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Abstract

In this paper, we would like to state well-known Ostrowski inequality via ¢ — A—convex in 1%¢ kind by using
the SVN-Reimann integrals. In addition, we establish some SVN-Ostrowski type inequalities for the class
of functions whose derivatives in absolute values at certain powers are ¢ — A—convex in 1°? kind by using
different techniques including Holder’s inequality and power mean inequality. We are introducing very first
time that the class of ¢—A—convex in 1°¢ kind, which is the generalization of many important classes including
class of h—convex, Godunova-Levin s—convex, s—convex in the 2% kind and hence contains class of convex.
It also contains class of P—convex and class of Godunova-Levin functions. In this way we also capture the
results with respect to convexity of functions.

Keywords: Ostrowski inequality, ¢ — A—convex in 1°¢ kind, Single valued Neutrosophic sets.

1 Introduction

In this section, from literature, we recall and introduce some definitions for various convex.
Definition 1.1. @/ A function n: I C R — Ris said to be convex, if
n(tz + (1 —t)y) < tn(x) + (1 —t)n(y),
Yo,y € I,t € [0,1].
Definition 1.2. ¥ A functionn : I C R — R is said to be MT—convex, if n(z) > 0 and

Vi 1—t
N AW

ntz+(1-t)y) < n(y),

Va,y € I,t €[0,1].
Definition 1.3. '8 The  : I C R — R is a P—convex, if (z) > 0 and Vz,y € I and t € [0, 1] we have
1tz + (1= t)y) <n(x) +n(y).

Definition 1.4. ?! The y : I C R — R is a Godunova-Levin convex, if n(x) > 0 and Vx,y € I and t € (0, 1)
we have

1

Dt + (1= 1)) < Tnf@) + ().

Definition 1.5.  Let s € [0, 1]. A function 7 : I C [0, 00) — R is said to be s—convex in the 2"¢ kind, if
n(te + (1= t)y) < t'n(x) + (1 —)*n(y),

Vo,y € I,t €[0,1].
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Definition 1.6. "' The the function n : I C R — [0, 00) is of Godunova-Levin s—convex, with s € [0, 1], if

Dt + (1= 1)) < onla) + ()

(117
Vi e (0,1)and z,y € I.
Definition 1.7. *¥Let h : J C R — [0, 00) with h # 0. The 7 is an h—convex if Vx,y € I, we have
n(te + (1= t)y) < h(t)n(x) +h(1 = )n(y),
vt € [0,1].
Now, we are introducing the very first time the new type of convexity of functions, named as ¢—convexity.

Definition 1.8. W Let ¢ : (0,1) — (0, 00) be a measurable function. The the 1 : I — [0, 00) is a p—convex,
if for all z,y € I we have

n(tr+ (1 —=t)y) <td(t)n(z) + (1 —t)p(1 — t)n(y), )
vVt € (0,1).

Theorem 1.9. % Let ¢ : [p4, py] — R be differentiable function on (pa, py) with the property that |’ (t)| < M
Sorallt € (pa,pp)- Then

1 Pb 1 T — Pa-QH)b 2
) — Ddt| < M(pp — pa) | =+ [ ——2— 1 |, )
’ﬂ) m_%éaﬂ>’ =) |3+ (2

forall z € (pa, ps)-
Now we present the extension of definitions of fuzzy numbers and their results as from the 2328 and 2"
Definition 1.10. * A SVN-Number is ¢ : R — [0, 1] can be defined as
1. [¢]° = Closure({r € R: T¢(r) > 0,1¢(r) > 0, F¢(r) > 0}) is compact.
2. ¢ is Normal.(i.e, 379 € R such that T¢p(rg) = 1, I¢(rg) = 0 and Fp(rg) =0).
3. ¢ is SVN-convex, i.e, Vri,r2 € R, 17 € [0, 1]
To(nry + (1 = n)rz) = min{T¢(r1), Té(r2)},
I¢(nr1 + (1 —n)r2) < max{I¢(r1), I¢(r2)},
Eo(nry + (1 —n)rz2) < max{F¢(r1), Fo(r2)}

4. Vrg € Rand e > 0,3 Neighborhood V' (rg), such that Vr € R, T'p(r) < T'p(rg)+e, [d(r) > Id(ro)—e,
and F'o(r) > ¢(ro) — ¢,

Definition 1.11. #22 For any (I}, I';, I'3) € [0, 1], and ¢ be any SVN-number, then I'—level set [¢](/17213) =
{reR:To(r) > I, 16(r) < I'y, Fé(r) < I's}. Moreover [¢]" = ¢£F1’F2’F3),¢(+F1’F2’F3)} NI, I, Is) €
[0,1].

Proposition 1.12. 225% Let ¢, o € SV Ng(Set of all SVN-Numbers) and € € R, then the following properties
holds:

1. [p+ @](F1’F27F3) - [¢](F1,F2,1"3) + [(p}(rl,rz,ra) .
2. [e® (M(Fl,rz,rg) — M(n,rg,rg) .

3. 009 =909

4 c0p=90¢

5.106=¢.
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VI e [0,1].
Definition 1.13. *!'Let D : SV Ng x SV Ng — R, U {0}, defined as

D(évp) = 767 7| e 1D o ing win {167, 160 16, 1o
(¢, ) Fsel[%)l maX{ ) ¢ © } Fg[lmmm{ R ® }

. . () () ) ()
{0 )

Vo, o € SV Ng. Then D is metric on SV Ng.
Proposition 1.14. %/ Let ¢y, ¢, ¢3, ¢4 € SV N and € SV Ng, we have
1. (SVNg. D) is complete.
2. D(¢1 @ ¢3,02 ® ¢3) = D(¢1, ¢2).
D(n® ¢1,m © ¢2) = [n|D(¢1, P2).
D(¢1 @ ¢2,¢3 ® ¢a) = D(¢1, ¢3) + D(¢2, da).
D(¢1 & ¢2,0) = D(¢1,0) + D(¢2,0).
6. D(¢1 @ ¢a,¢3) = D(¢1, ¢3) + D(2,0),
where 0 € SV Ny, defined by Vr € R,0(r) = (0,0, 1).

Definition 1.15. *? Let ¢, o € SV Ng, if 36 € SV Ng, such that ¢ = @ 6, then 0 is H —difference of ¢ and
@, denoted by 6 = ¢ S .

Definition 1.16. ! A function ¢ : [rg, 7o + €] — SV Ng is H—differentiable at r, if 3 ¢/(r) € SV Ng, i.e
both limits

exists and are equal to ¢'(r).

Definition 1.17. 225! Let ¢ : [p,, po] — SV Ng, if VI" > 0,3n > 0, for any partition P = {[u,v] : §} of
[pa, pp] With norm A(P) < i, we have

D (Z(v - U)¢(5),w> <I,
P
then The ¢ is SVN-Riemann integrable to ¢ € SV Ng, we write it as

¢ = (SVNR) /pb ¢(z)d.

Pa

2 SVN-Ostrowski type inequalities via ¢p—convex in 1% kind

In this section, we are introducing very first time the concept of ¢ — A—convex in 1% kind, which contain
many classes of convex in litrature.

Definition 2.1. Let A € (0,1],¢ : (0,1) — (0,00) be a measurable function. The the  : T — [0,00) is a
¢ — A—convex in 1% kind if Va,y € I we have

0 (te + (1= t)y) < tot)n() + (1= tM)o(1 - )n(y), (3)
vt € (0,1).
Remark 2.2. In Definition
1. If A=1,in , then we get the concept of ¢p—convex function.

2. If I(t) = t, and by taking A = 1, h = l¢ in (3), we get h—convex function.
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3.IfA =1, ¢(t) = 2+ with s € [0,1] in (3), then we get the class of Godunova-Levin s—convex

functions.
4. IfA =1, ¢(t) = tQ in (3, then we get the concept of Godunova-Levin convex function.
5. If A =1, ¢(t) = t>"! with s € [0, 1] in (3)), then we get the concept of s—convex in 2"¢ kind.
6. IfA=1,¢(t) = , then we get the concept of P—convex function.
7. IfA=1,¢(t) = ), then we get the concept of ordinary convex function.
8. IfA=1,0() = m in , then we get the concept of MT'—convex function.

Lemma 2.3. Let ¢ : [pa, pp] — SV Ng be an absolutely continuous mapping on (pa, py) with p, < pp. If
¢ € CFrlpa, po] N LE[pa, ], then for x € (pa, py) the following identity holds:

Pb _ 2 1
© (SVNR) / o)t e L) o (syNR) / L0 (tr + (1 — t)pa)dt
Pb — Pa o Pb — Pa 0

=) (SVNR)/ t® ¢ (te + (1 — t)pp)dt. )
0

() Pb — Pa

We make use of the beta function of Euler type, which is for x,y > 0 defined as

! X
B(z,y) = /0 11 *t)yfldt _ W

)

where T'(x fo e "yt 1du.

Theorem 2.4. If Lemma 2.3\ hold. Additionally, X € (0,1],¢ : (0,1) — (0,00) be a measurable function
with ¢(t) # 7, D(¢’ ,0) be a p—convex on [pq, py] and D(¢'(x),0) < M. Then for each x € (pa, ps) the
following inequality holds.'

D <ap(w), ™ i o ©® (SVNR) /ppb gp(t)dt)
<M (/1 (o) +t(1 —tM)p(1 — 1)) dt) I(x), (5)

0

where I(x) = W.

Proof. From the Lemma [2.3]

D <<p(ac), ©® (SVNR) /pb go(t)dt)

Pb — Pa o

(w — Pa)2 ! / _
<D o O(SVNR) [ to ¢ (tr+ (1 —1t)p,)dt,
b — Pa 0

(pp — x)* 1 )
or—pa O <5VNR)/O tO (te+(1- t)pb)dt> :

(z = pa)® ! / 5
S D <pb—pa ® (SVNR)/O t® %2 (t.’L‘ + (1 — t)pa)dt,O)

D (M ® (SVNR) /1 to ¢ (te+ (1 - t)pb)dt,ﬁ) ,
0

Pb — Pa
— 2 1 ~
Il ((SVNR)/ to ¢ (tr+ (1 - t)pa)dt,O)
Pb — Pa 0
(pp — x)° ! / 3
“rﬁD (SVNR) tO ¢ (te+ (1 —t)py)dt,0 |,
b — Pa 0
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< (Zb_”;lzz /01 tD (<p’(ta: +(1— t)pa),ﬁ) dt

(pb - x)2 /1 / ~
22— 4D (Wt + (1 —t)py),0) dt,
e ) (w( (L=1)ps) )

Since D(¢',0) be ¢ — A—convex in 15 kind and D(¢'(z),0) < M, we have

D(¢'ta+(1=1)pa).0) < oD (¢/(@).0) + (1 =61 =)D (¢/(pa),0)
< M)+ (1 - tN)e(1 - 1)

D(¢/(tr+(1=1)p).0) < LoD (¢'(2).0) + (1= )61 =)D ('(p1).0)
< M [Po(t) + (1 —t)e(1 —1)] .

Now using (7) and (8) in (&) we get (3).
Corollary 2.5. In Theorem[2.4]
1. IfA=1in , one has the SV N —Ostrowski inequality for p—convex:

D (w(mh

Pb — Pa o

(6)

)

®)

® (SVNR) /pb @(t)dt) <M (/01 (FPo(t) +t(1 —t)p(1 — 1)) dt) I(x).

2. If A\ =1,1(t) = t, then by taking h = l¢, in , one has the SV N —Ostrowski inequality for h—convex:

D ((p(af), ~ ! — o (SVNVR) /pb @(t)dt) <M (/01 (¢ h(t) + ¢ h(1 — t))dt) I(=).

a

3IFA=1,¢(t) =t~ CtDin , then the SV N —Ostrowski inequality for Godunova-Levin s—convex:

Py 1
D (W), & (SVNR) / go(t)dt> <M ( ) I(2).
Pb — Pa Pa 1—s
4. If\=1,6(t) = t*~L where s € (0,1] in , then the SV N —Ostrowski inequality for s—convex in 2™
kind:
g Pb 1
D , © (SVNR / Hdt) < M I(z).
(eto) - o svam) [ i) < (1 ) 1t

5. fA=1,6(t) =t"tin , then the SV N — Ostrowski inequality for P—convex:

D <@(x) & (SVNR) / " gp(t)dt) < MI(2).

" Pb = Pa .

6. IfA=¢(t)=1in , then the SV N — Ostrowski inequality for convex:

D <np(x) © (SVNR) / " gp(t)dt) < %I(m).

"o — Pa .

7 A= 1000) = A —

Pb M
O (SVNR) / a <p(t)dt> < T 1),

D (@

inin , then the SV N —Ostrowski inequality for M'T —convex:
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Theorem 26 If Lemma [2.3| hold. Additionally, X € (0,1],¢ : (0,1) — (0,00) be a measurable function
with ¢(t) # 75, [D(¢',0)]? for ¢ > 1 be ¢ — A—convex in 1°* kind on [p,, py] and D(¢'(z), 0) < M. Then
Va € (pa, py) the followzng inequality holds:

Pb
D ((p(az:)7 O] (SVNR)/ @(t)dt)
Pb — Pa a
M L \ a
< T (M o(t) +t(1 —tM)p(1 —¢)) dt | I(x). 9)
a \Jo
Proof. From the inequality @ and power mean inequality=>
Po
D <g0(x), © (SVNR) / gp(t)dt)
Pb — Pa a

< m (/Oltdt)lé (/Olt [D (<p'(tm+ (1 —t)pa),ﬁ)}th)i

' </01t [D (go'(tac +(1 - t)pb),ﬁ)rdt>é : (10)

Since [D(¢’,0)]% be ¢ — A—convex in 1% kind and D(¢’(z),0) < M, we have

[D(¢tr+1=0p0.0)]" < o) [D(¢@.0)]"+ 1 =61 -1 [D(¢'(60).0)]'
< MO + (1= t)o(1 - 1)], (1)
[D(¢(m+(1—t)pb),6)}q < [ ( )] 41— o1 — 1) [D(wpb),ﬁ)}q
< [twm (- )61, (12)
Now using (IT)) and (T2)) in (I0) we get (9). O

Corollary 2.7. In Theorem[2.0]
1. If ¢ = 1, one has the Theorem[2.4]
2. IfA=1in @[), one has the SV N —Ostrowski inequality for ¢p—convex:

D <<p(x), o i o ® (SVNR) /ph gp(t)dt) < 25\2 </01 (£o(t) + t(1 — t)p(1 — 1)) dt> : I(z).

3. If A =1,1(t) =t, then by taking h = l¢, in @, one has the SV N —Ostrowski inequality for h—convex:

D ((p(x), ® (SVNR) / " go(t)dt) < < /O 1 (th(t) + th(1 —t))dt)él(:r).

Pb — Pa o 217%

4. IfA=1,¢6(t) = t=(+) @, then one has SV N —Ostrowski inequality for Godunova-Levin s—convex:
1
1 Py M 1 a
D SVNR t)dt | < I(x).
(pto o svavm [ et < 2 () 1)

5.1 ) =1,0(t) = t°~! where s € [0,1] in @, then one has SV N —Ostrowski inequality for s—convex
in 2" kind:

1 o M 1 \@
@SVNR/ tdt>§1< >I:17.
e (SVNR) [ et) < S (55) 1)

6. fFA=1,6(t) =t in @, then the SV N —Ostrowski inequality for P—convex:

D <<p($)7

1 Py M
D ((p(a:), 0 (SVNR) / <p(t)dt> < 1),

a
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7. IfA=0¢()=1,in @, then the SV N —Ostrowski inequality for convex:

© (SVNR) / " @(t)dt) < %I(m).

D | p(z),
< Pb — Pa “

8 IfA=1,¢6() = in @), then the SV N —Ostrowski inequality for M'T—convex:

21/t(1—¢)

I(x).

Pb Mﬂ'%

D ( p(z), ® (SVNR / t dt) < ;

(pl0) - (svam) [ ptor) < S

Theorem 2.8. If Lemma 2.3\ hold. Additionally, assume that X € (0,1],¢ : (0,1) — (0, 00) be a measurable

function with ¢(t) # 75, [D(¢’,0)]9 be a ¢ — A—convex in 15" kind on [pa, py),q > 1 and D(¢'(z), 0) < M.
Then for each x € (pa, py), the following inequality holds:

D (gp(w), p— ® (SVNR) /a go(t)dt)
M ([ vt 1
<= (/0 (Po(t) + (1 - t)p(1 t))dt) I(x), (13)

where p~t + ¢~ = 1.
Proof. From the inequality @ and Holder’s inequality=©

© (SVNR) / " ap(t)dt)

P~ Pa Pa

<Gl (P oa)” ([ o (¢ s -0 'ar)’
(ﬁz_gf </01t”dt>p (Al [D ((p’(tx—F (1 —t)pb),a)rdt>q. (14)

Since [D(¢’,0)]% be ¢ — A—convex in 15 kind and D (' (z),0) < M, we have

D (cp(w),

+

[D(eta+1-000.0)]" = o) [D(9@.0)]"+ =60 -0) [D(¢(pa).0)]"
< MI[P(t) + (1 —tNe(l —1)], (15)
p(etra-0m)] < o o (s13)] 020 o (1))
< MO + (1= t)e(1 = 1)] (16)
Now using (I5) and (16)) in (T4) we get (I3). O

Corollary 2.9. In Theorem[2.8]
1. IfA=1in , one has the SV N —Ostrowski inequality for ¢p—convex:

D (cp(a:), © (SVNR) /pb @(t)dt)

Pb — Pa o

: @ofl) </01 (t6(0) + (1 = )61 ~ 1)) dt) 1),

2. Ifl(t) = t, then by taking h = l¢, in 7 one has the SV N —Ostrowski inequality for h—convex:

- O(SVNE) / p gp(t)dt)

D (s@(x),

< M) (/01 (h(t) + h(1 — t))dt)él(a;).

(p+1
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3. Ifo(t) = t= D where s € [0,1) in , then the SV N —Ostrowski inequality for Godunova-Levin

s—convex:

D <<p(x), — ! — o (SVNR) /,, @(t)dt) < (p+Ml)5 (1 2 s)h@.

4. If ¢(t) = t°~ 1, where s € (0,1] in 7 then the SV N —Ostrowski inequality for s—convex in 2™?
kind:

D (go(m), ~ ! — o (SVNE) /p <p(t)dt> < (p+M1)i (1 2 s)%(x).

5. If(t) =t"1 in , then the SV N —Ostrowski inequality for P—convex:

Pb 2%M
D (go(ac), ©) (SVNR)/ go(t)dt) < —I(=).
Pb — Pa ° (p + 1)5
6. If p(t) = 1, in (L3)), then the SV N—Ostrowski inequality for convex:
Po M
D ((p(a:), © (SVNR) / @(t)dt) <M .
o pa : w1
7. If o(t) = 2\/15(117_15) in , then the SV N —Ostrowski inequality for M'T'—convex:
P M ()i
D <¢($)7 O (SVNR)/ @(t)dt> < #)11(56)-
Pb — Pa Pa (1 +p);

2.1 SVN-Ostrowski type midpoint inequalities via ¢ — A—convex in 1" kind
Remark 2.10. In Theorem
1. Ifx = p“Ter” in @, one has the SV N —Ostrowsli midpoint inequality for ¢ — A—convex in 1! kind:

D (cp (p“;pb> : pbipa ® (SVNR) /pb <p(t)dt>

a

1
q

1
< 5 ([ oo +ia- e -o)a) - ).

2. Ifx = ”“T‘H’b, A=1lin @, one has the SV N —Ostrowsli midpoint inequality for ¢—convex:

D (<p (p“;rp”> : pbipa ® (SVNR) /pb gp(t)dt)

a

1
q

(/01 (Bo(t) + (1 —t)p(1 — 1)) dt) (05 — pa) -

< 21

3. If o = 2otle X = 1,1(t) = tand h = l¢ in @, then the SV N —Ostrowsli midpoint inequality for

h—convex:
o 1 Pb
D <<p (” +pb> , © (SVNR) / ga(t)dt)
2 Pb — Pa

a

( / (th(t) + th(1 — 1) dt)é (05— pa).

<

1
2274
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4. Ifz = L2f2 and A = 1,4(t) =t~ in @), then one has SV N —Ostrowsli midpoint inequality for
Godunova-Levin s—convex:

Pa T Pb 1 Pb M 1 %
< - .
D (so < ) ) P— O] (SVNR)/ go(t)dt) < <1 — S) (06 — pa)

a

5. If o = LoFP and A = 1,¢(t) = ¢°~! where s € [0,1] in @, then one has SV N —Ostrowsli midpoint
inequality for s—convex in 2 kind:

P+ 1 oo M o[ 1 \*
< — [ — — 0a) -
D ((p( 5 ),pbpa ® (SVNR)/ gp(t)dt) < (1+s) (P — pa)

a

6. If x = 222 and A = 1,¢(t) = t~!in @, then the SV N —Ostrowsli midpoint inequality for
P—convex:

Pa + Pb 1 P M
< — .
D (o (252) ey [ e < S ()

Pa

7. Ifx = % and A = ¢(t) = 1in @), then the SV N —Ostrowsli midpoint inequality for convex:

D (SD (pa;rpb) L o (svNR) /pb go(t)dt) < % (06 — pa) -

7 Pb — Pa .
8. If A\ =1,¢(t) = 2\/% in (9], then the SV N —Ostrowski inequality for M T —convex:
Pa + Po 1 P Mt
D(cp( 5 >,pb_pa®(SVNR)/a o)) < T (= pu).

Remark 2.11. In Theorem
1. Ifx = p“TJ”’b in , one has the SV N —Ostrowsli midpoint inequality for ¢ — A—convex in 15! kind:

D (90 <pa ;r Pb) — i —©(SVNR) /pb ap(t)dt)
< wﬂfl) (/01 (A o(t) + (1 = t)p(1 1)) dt)q (po = pa),

2. IfA=1z= L;”’b in , one has the SV N —Ostrowsli midpoint inequality for ¢—convex:

D <<p (pa;p”> ™ i O (SVNR) /pb <p(t)dt>
< M) ( / (1(0) + (1~ (1~ t>>dt); (P — pa).

2(p+1

3.IfA=1,z= "agﬂ, I(t)=tand h =l¢in , one has the SV N —Ostrowsli midpoint inequality for

h—convex:
o 1 Pb
D(<p (p +p”>, @(SVNR)/ <p(t)dt>
2 Po = Pa pa

M 1
: 2p+1)7 (/o (h(t) + A(1 = 1)) dt) (Pb = pa) -

Q=

4. If X =1,z = L2f2 and ¢(t) = t~**1) where s € [0,1) in 7 then the SV N —Ostrowsli midpoint
inequality for Godunova-Levin s—convex:

o+ 1 P 25 IV /1 ¢
D (o (252) ot esvan) [Cpwir) < 2 () ().
oo (p+1)F \I=5

a
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50 1fA=1,2 = ’)"'T“b and ¢(t) = t*~1, where s € (0,1] in 1} then the SV N —Ostrowsli midpoint
inequality for s—convex in 2" kind:

. 1 P 25 M /1 \ ¢
D(<P<p +pb), o(svam [ w(t)dt) s() (0s — pa).
2 Pb — Pa pu (p+1)7 1+s

6. If N = 1,z = ‘)“Tﬂ”’ and ¢(t) = t~!in , then the SV N —Ostrowsli midpoint inequality for
P—convex:

"+ 1 po 2 1M
D (w (p pb) ; © (SVNR)/ w(t)dt> < ——— (o = pa)-
2 Pb ~ Pa . (p+1)»

7. If x = L2 and A = ¢(¢) = 1 in 7 then the SV N —Ostrowsli midpoint inequality for convex:

plo(P57) o vam [ ewar) < S E o ()

a

8. IfA=1,¢(t) = - in , then the SV N —Ostrowski inequality for M T —convex:

1
20/t(1—t)

Pa + P 1 /Pb ) Mra
D , © (SVNR Hdt) < (= pa) -
(e (252) 2o svin) ") < (os — p)

3 Conclusion

Ostrowski inequality is one of the most celebrated inequalities, we can find its various generalizations and
variants in literature. In this paper, we presented the generalized notion of ¢ — A—convex in 1% kind which
is the generalization of many important classes including class of h—convex,"! h—convex,** Godunova-
Levin s—convex, 1Y s—convex in the 2% kind® and hence contains class of convex? It also contains class
of P—convex!® and class of Godunova-Levin functions>' We would like to state the SVN-Ostrowski inequal-
ity via ¢ — A—convex in 1%! kind. In addition, we establish some SVN-Ostrowski type inequalities for the
class of functions whose derivatives in absolute values at certain powers are ¢ — A—convex in 1°? kind by
using different techniques including Holder’s inequality2® and power mean inequality >
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