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Abstract

In this paper, we have define the pairwise Pythagorean Neutrosophic (for short,pairwise PN) bitopological
spaces (with dependent neutrosophic components between T and F). We also study the Pairwise PN strongly
irresolvable spaces .The conditions under which pairwise PN strongly irresolvable spaces become pairwise PN
first category spaces and pairwise PN Baire spaces are also investigated.
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1 Introduction

Fuzzy sets were introduced by Zadeh [18] and he discussed only membership function. The fuzzy topology
concept was first introduced by C.L.Chang [6] in 1968.After the extensions of fuzzy set theory Atanassov [4]
generalized this concept and introduced a new concept called intuitionistic fuzzy set (IFS). Yager [16] famil-
iarized the model of Pythagorean fuzzy set.

IFS was failed to deal with indeterminate and inconsistent information which exist in beliefs system,
therefore, Smarandache [13] in 1995 introduced new concept known as neutrosophic set(NS) which general-
izes fuzzy sets and intuitionistic fuzzy sets and so on. A neutrosophic set includes truth membership, falsity
membership and indeterminacy membership. In 2006, F.Smarandache introduced, for the first time, the degree
of dependence (and consequently the degree of independence) between the components of the fuzzy set, and
also between the components of the neutrosophic set. In 2016, the refined neutrosophic set was generalized
to the degree of dependence or independence of subcomponents [14]. A.Kandil [9] introduced the concept of
fuzzy bitopological spaces as a generalization of fuzzy topological spaces.Thagaraj and Balasubramanian [15]
introduced the concept of fuzzy resolvable and irresolvable spaces.Jansi,Mohana and Florentin Smarandache
[8] were firstly studied the concept of Pythagorean Neutrosophic sets with T and F as dependent neutrosophic
components.

In this paper we study the pairwise PN strongly irresolvable spaces .Also we studied the conditions un-
der which pairwise PN bitopological strongly irresolvable spaces spaces become pairwise PN frirst category
spaces and pairwise PN Baire spaces are investigated.

2  Preliminaries

Definition 2.1 (16). (Pythagorean Fuzzy Set) Let X be a non-empty set and I the unit interval [0,1]. A PF
set P is an object having the form P = {(z, up(z),vp(z)) : © € X} where the function up : X — [0,1]
and vp : X — [0, 1] denote respectively the degree of membership and degree of non-membership of each
element x € X to the set P, and 0 < (up(z))? + (vp(x))? < 1foreachz € X.

Definition 2.2 (11). Let X be a non-empty set (universe). A neutrosophic set A on X is an object of the
form: A = {(x,Ta(z),Ia(x), Fa(x)): x € X},Where T4 (z), [a(x), Fa(z) € [0,1],0 < Ta(z) + Ia(z) +
Fa(z) < 2for all x in X. T4(x) is the degree of membership, I4(z) is the degree of inderminancy and
F(z) is the degree of non-membership. Here T4 (z) and F4(x) are dependent components and I4(z) is an
independent components.
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Definition 2.3 (6). (Pythagorean neutrosophic sets [PN-sets](with T and F are dependent neutrosophic
components) Let X be a non-empty set. A Pythagorean neutrosophic sets with T and F are dependent neutro-
sophic components (PN) A = {(X, T4 (x),Ia(z), Fa(z) :x € X} where T4 : X — [0,1],14 : X — [0,1]
and Fy : X — [0,1] are the mappings such that 0 < T%(z) + I%(z) + F3(z) < 2 and T4(z) denote the
membership degree,/ 4 (z) denote the Indeterminacy and F4(x) denote the non-membership degree.Here T
and F are dependent neutrosophic components and I is an independent components.

Definition 2.4 (6). Let A = (T4, [4, Fa) and B = (T, I 5, F'5) be two PNs,then their operations are defined
as follows:

(1)A g B if and 1fTA(x) S TB(.I),IA(x) Z IB(.CE),FA(.Z’) Z FB(ZE)

2)A=Bifandonlyif AC Band BC A

(3) AU B = {(z,maz(Ta,T,), min(Ia,I,), min(Fa,T,) : x € X}

DHAN p={(x,min(Ta,Tp),max(Ia, 1), max(Fa,Tp) : x € X}

(5)AC = {(x,Fa,14,Fa) v € X}

3 PN Bitopological Spaces

Definition 3.1. A Pythagorean neutrosophic (with T and F are dependent neutrosophic components) topology
(PNT in Short) on X is a family p of PN-sets in X satisfying the following axioms:

(H0x,1x €p
(2)G1 NGy € p, forany G1,G2 € p
(3) UG} € p for any family {G;/i € J} C p.Note that 0x = (0,1,1) and 1x = (1,0,0).

In this case the pair (X, p) is called a Pythagorean neutrosophic sets with T and F are dependent neutrosophic
components topological space (PNTS in Short) and any PNTS in p is known as a Pythagorean neutrosophic
sets with T and F are dependent neutrosophic components open set (PNOS in Short) in X.

The Complement A¢ of a PNOS A in a PNTS (X, p) is called a Pythagorean neutrosophic sets
with T and F are dependent neutrosophic components closed set (PNCS in Short) in X.
Definition 3.2. Let (X, p) be a PNTS and be a PN in X. Then the PN interior and closure of a PN closure are
defined by
PNint(A) = U{G/GisaPNOSinXandG C A}
PNcl(A) =nN{K/KisaPNCSinXandA C K}.
Note that for any PN A in (X, p), we have (PNcl(A))¢ = PNint(A) and (PNint(A))¢ = PNcl(A€).Also,note
that A is a PN closed set iff PNcl(A) = A and A is a PN open set iff PNint(A) = A.

Definition 3.3. A set X on which are defined two (arbitrary)PN topologies p; and ps) is called PN bitopolog-
ical spaces and denoted by (X, p1, p2).

We shall write PNint,, (A) and PNcl,, (A) to mean respectively the PN interior and PN closure of PN set A
with respect to the p; in (X, p1, p2).

Definition 3.4. A PN-set A in a PN bitopological space (X, p1, p2) is called a pairwise PN open set if A €
pi(i = 1,2).The complement of pairwise PN open set in (X, p1, p2) is called a pairwise PN closed set.

Definition 3.5. A PN-set A in a PN bitopological space (X, p1, p2) is called pairwise PN semi open set if
A C PNint,,PNcl,,(A)(i = 1,2) and PN semi closed set if PNint, (PNcl, (A)) C A(i =1,2).

Definition 3.6. A PN-set A in a PN bitopological space (X, p1,p2) is called a pairwise PN dense set if
PNe¢l, PNcl,,(A) = PNcl,,PNcl, (A) = 1x in (X, p1, p2).

Definition 3.7. A PN-set A in a PN bitopological space (X, p1, p2) is called pairwise PN nowhere dense

if PNint, PNcl,,(A) = PNint,,PNcl,, (A) = 0x

in (X, p1, p2)-
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Definition 3.8. Let (X, p1, p2) be a PN bitopological space.A PN-set A in (X, p1, p2) is called a pairwise PN
first category set if A = | J;=, (A;), where (4;)’s are pairwise PN nowhere dense sets in (X, p1, p2).Any other
PN set in (X, p1, p2) is said to be a pairwise PN second category set in (X, p1, p2).

Definition 3.9. If A is a pairwise PN first category set in a PN bitopological space (X, p1, p2), then the PN
A€ is called a pairwise PN residual set in (X, p1, p2).

Definition 3.10. A PN-set A in a PN bitopological space (X, p1, p2) is called pairwise PN F,-setin (X, p1, p2)
if A =J;2,(4;) where (4;) € p;.

Definition 3.11. A PN-set A in a PN bitopological space (X, p1, p2) is called pairwise PN Gs-setin (X, p1, p2)
if A =2, (4;) where A; € p; .

Definition 3.12. A PN bitopological space (X, p1, p2) is called pairwise PN first category space if the PN set
1x is a pairwise PN first category set in (X, p1, p2).That is, 1x = (J;=,(4;), where A;’s are pairwise PN
nowhere dense sets in (X, p1, p2).

Otherwise (X, p1, p2) will be called a pairwise PN second category space.

Theorem 3.13. Let (X, p1, p2) be a pairwise PN strongly irresolvable space.Then, A is a pairwise PN dense
setin (X, p1, p2), if and only if (A€) is a pairwise PN nowhere dense set in (X, p1, p2).

Proof. Let A be a pairwise PN dense set in (X, p1, p2).Since (X, p1, p2) is a pairwise PN strongly irresolvable
space PNcl, PNint,,(A) = 1x = PNcl,,PNint,, (A).

This implies that (PNcl,, PNint,,(A))° = 0x = (PNcl,, PNint, (A))°.

Therefore PNint,, PNcl,,(A°) = 0x = PNint,,PNcl, (A°) and hence A° is a pairwise PN nowhere
dense set. O

Theorem 3.14. Let (X, p1, p2) be a pairwise PN dense and pairwise PN Gs-set in a PN bitopological space
(X, p1, p2), then (A°) is a pairwise PNs o-nowhere dense set in (X, p1, p2).

Proof. Let (X, p1, p2) be a pairwise PN dense and pairwise PN G-set in a PN bitopological space (X, p1, p2)
Then PNel,, PNcl,,(A) = PNecl,, PNcl,, (A) = 1.

This implies that

(PNel,, PNcl,,(A))° = (PNcl,, PNcl,, (A))° = 0x

and hence we have PNint,, PNint,,(A°) = 0x = PNint,, PNint,, (A°).

Also, since A is a pairwise PN Gs-set, A€ is a pairwise PN F,-set in (X, p1, p2).Hence A€ is a pairwise PN
F,-setin (X, p1, p2) such that PNint, PNint,,(A°) = 0x = PNint,, PNint, (A°).

Thus (A€) is a pairwise PNs o-nowhere dense set in (X, p1, p2). O

4 Pairwise PN Strongly Irresolvable Spaces

Definition 4.1. A PN bitopological space (X, p1, p2) is said to be a pairwise PN strongly irresolvable space
if PNcl, PNint,,(A) = 1x = PNcl,,PNint,, (A), for each pairwise PN dense set A in (X, p1, p2).That
is, (X, p1, p2) is a pairwise PN strongly irresolvable space if

PNcl, PNcl,,(A) =1x = PNcl,,PNcl,, (A) foraPN-set A in (X, p1, p2), then

PNcl, PNint,,(A) = 1x = PNcl,,PNint,, (A) in (X, p1, p2).

Theorem 4.2. Let (X, p1, p2) be a pairwise PN strongly irresolvable space.Then, A is a pairwise PN dense
setin (X, p1, p2), if and only if (A€) is a pairwise PN nowhere dense set in (X, p1, p2).

Proof. Let A be a pairwise PN dense set in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable space

PN¢l, PNint,,(A) = 1x = PNcl,,PNint,, (A).

This implies that (PNcl,, PNint,,(A))¢ = 0x = (PNcl,,PNint, (A))°.

Therefore PNint,, PNcl,,(A°) = 0x = PNint,,PNcl, (A°) and hence A° is a pairwise PN nowhere
dense set. O

Theorem 4.3. Let (X, p1, p2) be a pairwise PN dense and pairwise PN G;-set in a PN bitopological space
(X, p1, p2), then (A€) is a pairwise PNs o-nowhere dense set in (X, p1, p2).
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Proof. Let (X, p1, p2) be a pairwise PN dense and pairwise PN G-set in a PN bitopological space (X, p1, p2)

Then PN¢l,, PNcl,,(A) = PNcl,,PNcl, (A) = 1x.

This implies that

(PNcl, PNcl,,(A))® = (PNcl,,PNcl, (A))° = 0x and

hence we have PNint,, PNint,,(A°) = 0x = PNint,, PNint,, (A°).

Also, since A is a pairwise PN Gs-set, A is a pairwise PN F,-set in (X, p1, p2).

Hence A€ is a pairwise PNs Fj,-set in (X, p1, p2) such that

PNint,, PNint,,(A¢) = 0x = PNint,, PNint,, (A°).

Thus (A€) is a pairwise PN o-nowhere dense set in (X, p1, p2). O

Proposition 4.4. If PNint,,(B) = 0x (i = 1, 2) for a PN-set B in a pairwise PN strongly irresolvable space
(X, p1, p2), then B is a pairwise PN nowhere dense set in (X, p1, p2).

Proof. Let B be a PN-setin (X, p1, p2) such that PNint,, (B) = Ox

(i=1,2).

Then, PNint,, PNint,,(B) = PNint,, (0x) = 0x and

PNint,, PNint,, (B) = PNint,,(0x) = 0x in (X, p1, p2).

Then, we have (PNint,, PNint,,(B))® = 1x and

(PNint,, PNint,, (B°) = 1x and

hence PNcl,, PNel,, (B) = 1x and PNel,, PNcl,, (B®) = 1x.

That is, B¢ is a pairwise PN dense set in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable space,

PNcl, PNint,,(B°) = 1x = PNcl,,PNint,, (B°), for the pairwise PN dense set B® in (X, p1, p2).
Then, we have (PN¢cl,, PNint,,(B))° = 0x and

(PNcl,,PNint,, (B°))® = 0x and hence PNint,, PNcl,,(B) = 0x and

PNint,, PNcl,, (B) = 0x.

Therefore B is a pairwise PN nowhere dense set in (X, p1, p2). O

Proposition 4.5. If (X, py, p2) is a pairwise PN strongly irresolvable space if PNcl,, PNint,,(A) # 1x and
PNcl,,PNint, (A) # 1x foraPN Ain (X, p1, p2), then PN¢l,, PNcl,, # 1x and PNcl,,PNcl,, (A) #
1X in (Xa P1, p2)

Proof. Let PNcl,, PNint,,(A) # 1x and PN¢l,, PNcl,, (A) # 1x, fora PN-set A in the PN bitopological
space (X, p1, pa)-

Suppose that PNcl,, PNcl,,(A) = 1x and

PNcl,,PNcl,, (A) = 1x in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable

space,PNcl, PNcl,,(A) = 1x and PNcl,,PNcl,, (A) = 1x in (X, p1, p2), will imply that

PNcl, PNint,,(A) = 1x and PNcl,,PNint, (A) = 1x

in (X, p1, p2),a contradiction to the hypothesis.

Hence we must have PNcl,, PNcl,,(A) # 1x and

PNcl,,PNcl,, (A) # 1x in (X, p1, p2). O

Proposition 4.6. If PNint,, PNcl,,(A) # 0x and PNint,, PNcl,,
# Ox, for a PN A in a pairwise PN strongly irresolvable space (X, p1,p2), then PNint, # Ox and
PNint,,(A) # 0x in (X, p1, p2).

Proof. Suppose that PNint,, (A) = Ox and PNint,,(A) = Ox for a PN-set A in a pairwise PN strongly
irresolvable space (X, p1, p2).

Then, (PNint,, PNint,,(A))° = (PNint,, (0x))¢ = 1x and

(PNint,,PNint, (A))¢ = (PNint,,(0x))* = 1x.

Then PNel,, PNcl,,(A°) = 1x and PNel,, PNcl,, (A°) = 1x.

Hence (A°) is a pairwise PNs dense set in (X, p1, p2).Since (X, p1, p2) is a pairwise PN strongly irresolvable
space, PNcl,, PNint,,(A%) = 1x and PNcl,, PNint,, (A°) = 1x.

Then, we will have (PNint,, PNcl,,(A))° = 1x and

(PNint,,PNcl,, (A))¢ = 1x and

hence PNint,, PNcl,,(A) = 0x and

PNint,, PNcl,, (A) = 0x, a contradiction.

Hence we must have PNint,, # O0x and PNint,,(A) # 0x in (X, p1, p2). O
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Theorem 4.7. If A is a pairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space
(X, p1, p2), then A is a pairwise PN nowhere dense set and pairwise PN Fi-set in (X, p1, p2).

Proof. Let A be a pairwise PN o-nowhere dense set in (X, p1, p2).

Then ,A is a pairwise PN F,-set in (X, p1, p2).

Since PNint,, PNint,,(A) = 0x = PNint,, PNint,, (A).

Then (PNint,, PNint,,(A))° = 1x = (PNint,,PNint,, (A))® implies that PNcl,, PNcl,,(A°) =
1x = PNcl,, PNcl,, (A°).

Hence,(A°) is a pairwise fuzzy dense set in (X, p1, p2). Since (X, p1, p2) is a pairwise fuzzy strongly irre-
solvable space, for the pairwise fuzzy dense set (A°) in (X, p1, p2),we have

PNdl,, PNint,,(A°) = 1x = PNcl,, PNint,, (A°).

Then (PNint, PNel,,(A))® = 0x = (PNint,, PNcl,, (A))¢ implies that PNint,, PNcl,,(A) and PNint,, PNcl, (A) =
Ox.

Therefore A is a pairwise PN nowhere dense set and pairwise PN Fi,-set in (X, p1, p2). O

Proposition 4.8. If A is a pairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space
(X, p1, p2), then A is a pairwise PN semi closed set in (X, p1, p2).

Proof. Let A be apairwise PN o-nowhere dense set in a pairwise PN strongly irresolvable space (X, p1, p2).Then,
by theorem 4.7, A is a pairwise PN nowhere dense set in (X, p1, p2) and hence PNint,, PNcl,,(A)

= 0x and PNint,,PNcl, (A) = 0x.

Then, we have PNint, PNcl,,(A) C A and

PNint,, PNcl, (A) C A.

Therefore A is a pairwise PN semi-closed set in (X, p1, p2). O

Proposition 4.9. If A is a pairwise PN dense and pairwise PN Gj-set in a pairwise strongly irresolvable space
(X, p1, p2), then A is a pairwise PN semi-open set in (X, p1, p2).

Proof. Let A be a pairwise PN dense and pairwise PN Gs-setin (X, p1, p2).

Then, by theorem 4.3, (A°) is a pairwise PN o-nowhere dense set in (X, p1, p2).

Since (X, p1,p2) is a pairwise PN strongly irresolvable space, by proposition 4.8, (A€) is a pairwise PN
semi-closed set in (X, p1, p2).Hence A is a pairwise PN semi-open set in (X, p1, p2). O

Proposition 4.10. If A, C (A;)°(i # j), where A, is a pairwise PN dense set in a pairwise PN strongly
irresolvable space (X, p1, p2), then A; is a pairwise PN nowhere dense set in (X, p1, p2).

Proof. Let A; be a pairwise PN dense set in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable space, for the pairwise PN dense set A;, we have
PNcl, PNint,,(A;) = 1x and PNcl,, PNint,, (4;) = 1x.

Now A; C (A4,)°(¢ # j) implies that

PNel,, PNint,,(A;) C PNcl,, PNint,,((A;)°) and

PNcl,, PNint,, (A;) C PNcl,, PNint, (A;)°.

Then, we have 1x C PNcl,, PNint,,(A;)° and

1x € PNcl,,PNint,, (A;)° .

That is, PNcl,, PNint,,((A;)°) = 1x and

PNcl,,PNint,, ((4;)°) = 1x.

Hence, PNint,, PNcl,,(A;) = 0x and PNint,, PNcl,, (A;) = 0x.

Therefore A; is a pairwise PN nowhere dense set in (X, p1, p2). O

Definition 4.11. A PN bitopological space (X, p1, p2) is called a pairwise PN o-Baire space
if PNint,,(Up—,(Ak)) = 0x, (i =1,2)
where Aj’s are pairwise PN o-nowhere dense sets in (X, p1, p2).

Proposition 4.12. If (X, p1, p2) is a pairwise PN strongly irresolvable space and pairwise PN o-Baire space,
then PNecl,, (i, (Bk)) = 1x (i = 1,2) where By,’s are pairwise PN semi-open sets in (X, p1, p2).

Proof. Let (X, p1, p2) be a pairwise PN strongly irresolvable space and pairwise PN o-Baire space.Let A’s
be pairwise PN o-nowhere dense sets in (X, p1, p2).Since (X, p1, p2) is a pairwise PN o-Baire space,
PNint,,(Usr—;(Ax)) = Ox, (i = 1,2) where A’s are pairwise PN g-nowhere dense sets in (X, p1, p2).
Then, (PNint,, (Up2, (45)))°

= 1x.This implies that PNcl,, ((re; ((A%)¢)) = 1x.By proposition 4.8, the pairwise PN o-nowhere dense
sets Ag’s in the pairwise PN strongly irresolvable space (X, p1, p2), are pairwise PN semi-closed sets in
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(X, p1, p2) and hence ((Ag)¢)’s are pairwise PN semi-open sets in (X, py, p2).Let By = (Ay)°.Hence we
have PN¢l,, (Nre;(Bk)) = 1x, (i = 1,2), where By,’s are pairwise PN semi-open sets in (X, p1, p2). O

Definition 4.13. A PN bitopological space (X, p1, p2) is called a pairwise PN Baire space if
PNint,, (Uz;(Ak)) = Ox, (Z =1,2)
where Aj’s are pairwise PN nowhere dense sets in (X, p1, p2).

Proposition 4.14. If A; C (A;)°(¢ # j), where A, is a pairwise PN dense set in a pairwise PN strongly
irresolvable space (X, p1, p2) and if
PNclpnp, (Nieq(A4;)) = 1x(k = 1,2), then (X, p1, p2) is a pairwise PN Baire space.

Proof. Let A; C (A;)°(i # j), where A; is a pairwise PN dense set in a pairwise PN strongly irresolvable
space (X, p1, p2).Then, by proposition 4.10, A;’s are pairwise PN nowhere dense sets in (X, p1, p2).Now A; C
(A;)¢, implies that PN clpnp, (=1 (Ai)) € PNclpng, (721 ((4;)¢)).- Thenwe have 1x € PNclpn, (N2, ((45)))
and hence 1x C (PNintpn,, (U;2,(A4;)))This implies that PNintpn,, (U;=,(4;)) S Ox.That is,
PNintpn,, (ﬂj’il (A;)) = 0x.Hence PNintpn,, (U]Oi1 (A;)) = Ox, where A;’s are pairwise PN nowhere
dense sets in (X, p1, p2), implies that (X, p1, p2) is a pairwise PN Baire space. O

Proposition 4.15. If PNcl,, (=, (Ax) = 1x(i = 1,2) where A}’s are pairwise PN dense and pairwise
PN G, -sets in a pairwise PN strongly irresolvable space (X, p1, p2), then (X, p1, p2) is a pairwise PN Baire
space.

Proof. Now PNcl,, (Ni—,(Ak)) = 1x (i = 1, 2),implies that

PNint,,(Uzp—; ((Ax)¢)) = 0x.Since A’s are pairwise PN dense and pairwise PN G,-sets in a pairwise PN
strongly irresolvable space (X, p1, p2), by theorem 4.3 , ((Ax)¢)’s are pairwise PN o-nowhere dense sets in
(X, p1, p2)-Also, by theorem 4.7, ((Ax)¢)’s are pairwise PN nowhere dense sets in (X, p1, p2).

Hence PNint,,(Ure; ((Ax)¢)) = Ox, where ((Ay)¢)’s are pairwise PN nowhere dense sets in (X, p1, p2),
implies that (X, p1, p2) is a pairwise PN Baire space. O

Definition 4.16. A PN bitopological space (X, p1, p2) is a pairwise PN almost resolvable space if ;- (Ax) =
1x, where Ay’s in (X, p1, p2) are such that

PNint,, PNint,,(Ay) = PNint,, PNint,, (Ay) = 0x.

Otherwise (X, p1, p2) is called a pairwise PN almost irresolvable space.

Theorem 4.17. If a PN bitopological space (X, p1, p2) is a pairwise PN second category space, then (X, p1, p2)
is a pairwise PN almost irresolvable space.

Proof. Let (X, p1, p2) be a second category space.Then, | ;- (A4;) # 1x,where A;’s are PN nowhere dense
sets in (X, p1, p2).That is, | J;= | (A;) # 1x,where PNint,, PNcl,,(A;) = 0x = PNint,,PNcl,, (A;),
Now, PNint,, PNint,,(A;) € PNint, PNcl,,(A;) and

PNint,, PNint,, (A;) € PNint,,PNcl,, (A;),

implies that PNint,, PNint,,(A;) = Ox and

PNint,, PNint,, (A;) = 0x.

Hence | J;2, (A;) # 1x, where PNint,, PNint,,(A;) = 0x

and PNint,, PNint,, (A;) = 0x and therefore (X, p1, p2) is a pairwise PN almost irresolvable spaces. [J

Proposition 4.18. Let the PN bitopological space (X, p1, p2) be a pairwise PN strongly irresolvable space.Then,
we have the following:

(i) (X, p1,p2) is a pairwise PN almost irresolvable space, then (X, p1, p2) is a pairwise PN second cate-
gory space.
(ii) (X, p1, p2) is a pairwise PN almost resolvable space, then (X, p1, p2) is a pairwise PN first category space.

Proof. (i) Let (X, p1, p2) be a pairwise PN almost irresolvable space.

Then, (J,-, (Ax) # 1x, where A;’s in (X, p1, p2) are such that

PNint, PNint,,(Ar) = PNint,, PNint,, (A;) = Ox.

Now, (PNint,, PNint,,(Ax))® = 1x and

(PNinth PNintpl (Ak))c = ]-X~

Then, PNecl, PNel,,((Ax)®) = 1x and PNecl,, PNcl,, ((Ax)°) = 1x and

hence ((A)¢)’s are pairwise PN dense sets in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable space, for the pairwise PN dense set Ay, we have
PNcl, PNint,,((Ax)°) = 1x and PNcl,, PNint,, ((Ax)°) = 1x.
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This implies that PNint,, PNcl,,(Ay) = PNint,,PNcl,, (Ax)

= Ox and hence A}’s are pairwise PN nowhere dense sets in (X, p1, p2).

Thus, UZO:1 (Ag) # 1x, where A’s are pairwise PN nowhere dense sets in (X, p1, p2), implies that (X, p1, p2)
is a pairwise PN second category space.

(ii) Let (X, p1, p2) be a pairwise PN almost resolvable space.

Then, ;- (Ax) = 1x, where Ay’s in (X, p1, p2) are such that

PNint,, PNint,,(Ay) = PNint,, PNint,, (Ay) = 0x.

Now, (PNint,, PNint,,(Ax))® = 1x and

(PNmth PNintpl (Ak))c = 1)(.

Then, PNecl, PNecl,,((Ax)°) = 1x and PNcl,,PNcl,, ((Ax)°) = 1x and

hence ((Ag)¢)’s are pairwise PN dense sets in (X, p1, p2).Since (X, p1, p2) is a pairwise PN strongly irresolv-
able space, for the pairwise PN dense set Ay, we have

PNcl,, PNint,,((Ax)°) = 1x and PNecl,, PNint,, (Ay)° = 1x.

This implies that PNint,, PNcl,,(Ax) = PNint,,PNcl,, (Ax)

= Ox and hence Aj’s are pairwise PN nowhere dense sets in (X, p1, p2).

Thus, | J;; (A) = 1x, where Ay’s are pairwise PN nowhere dense sets in (X, p1, p2), implies that (X, p1, p2)
is a pairwise PN first category space. O

Theorem 4.19. If | J,— , (Ax) = 1x, where s A;,’s are pairwise PN o-nowhere dense sets in a PN bitopological
space (X, p1, p2), then (X, p1, p2) is a pairwise PN almost resolvable space.

Definition 4.20. A PN bitopological space (X, p1, p2) is called pairwise PN o-first category space if the PN
1x is a pairwise PN o-first category set in (X, p1, p2).That is, 1x = ;= (4;), where A;’s are pairwise PN
o-nowhere dense sets in (X, p1, p2).Otherwise, (X, p1, p2) will be called a pairwise PN o-second category
space.

Proposition 4.21. If (X p1, p2) is a pairwise PN strongly irresolvable and pairwise PN o-first category space,
then (X, p1, p2) is a pairwise PN first category space.

Proof. Let (X, p1, p2) be a pairwise PN o-first category space.

Then, |, (Ax) = 1x, where A’s are pairwise PN o-nowhere dense sets in (X, p1, p2).

Since (X, p1, p2) is a pairwise PN strongly irresolvable space, by theorem 4.7, then Aj’s are pairwise PN
nowhere dense sets in (X, p1, p2).

Hence | J,—,(Ax) = 1x, where the A;’s arepairwise PN nowhere dense sets in (X, p1, p2), implies that
(X, p1, p2) is a pairwise PN first category space. O

Proposition 4.22. If (X, p1, p2) is a pairwise PN Baire and pairwise PN strongly irresolvable space, then
PNcl,, (Npeq(Ak)) = 1x (i = 1,2) where By,’s are pairwise PN dense in (X, p1, p2).

Proof. Let (X, p1, p2) be a pairwise PN Baire space.

Then, PNint,, (Up—; (Ax)) = 0x, (¢ = 1,2), where Aj,’s are pairwise PN nowhere dense sets in (X, p1, p2).
Since Ay’s are pairwise PN nowhere dense sets in (X, p1, p2),by theorem 4.2, (A )¢’s are pairwise PN dense
sets in (X, p1, p2).

Now PNint,, (Ure,(Ax)) = Ox, implies that (PNint,, (Ur—, (A4x)))° = 1x.

Then, we have PNcl,, (e (Ax)¢) = 1x.Let (4)¢ = By.

Then PNcl,, ((Npe;(Bk)) = 1x, where By,’s are pairwise PN dense sets in (X, p1, p2). O
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