Oy, 3 F € NaC(N, 1) such
that NN F # 0y, and F C H;

(¢) Any H € NaO(N, 7n), H=U{F € NaC(N, 7y)/F C H};
(d) Any F € NaC(N, 7n), F =({H € NaO(N, 7v)/F C H};
(e) Foranyny, € N; CLya({n1}) C nkga({m})

Proof. (a) = (b) Let Ny be a nonempty NS of N and H € NaO(N, 7y) such that Ny N H # Op.
dny € NyNH. Since ny € H € NaO(N, 7n), CLya({n1}) € H. Set F = CLy«a({n1}) then
F € NaC(N, 7x), F C Hand Ny N H # Oy.

(b) = (c¢) Let H € NaO(N, 7n), then H D |J{F € NaC(N, 7y)/F C H}. Let ny be any point
of H. 3 F € NaC(N, 7n) such that n; € F and F C H. Therefore, we have n; € F C |J{F €
NaC(N, tn)/F C H} and hence H = |J{F € NaC(N, 7~)/F C H}.

(¢) = (d) This is obvious.

(d) = (e) Let ny be any point of N and ny ¢ nk}*({n1}). 3Q € NaO(N, 7x) such that n; € Q and
Nno Q_f Q; hence CL]\MZY({TM}) N = 0n. By (d)(ﬂ{H € NOZO(N, TN)/CLNOé({TLQ}> C H} NQ =0y
and 3 H € NaO(N, 1) such that ny ¢ H and CLya({ns}) C H. Therefore, CLya({n1}) NG = Oy
and ny ¢ CLya({n1}). Consequently, we obtain CLya({n1}) C nky*({ni}).

() = (a) Let H € NaO(N, 7y) and ny € H. Letny € nkl*({n1}) then n, € CLya({n2}) and
ny € H. This implies that nkga({nl}) C H. Therefore, we obtain n; € CLya({n1}) C nkﬁa({nl}) C
H. This shows that (N, 7x) is a N7 %-space. O

Corollary 2.21. Fora NTS(N, 7n), the following properties are equivalent:
(a) (N, 7n) is a Ny# -space.
(b) CLya({n1}) = nkgo‘({nl})for allny € N.
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Proof. (a) = (b) Suppose that (N, 7y) is a N1#%-space. By the above Theorem, CLya({ni}) C
nkj*({n1}) foreachn, € N. Letny € nk}*({n1}) thenn, € CLya({ny}) and by Theorem C Ly ({n:}) =
CLya({nz}). Therefore, no € CLya({n1}) and hence nk}*({n1}) C CLya({n1}). This shows that

CLya({n}) = nk‘g"‘({nl})
(b) = (a) This is obvious by the above Theorem. O

Theorem 2.22. Fora NTS(N, 1n), the following properties are equivalent:
(a) (N, 7n) is a Ny# -space.
(b) n1 € CLya({na}) <= ng € CLya({n1}).

Proof. (a) = (b) Assume N is a N1#'-space. Let n; € CLya({n2}) and N; be any Na-open set such
that ny € N;. Now by hypothesis, n; € Nj. Therefore, every N a-open set which contains ny contains n;.
Hence ny € CLya({n1}).

(b) = (a) Let P be an Na-open set and ny € P. If ng ¢ P, then ny ¢ CLya({n2}) and hence
ng ¢ CLya({n1}). This implies that CLya({n1}) C P. Hence (N, ) is Ny#%-space. O

Remark 2.23. Fora NT'S(N, 1), N7 -space <= Na-symmetric.

Theorem 2.24. For a NT'S(N, Tn), the following properties are equivalent:
(a) (N, 7n) is a N7 O-space.

(b) If J is an N a-closed, then J = nk’ga(J)

(¢c) If J is an Na-closed and ny € J, then nki*({n1}) C J.

(d) If ny € N, then nk}*({n1}) € CLya({n}).

Proof. (a) = (b) Obvious.
(b) = (c) In general, N; C Ny implies nky/*({N1}) C nk}[*({Nz}). Therefore, it follows from (b) that
nkY*({n}) C nkj*(J) = J.

(¢) = (d) Sinceny € CLya({n1}) and CLya({n1})is Na-closed, by (¢) nk*({n1}) C CLya({n1}).

(d) = (a) Let ny € CLya({na2}), no € nkga({nl}) Since n; € CLya({n1}) and CLya({n1})
is an Na-closed, by (d) we obtain ny € nkﬁa({nl}) C CLya({n1}). Therefore n;y € CLya({na})
implies ny € CLya({n1}). The converse is obvious and (N, 7y) is N7 %-space. O

Lemma 2.25. Let (N, 7n) be a NT'S and let ny and ny be any two points in N such that every net in N an
Na-converging to ny an Na-converges to ny. Thenn; € CLya({nsa}).

Proof. Suppose that ny,, = y for each n € N. Then {ni,}nen is a net in CLya({n2}). By the fact
that {n1,, }nen an Na-converges to y, then {nq, }necn an Na-converges to n; and this means that n; €
CLNCV({TLQ}). O

Theorem 2.26. For a NT'S(N, Tn), the following properties are equivalent:
(a) (N, 7n) is a Ny#O-space.
(b) If n1, n2 € N thenns € CLya({n1}) <= every net in N, Na-converging to na Na-converging to ny.

Proof. (a) = (b) Let ny, ny € N such that ng € CLya({n1}). Let {n1,}aca be anetin N such that
{n1a}aca an Na-converges to ny. Since ne € CLya({n1}), we have CLya({n1}) = CLya({n2}).
Therefore ny € CLya({n2}). This means that {n;, }oca an Na-converges to n;. Conversely, let ny, ns €

N such that every net in N an Na-converging to ne an Na-converges to 1. Then ny € CLya({nz2}), we
have CLya({n1}) = CLya({nz2}). Therefore no € CLya({n1}).

(b) = (a) Assume that n; and ny are any two points of N such that CLya({n1}) N CLya({n2}) # On.
Let n3 € CLya({n1}) N CLya({nz2}). So 3 anet {n1,}aeca in CLya({n1}) such that {ny,}aca an
Na-converges to ns. Since ng € CLya({n1}) then {n1,}aca an Na-converges to ny. It follows that ny €
CLya({n1}). By the same token we obtain n; € CLya({n2}). Therefore CLya({n1}) = CLya({ns2})
and (N, 7y) is a Ny 9-space. O
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