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Abstract
In this paper, we would like to state well-known Ostrowski inequality via φ− λ−convex in 1st kind by using
the SVN-Reimann integrals. In addition, we establish some SVN-Ostrowski type inequalities for the class
of functions whose derivatives in absolute values at certain powers are φ − λ−convex in 1st kind by using
different techniques including Hölder’s inequality and power mean inequality. We are introducing very first
time that the class of φ−λ−convex in 1st kind, which is the generalization of many important classes including
class of h−convex, Godunova-Levin s−convex, s−convex in the 2nd kind and hence contains class of convex.
It also contains class of P−convex and class of Godunova-Levin functions. In this way we also capture the
results with respect to convexity of functions.
Keywords: Ostrowski inequality, φ− λ−convex in 1st kind, Single valued Neutrosophic sets.

1 Introduction
In this section, from literature, we recall and introduce some definitions for various convex.

Definition 1.1. 3 A function η : I ⊂ R→ R is said to be convex, if

η (tx+ (1− t)y) ≤ tη(x) + (1− t)η(y),

∀x, y ∈ I, t ∈ [0, 1].

Definition 1.2. 3 A function η : I ⊂ R→ R is said to be MT−convex, if η(x) ≥ 0 and

η (tx+ (1− t)y) ≤
√
t

2
√

1− t
η(x) +

√
1− t
2
√
t
η(y),

∀x, y ∈ I, t ∈ [0, 1].

Definition 1.3. 18 The η : I ⊂ R→ R is a P−convex, if η(x) ≥ 0 and ∀x, y ∈ I and t ∈ [0, 1] we have

η (tx+ (1− t)y) ≤ η(x) + η(y).

Definition 1.4. 21 The η : I ⊂ R→ R is a Godunova-Levin convex, if η(x) ≥ 0 and ∀x, y ∈ I and t ∈ (0, 1)
we have

η (tx+ (1− t)y) ≤ 1

t
η(x) +

1

1− t
η(y).

Definition 1.5. 5 Let s ∈ [0, 1]. A function η : I ⊂ [0,∞)→ R is said to be s−convex in the 2nd kind, if

η (tx+ (1− t)y) ≤ tsη(x) + (1− t)sη(y),

∀x, y ∈ I, t ∈ [0, 1].
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Definition 1.6. 10 The the function η : I ⊂ R→ [0,∞) is of Godunova-Levin s−convex, with s ∈ [0, 1], if

η (tx+ (1− t)y) ≤ 1

ts
η(x) +

1

(1− t)s
η(y),

∀t ∈ (0, 1) and x, y ∈ I.

Definition 1.7. 34 Let h : J ⊆ R→ [0,∞) with h 6= 0. The η is an h−convex if ∀x, y ∈ I, we have

η (tx+ (1− t)y) ≤ h(t)η(x) + h(1− t)η(y),

∀t ∈ [0, 1].

Now, we are introducing the very first time the new type of convexity of functions, named as φ−convexity.

Definition 1.8. 11 Let φ : (0, 1) → (0,∞) be a measurable function. The the η : I → [0,∞) is a φ−convex,
if for all x, y ∈ I we have

η (tx+ (1− t)y) ≤ tφ(t)η(x) + (1− t)φ(1− t)η(y), (1)

∀t ∈ (0, 1).

Theorem 1.9. 33 Let ϕ : [ρa, ρb]→ R be differentiable function on (ρa, ρb) with the property that |ϕ′(t)| ≤M
for all t ∈ (ρa, ρb). Then

∣∣∣∣ϕ(x)− 1

ρb − ρa

∫ ρb

ρa

ϕ(t)dt

∣∣∣∣ ≤M(ρb − ρa)

1

4
+

(
x− ρa+ρb

2

ρb − ρa

)2
 , (2)

for all x ∈ (ρa, ρb).

Now we present the extension of definitions of fuzzy numbers and their results as from the,7,828 and.20

Definition 1.10. 4 A SVN-Number is φ : R→ [0, 1] can be defined as

1. [φ]0 = Closure({r ∈ R : Tφ(r) > 0, Iφ(r) > 0, Fφ(r) > 0}) is compact.

2. φ is Normal.( i.e, ∃ r0 ∈ R such that Tφ(r0) = 1, Iφ(r0) = 0 and Fφ(r0) = 0 ).

3. φ is SVN-convex, i.e, ∀r1, r2 ∈ R, η ∈ [0, 1]

Tφ(ηr1 + (1− η)r2) ≥ min{Tφ(r1), Tφ(r2)},
Iφ(ηr1 + (1− η)r2) ≤ max{Iφ(r1), Iφ(r2)},
Fφ(ηr1 + (1− η)r2) ≤ max{Fφ(r1), Fφ(r2)}.

4. ∀r0 ∈ R and ε > 0, ∃Neighborhood V (r0), such that ∀r ∈ R, Tφ(r) ≤ Tφ(r0)+ε, Iφ(r) ≥ Iφ(r0)−ε,
and Fφ(r) ≥ φ(r0)− ε,

Definition 1.11. 4, 22 For any (Γ1, Γ2, Γ3) ∈ [0, 1]3, and φ be any SVN-number, then Γ−level set [φ](Γ1,Γ2,Γ3) =

{r ∈ R : Tφ(r) ≥ Γ1, Iφ(r) ≤ Γ2, Fφ(r) ≤ Γ3}.Moreover [φ]
Γ

=
[
φ
(Γ1,Γ2,Γ3)
− , φ

(Γ1,Γ2,Γ3)
+

]
,∀(Γ1, Γ2, Γ3) ∈

[0, 1]3.

Proposition 1.12. 22, 30 Let φ, ϕ ∈ SV NR(Set of all SVN-Numbers) and ε ∈ R, then the following properties
holds:

1. [φ+ ϕ]
(Γ1,Γ2,Γ3) = [φ]

(Γ1,Γ2,Γ3) + [ϕ]
(Γ1,Γ2,Γ3) .

2. [ε� φ]
(Γ1,Γ2,Γ3) = ε [φ]

(Γ1,Γ2,Γ3) .

3. φ⊕ ϕ = ϕ⊕ φ.

4. ε� φ = φ� ε.

5. 1� φ = φ.
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∀Γ ∈ [0, 1].

Definition 1.13. 31 Let D : SV NR × SV NR → R+ ∪ {0}, defined as

D(φ, ϕ) = sup
Γ∈[0,1]

max
{∣∣∣Tφ(Γ )

− , Tφ
(Γ )
+

∣∣∣ , ∣∣∣Tϕ(Γ )
− , Tϕ

(Γ )
+

∣∣∣}+ inf
Γ∈[0,1]

min
{∣∣∣Iφ(Γ )

− , Iφ
(Γ )
+

∣∣∣ , ∣∣∣Iϕ(Γ )
− , Iϕ

(Γ )
+

∣∣∣}
+ inf
Γ∈[0,1]

min
{∣∣∣Fφ(Γ )

− , Fφ
(Γ )
+

∣∣∣ , ∣∣∣Fϕ(Γ )
− , Fϕ

(Γ )
+

∣∣∣} .
∀φ, ϕ ∈ SV NR. Then D is metric on SV NR.

Proposition 1.14. 31 Let φ1, φ2, φ3, φ4 ∈ SV NR and η ∈ SV NR, we have

1. (SV NR, D) is complete.

2. D(φ1 ⊕ φ3, φ2 ⊕ φ3) = D(φ1, φ2).

3. D(η � φ1, η � φ2) = |η|D(φ1, φ2).

4. D(φ1 ⊕ φ2, φ3 ⊕ φ4) = D(φ1, φ3) +D(φ2, φ4).

5. D(φ1 ⊕ φ2, 0̃) = D(φ1, 0̃) +D(φ2, 0̃).

6. D(φ1 ⊕ φ2, φ3) = D(φ1, φ3) +D(φ2, 0̃),

where 0̃ ∈ SV NR, defined by ∀r ∈ R, 0̃(r) = (0, 0, 1).

Definition 1.15. 30 Let φ, ϕ ∈ SV NR, if ∃ θ ∈ SV NR, such that φ = ϕ⊕ θ, then θ is H−difference of φ and
ϕ, denoted by θ = φ	 ϕ.

Definition 1.16. 31 A function φ : [r0, r0 + ε] → SV NR is H−differentiable at r, if ∃ φ′(r) ∈ SV NR, i.e
both limits

lim
h→0+

φ(r + h)	 φ(r)

h
, lim
h→0+

φ(r)	 φ(r − h)

h

exists and are equal to φ′(r).

Definition 1.17. 30, 31 Let φ : [ρa, ρb] → SV NR, if ∀Γ > 0,∃η > 0, for any partition P = {[u, v] : δ} of
[ρa, ρb] with norm ∆(P ) < η, we have

D

( ∗∑
P

(v − u)φ(δ), ϕ

)
< Γ,

then The φ is SVN-Riemann integrable to ϕ ∈ SV NR, we write it as

ϕ = (SV NR)

∫ ρb

ρa

φ(x)dx.

2 SVN-Ostrowski type inequalities via φ−convex in 1st kind
In this section, we are introducing very first time the concept of φ − λ−convex in 1st kind, which contain
many classes of convex in litrature.

Definition 2.1. Let λ ∈ (0, 1], φ : (0, 1) → (0,∞) be a measurable function. The the η : I → [0,∞) is a
φ− λ−convex in 1st kind if ∀x, y ∈ I we have

η (tx+ (1− t)y) ≤ tλφ(t)η(x) + (1− tλ)φ(1− t)η(y), (3)

∀t ∈ (0, 1).

Remark 2.2. In Definition 2.1,

1. If λ = 1, in (3), then we get the concept of φ−convex function.

2. If l(t) = t, and by taking λ = 1, h = lφ in (3), we get h−convex function.
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3. If λ = 1, φ(t) = 1
ts+1 with s ∈ [0, 1] in (3), then we get the class of Godunova-Levin s−convex

functions.

4. If λ = 1, φ(t) = 1
t2 in (3), then we get the concept of Godunova-Levin convex function.

5. If λ = 1, φ(t) = ts−1 with s ∈ [0, 1] in (3), then we get the concept of s−convex in 2nd kind.

6. If λ = 1, φ(t) = 1
t in (3), then we get the concept of P−convex function.

7. If λ = 1, φ(t) = 1 in (3), then we get the concept of ordinary convex function.

8. If λ = 1, φ(t) = 1

2
√
t(1−t)

in (3), then we get the concept of MT−convex function.

Lemma 2.3. Let ϕ : [ρa, ρb] → SV NR be an absolutely continuous mapping on (ρa, ρb) with ρa < ρb. If
ϕ′ ∈ CF [ρa, ρb] ∩ LF [ρa, ρb], then for x ∈ (ρa, ρb) the following identity holds:

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt⊕ (x− ρa)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρa)dt

= ϕ(x)⊕ (ρb − x)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρb)dt. (4)

We make use of the beta function of Euler type, which is for x, y > 0 defined as

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt =
Γ(x)Γ(y)

Γ(x+ y)
,

where Γ(x) =
∫∞
0
e−uux−1du.

Theorem 2.4. If Lemma 2.3 hold. Additionally, λ ∈ (0, 1], φ : (0, 1) → (0,∞) be a measurable function
with φ(t) 6= 1

t2 , D(ϕ′, 0̃) be a φ−convex on [ρa, ρb] and D(ϕ′(x), 0̃) ≤ M. Then for each x ∈ (ρa, ρb) the
following inequality holds:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤M

(∫ 1

0

(
t1+λφ(t) + t(1− tλ)φ(1− t)

)
dt

)
I(x), (5)

where I(x) = (x−ρa)2+(ρb−x)2
ρb−ρa .

Proof. From the Lemma 2.3,

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ D

(
(x− ρa)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρa)dt,

(ρb − x)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρb)dt
)
,

≤ D
(

(x− ρa)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρa)dt, 0̃

)
+D

(
(ρb − x)2

ρb − ρa
� (SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρb)dt, 0̃
)
,

=
(x− ρa)2

ρb − ρa
D

(
(SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρa)dt, 0̃

)
+

(ρb − x)2

ρb − ρa
D

(
(SV NR)

∫ 1

0

t� ϕ′(tx+ (1− t)ρb)dt, 0̃
)
,

4
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≤ (x− ρa)2

ρb − ρa

∫ 1

0

tD
(
ϕ′(tx+ (1− t)ρa), 0̃

)
dt

+
(ρb − x)2

ρb − ρa

∫ 1

0

tD
(
ϕ′(tx+ (1− t)ρb), 0̃

)
dt, (6)

Since D(ϕ′, 0̃) be φ− λ−convex in 1st kind and D(ϕ′(x), 0̃) ≤M, we have

D
(
ϕ′(tx+ (1− t)ρa), 0̃

)
≤ tλφ(t)D

(
ϕ′(x), 0̃

)
+ (1− tλ)φ(1− t)D

(
ϕ′(ρa), 0̃

)
≤ M

[
tλφ(t) + (1− tλ)φ(1− t)

]
(7)

D
(
ϕ′(tx+ (1− t)ρb), 0̃

)
≤ tλφ(t)D

(
ϕ′(x), 0̃

)
+ (1− tλ)φ(1− t)D

(
ϕ′(ρb), 0̃

)
≤ M

[
tλφ(t) + (1− tλ)φ(1− t)

]
. (8)

Now using (7) and (8) in (6) we get (5).

Corollary 2.5. In Theorem 2.4,

1. If λ = 1 in (5), one has the SV N−Ostrowski inequality for φ−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤M

(∫ 1

0

(
t2φ(t) + t(1− t)φ(1− t)

)
dt

)
I(x).

2. If λ = 1, l(t) = t, then by taking h = lφ, in (5), one has the SV N−Ostrowski inequality for h−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤M

(∫ 1

0

(t h(t) + t h(1− t)) dt
)
I(x).

3. If λ = 1, φ(t) = t−(s+1) in (5), then the SV N−Ostrowski inequality for Godunova-Levin s−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤M

(
1

1− s

)
I(x).

4. If λ = 1, φ(t) = ts−1 where s ∈ (0, 1] in (5), then the SV N−Ostrowski inequality for s−convex in 2nd

kind:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤M

(
1

1 + s

)
I(x).

5. If λ = 1, φ(t) = t−1 in (5), then the SV N−Ostrowski inequality for P−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤MI(x).

6. If λ = φ(t) = 1 in (5), then the SV N−Ostrowski inequality for convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

2
I(x).

7. If λ = 1, φ(t) = 1

2
√
t(1−t)

in in (5), then the SV N−Ostrowski inequality for MT−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ Mπ

4
I(x).

5
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Theorem 2.6. If Lemma 2.3 hold. Additionally, λ ∈ (0, 1], φ : (0, 1) → (0,∞) be a measurable function
with φ(t) 6= 1

t2 , [D(ϕ′, 0̃)]q for q ≥ 1 be φ − λ−convex in 1st kind on [ρa, ρb] and D(ϕ′(x), 0̃) ≤ M. Then
∀x ∈ (ρa, ρb) the following inequality holds:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

21−
1
q

(∫ 1

0

(
tλ+1φ(t) + t(1− tλ)φ(1− t)

)
dt

) 1
q

I(x). (9)

Proof. From the inequality (6) and power mean inequality35

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ (x− ρa)2

ρb − ρa

(∫ 1

0

tdt

)1− 1
q
(∫ 1

0

t
[
D
(
ϕ′(tx+ (1− t)ρa), 0̃

)]q
dt

) 1
q

+
(ρb − x)2

ρb − ρa

(∫ 1

0

tdt

)1− 1
q
(∫ 1

0

t
[
D
(
ϕ′(tx+ (1− t)ρb), 0̃

)]q
dt

) 1
q

. (10)

Since [D(ϕ′, 0̃)]q be φ− λ−convex in 1st kind and D(ϕ′(x), 0̃) ≤M, we have[
D
(
ϕ′(tx+ (1− t)ρa), 0̃

)]q
≤ tλφ(t)

[
D
(
ϕ′(x), 0̃

)]q
+ (1− tλ)φ(1− t)

[
D
(
ϕ′(ρa), 0̃

)]q
≤ Mq

[
tλφ(t) + (1− tλ)φ(1− t)

]
, (11)

[
D
(
ϕ′(tx+ (1− t)ρb), 0̃

)]q
≤ tλφ(t)

[
D
(
ϕ′(x), 0̃

)]q
+ (1− tλ)φ(1− t)

[
D
(
ϕ′(ρb), 0̃

)]q
≤ Mq

[
tλφ(t) + (1− tλ)φ(1− t)

]
, (12)

Now using (11) and (12) in (10) we get (9).

Corollary 2.7. In Theorem 2.6,

1. If q = 1, one has the Theorem 2.4.

2. If λ = 1 in (9), one has the SV N−Ostrowski inequality for φ−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

21−
1
q

(∫ 1

0

(
t2φ(t) + t(1− t)φ(1− t)

)
dt

) 1
q

I(x).

3. If λ = 1, l(t) = t, then by taking h = lφ, in (9), one has the SV N−Ostrowski inequality for h−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

21−
1
q

(∫ 1

0

(th(t) + th(1− t)) dt
) 1

q

I(x).

4. If λ = 1, φ(t) = t−(s+1) in (9), then one has SV N−Ostrowski inequality for Godunova-Levin s−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

21−
1
q

(
1

1− s

) 1
q

I(x).

5. If λ = 1, φ(t) = ts−1 where s ∈ [0, 1] in (9), then one has SV N−Ostrowski inequality for s−convex
in 2nd kind:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

21−
1
q

(
1

1 + s

) 1
q

I(x).

6. If λ = 1, φ(t) = t−1, in (9), then the SV N−Ostrowski inequality for P−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

21−
1
q

I(x).

6
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7. If λ = φ(t) = 1, in (9), then the SV N−Ostrowski inequality for convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

2
I(x).

8. If λ = 1, φ(t) = 1

2
√
t(1−t)

in (9), then the SV N−Ostrowski inequality for MT−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ Mπ

1
q

21+
1
q

I(x).

Theorem 2.8. If Lemma 2.3 hold. Additionally, assume that λ ∈ (0, 1], φ : (0, 1)→ (0,∞) be a measurable
function with φ(t) 6= 1

t2 , [D(ϕ′, 0̃)]q be a φ− λ−convex in 1st kind on [ρa, ρb], q > 1 and D(ϕ′(x), 0̃) ≤M.
Then for each x ∈ (ρa, ρb), the following inequality holds:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

(p+ 1)
1
p

(∫ 1

0

(
tλφ(t) + (1− tλ)φ(1− t)

)
dt

) 1
q

I(x), (13)

where p−1 + q−1 = 1.

Proof. From the inequality (6) and Hölder’s inequality36

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ (x− ρa)2

ρb − ρa

(∫ 1

0

tpdt

) 1
p
(∫ 1

0

[
D
(
ϕ′(tx+ (1− t)ρa), 0̃

)]q
dt

) 1
q

+
(ρb − x)2

ρb − ρa

(∫ 1

0

tpdt

) 1
p
(∫ 1

0

[
D
(
ϕ′(tx+ (1− t)ρb), 0̃

)]q
dt

) 1
q

. (14)

Since [D(ϕ′, 0̃)]q be φ− λ−convex in 1st kind and D(ϕ′(x), 0̃) ≤M, we have[
D
(
ϕ′(tx+ (1− t)ρa), 0̃

)]q
≤ tλφ(t)

[
D
(
ϕ′(x), 0̃

)]q
+ (1− tλ)φ(1− t)

[
D
(
ϕ′(ρa), 0̃

)]q
≤ Mq

[
tλφ(t) + (1− tλ)φ(1− t)

]
, (15)

[
D
(
ϕ′(tx+ (1− t)ρb), 0̃

)]q
≤ tλφ(t)

[
D
(
ϕ′(x), 0̃

)]q
+ (1− tλ)φ(1− t)

[
D
(
ϕ′(ρb), 0̃

)]q
≤ Mq

[
tλφ(t) + (1− tλ)φ(1− t)

]
, (16)

Now using (15) and (16) in (14) we get (13).

Corollary 2.9. In Theorem 2.8,

1. If λ = 1 in (13), one has the SV N−Ostrowski inequality for φ−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

(p+ 1)
1
p

(∫ 1

0

(tφ(t) + (1− t)φ(1− t)) dt
) 1

q

I(x).

2. If l(t) = t, then by taking h = lφ, in (13), one has the SV N−Ostrowski inequality for h−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

(p+ 1)
1
p

(∫ 1

0

(h(t) + h(1− t)) dt
) 1

q

I(x).

7
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3. If φ(t) = t−(s+1) where s ∈ [0, 1) in (13), then the SV N−Ostrowski inequality for Godunova-Levin
s−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

(p+ 1)
1
p

(
2

1− s

) 1
q

I(x).

4. If φ(t) = ts−1, where s ∈ (0, 1] in (13), then the SV N−Ostrowski inequality for s−convex in 2nd

kind:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

(p+ 1)
1
p

(
2

1 + s

) 1
q

I(x).

5. If φ(t) = t−1, in (13), then the SV N−Ostrowski inequality for P−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ 2

1
qM

(p+ 1)
1
p

I(x).

6. If φ(t) = 1, in (13), then the SV N−Ostrowski inequality for convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

(p+ 1)
1
p

I(x).

7. If φ(t) = 1

2
√
t(1−t)

in (13), then the SV N−Ostrowski inequality for MT−convex:

D

(
ϕ(x),

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤
M
(
π
2

) 1
q

(1 + p)
1
p

I(x).

2.1 SVN-Ostrowski type midpoint inequalities via φ− λ−convex in 1st kind
Remark 2.10. In Theorem 2.6,

1. If x = ρa+ρb
2 in (9), one has the SV N−Ostrowsli midpoint inequality for φ− λ−convex in 1st kind:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

22−
1
q

(∫ 1

0

(
t1+λφ(t) + t(1− tλ)φ(1− t)

)
dt

) 1
q

(ρb − ρa) .

2. If x = ρa+ρb
2 , λ = 1 in (9), one has the SV N−Ostrowsli midpoint inequality for φ−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

22−
1
q

(∫ 1

0

(
t2φ(t) + t(1− t)φ(1− t)

)
dt

) 1
q

(ρb − ρa) .

3. If x = ρa+ρb
2 , λ = 1, l(t) = t and h = lφ in (9), then the SV N−Ostrowsli midpoint inequality for

h−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

22−
1
q

(∫ 1

0

(th(t) + th(1− t)) dt
) 1

q

(ρb − ρa) .

8
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4. If x = ρa+ρb
2 and λ = 1, φ(t) = t−(s+1) in (9), then one has SV N−Ostrowsli midpoint inequality for

Godunova-Levin s−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

22−
1
q

(
1

1− s

) 1
q

(ρb − ρa) .

5. If x = ρa+ρb
2 and λ = 1, φ(t) = ts−1 where s ∈ [0, 1] in (9), then one has SV N−Ostrowsli midpoint

inequality for s−convex in 2nd kind:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

22−
1
q

(
1

1 + s

) 1
q

(ρb − ρa) .

6. If x = ρa+ρb
2 and λ = 1, φ(t) = t−1 in (9), then the SV N−Ostrowsli midpoint inequality for

P−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

22−
1
q

(ρb − ρa) .

7. If x = ρa+ρb
2 and λ = φ(t) = 1 in (9), then the SV N−Ostrowsli midpoint inequality for convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

4
(ρb − ρa) .

8. If λ = 1, φ(t) = 1

2
√
t(1−t)

in (9), then the SV N−Ostrowski inequality for MT−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ Mπ

1
q

21+
1
q

(ρb − ρa) .

Remark 2.11. In Theorem 2.8,

1. If x = ρa+ρb
2 in (13), one has the SV N−Ostrowsli midpoint inequality for φ− λ−convex in 1st kind:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

2 (p+ 1)
1
p

(∫ 1

0

(
tλφ(t) + (1− tλ)φ(1− t)

)
dt

) 1
q

(ρb − ρa) ,

2. If λ = 1, x = ρa+ρb
2 in (13), one has the SV N−Ostrowsli midpoint inequality for φ−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

2 (p+ 1)
1
p

(∫ 1

0

(tφ(t) + (1− t)φ(1− t)) dt
) 1

q

(ρb − ρa) ,

3. If λ = 1, x = ρa+ρb
2 , l(t) = t and h = lφ in (13), one has the SV N−Ostrowsli midpoint inequality for

h−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)

≤ M

2 (p+ 1)
1
p

(∫ 1

0

(h(t) + h(1− t)) dt
) 1

q

(ρb − ρa) .

4. If λ = 1, x = ρa+ρb
2 and φ(t) = t−(s+1) where s ∈ [0, 1) in (13), then the SV N−Ostrowsli midpoint

inequality for Godunova-Levin s−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ 2

1
q−1M

(p+ 1)
1
p

(
1

1− s

) 1
q

(ρb − ρa) .

9
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5. If λ = 1, x = ρa+ρb
2 and φ(t) = ts−1, where s ∈ (0, 1] in (13), then the SV N−Ostrowsli midpoint

inequality for s−convex in 2nd kind:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ 2

1
q−1M

(p+ 1)
1
p

(
1

1 + s

) 1
q

(ρb − ρa) .

6. If λ = 1, x = ρa+ρb
2 and φ(t) = t−1 in (13), then the SV N−Ostrowsli midpoint inequality for

P−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ 2

1
q−1M

(p+ 1)
1
p

(ρb − ρa) .

7. If x = ρa+ρb
2 and λ = φ(t) = 1 in (13), then the SV N−Ostrowsli midpoint inequality for convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ M

2 (p+ 1)
1
p

(ρb − ρa) .

8. If λ = 1, φ(t) = 1

2
√
t(1−t)

in (13), then the SV N−Ostrowski inequality for MT−convex:

D

(
ϕ

(
ρa + ρb

2

)
,

1

ρb − ρa
� (SV NR)

∫ ρb

ρa

ϕ(t)dt

)
≤ Mπ

1
q

2
1
q+1(1 + p)

1
p

(ρb − ρa) .

3 Conclusion
Ostrowski inequality is one of the most celebrated inequalities, we can find its various generalizations and
variants in literature. In this paper, we presented the generalized notion of φ − λ−convex in 1st kind which
is the generalization of many important classes including class of h−convex,11 h−convex,34 Godunova-
Levin s−convex,10 s−convex in the 2nd kind5 and hence contains class of convex.3 It also contains class
of P−convex18 and class of Godunova-Levin functions.21 We would like to state the SVN-Ostrowski inequal-
ity via φ − λ−convex in 1st kind. In addition, we establish some SVN-Ostrowski type inequalities for the
class of functions whose derivatives in absolute values at certain powers are φ − λ−convex in 1st kind by
using different techniques including Hölder’s inequality36 and power mean inequality.35
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Thesis ID: 361162 in tez2.yok.gov.tr Atatürk University, 2014.

20. S. Gal, “Approximation theory in fuzzy setting, Chapter 13 in Handbook of Analytic Computational Meth-
ods in Applied Mathematics (edited by G. Anastassiou)”, Chapman and Hall, CRC Press, Boca Raton,
New York, (2000), pp. 617–666.

21. E. K. Godunova, V. I. Levin, “Inequalities for functions of a broad class that contains convex, mono-
tone and some other forms of functions”, Numerical Mathematics and Mathematical Physics, (Russian),
166(1), (1985), pp. 138–142.
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