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Abstract

In this paper, we present the new idea of pythagorean neutrosophic fuzzy graphs (PNFG). Pythagorean neutrosophic
set [PNS] is a generalization of neutrosophic set with dependent neutrosophic components and Pythagorean fuzzy
set with condition 0 < p,(x)% + B4(x)? + 0,(x)? <2 . The main aim of this article is to apply pythagorean
neutrosophic set to fuzzy graphs. Thus we extend some of the basic properties for this PNFG along with few
examples.
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1.Introduction

L.A. Zadeh originated the idea of fuzzy set theory in 1965 [1]. Atanassov [2] presented a new set intuitionistic set as
an extension of fuzzy set which defines element with the membership and non-membership grade with restriction
that totality of both must not exceed 1. The new perception of pythagorean fuzzy sets was published by Yager [3] in
which the sets has constraint that their square sum is < 1. From the definition of pythagorean sets, pythagorean
fuzzy graphs have been developed and is applied in many fields [12].

Neutrosophic set, a combination of fuzzy and intuitionistic sets was introduced by Smarandache [4] in 1995. Many
researchers have developed this results and applied in many relevant fields as decision making and so on [13-16]. A
neutrosophic set has truth, falsity and indeterminacy membership for each element. In particular, the neutrosophic
set has been applied to fuzzy graph theory and many new concepts of neutrosophic fuzzy graph has been developed
[8-11, 17-18]. Smarandache introduced the degree of dependence among components of fuzzy set and in
neutrosophic set. Then the researchers studied about neutrosophic and developed many new concepts in
neutrosophic sets and in neutrosophic graphs magic labellling was applied [6-7]. In neutrosophic set, out of three
dependency cases we choose one special case in which indeterminacy is independent, truth and falsity are
completely dependent with 0 < p, (%)% + B,(x)? + 0,(x)? < 2 is termed as pythagorean neutrosophic set. In this
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research, we put on the pythagorean neutrosophic sets to fuzzy graphs and also we study some types of different
notions of pythagorean neutrosophic graph.

2. Preliminaries

An intuitionistic fuzzy set I on universe Y is given by I ={<s, y(s), o;(s) >:s €Y} where
U, 0; fromY to [0,1] such that 0 < y;(s) + 0,(s) < 1 for any s € Y. ;(s) and g;(s) are the membership and non-
membership grade of s correspondingly.

A neutrosophic set N in Y is given by N = {(&, uy(®), ny @), ya®) | T € V)1, where uy (), ny @), yy® €[0,1]
denote truth, indeterminacy and false membership of f of N and py (), ny(¥), yy () follow the condition that 0 <
pn® +p@® +ya(® < 3.

A neutrosophic fuzzy graph is G = (V,E) where V = {v,, v,, ..., } such that u,, $;and o; from V to [0,1] represent
degree of truth-membership, indeterminacy-membership and falsity-membership of c; in V' correspondingly, and
0<pu(c))+Bi(c)+o,(c))<3 VeV (i=1,..n), ECV XV with u,, 8, and g, fromV xV to [0,1] such
that

pa(cicy) < pae) A ()
Ba(ci;) < e A Bi(c)
ACELAONEAC),

0 < py(cicy) + Ba(cicy) + ay(cicy) < 3 forevery (cic;) € E (i, = 1,2, ...n).

Pythagorean fuzzy set (PFS) set P of Y is P = { <, up(x), op(r) >:t € Y} where pp(r) and op(x)from Y to [0,1]
represents degree of membership and non-membership of r in P correspondingly. V tr € Y, the following condition
should be satisfied 0 < p3(x) + o (r) < 1.

A Pythagorean fuzzy graph (PFG) is a duo G = (V, E) with y, and o, from V to [0,1] signifying membership, non-
membership functions of ¥ and 0 < u?(v) + of(v) < 1 for v € V such that

o (uv) < py (W) Ay (v),
a,(uv) < o, (w) vV oy (v).

where i, 0, from V x V to [0,1] represent the membership, non-membership functions of E, with 0 < u3(uv) +
of(uv) < 1foralluv € E.

A Pythagorean Neutrosophic set with truth, falsity as dependent neutrosophic components [PNS] on non-empty
universe Y is D ={(d, pp(d), Bp(d), 0p(d)):d € Y}, where up(d), Bp(d), op(d) €[0,1], 0 < (,uD(d))z +

([)’D (d))2 + (O’D (d))2 <2 VdeY. up(d), Bp(d), ap(d) are the degrees of membership, indeterminacy and
non-membership respectively. Here up(d) and o, (d) are dependent and B, (d) is independent [5].

3. Pythagorean Neutrosophic Fuzzy Graphs

Definition  3.1:  Pythagorean  Neutrosophic =~ Fuzzy  Graph (PNFG) is G = (V,E), where
V = {v,,v,,...v,} such that y;, B; and o;fromV to [0,1] with 0 < p;(v))? + B (v)? + o, (v)? <2V v;inV
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signifies membership, indeterminacy and non-membership functions correspondingly and E € V x V where u,, 3,
o, from V x V to [0,1] such that

2 (vivy) < ) A w(vy)

B2 (viv;) < By (w) A By(v))

o, (vv;) < o, (w) v 0y (v))
With 0 < ((uz(viv]-))2 + (ﬁz (v; vj))z + (Gz (vivj))z <2V(vwy)€E.
The example given in figure 1 is a PNFG

V:l (0.9, 0.8, 0.7) (0.7, 0.6, 0.5) V2 (0.8, 0.7, 0.6)

(0.3, 0.4, 0.5)
(0.8, 0.5, 0.6) (0.5, 0.4, 0.5)

Ve (0.7, 0.6, 0.8) (0.5, 0.5, 0.6) v, (0.6, 0.5, 0.4) (0.4, 0.4, 0.5) V3 (0.4, 0.5, 0.7)

Figure 1. Pythagorean Neutrosophic Fuzzy Graph

Definition 32: A PNFG G=(V,E) is termed as complete @ PNFG (CPNFG) if
1 (viv;) = w (W) A Wi (v)), Bo(vivy) = B () A By (1), 02 (vivy) = 1 (v) V 01 (v;) for every vy, v; E V.

Definition 3.3: A PNFG G = (V, E) is named as strong PNFG if
Uy (vivj) = min (u; (vy), 1y (Vj))
B (vivj) = min (;(vy), By (Vj))
oz(vivj) =max (og,(v;), al(v]-)) \ (vivj) €EE.

Definition 3.4: Let G = (V,E) with p, 5,0 as the membership (MD), indeterminacy (ID) and non-membership
(NMD) degree be a PNFG. Then a PNFG H = (V',E") with V' SV and E' € E, i/, 8" and ¢’ as the MD, NMD,
and ID is called Pythagorean Neutrosophic fuzzy subgraph (PNFSG) if u'(d) < u(d), B'(®) < B(d), a'(d) = a(d)
ford e V.

Definition 3.5: Let ¢' = (V',E"), G"" = (V",E") be PNFG with (¢',f',0") and (1", B",0'") as their MD, ID and
NMD correspondingly. Then the intersection of G’ and G”, G = (V,E) is a PNFG where V=V'NV",
E = E'N E" and the MD, ID and NMD of V and E of for all a, b, € V such that
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ui(r) if risinV' and notin V"
D) (r) =<5 /() if risin V"and notin V'
w(@)Aui(r) ifrisinbothV'and V"

Bi(r) if risinV' and notin V"
Bi(r) =< B{'(r) if risinV"and notin V'
Bi(r)AB(r) ifrisinbothV’ and V"

o(r) if risinV’' and notin V"
o.(r)=40/'(r) if risin V"and notin V'
oi(r)Vvao{'(r) ifrisinbothV’'and V"

us(ab) if abisin E' and notin E"
(1) u,(ab) =1 uy (ab) if abisin E" and not in E’
us(ab) A uy (ab)  if abisinboth E'and E"
B (ab) if abisin E' and notin E"
B, (ab) =< B3 (ab) if abisin E" and notin E’
Bs(ab) A By (ab)  if abisinboth E'and E"
o,(ab) if abisin E' and notin E"
o,(ab) =< o5’ (ab) if abisin E' and notin E’

o,(ab) Vo, (ab) if abisinboth E'and E"

Definition 3.6: Let G' = (V',E"), G" = (V",E"") be PNFG with (u3,B1,0{), (u,B1,01) and (uy, B3, 03),
(u3, B3, 0;) as the MD, ID and NMD of the vertices and edges correspondingly. Then the union of G' & G”', G =

(V,E) is a PNFG where V =V' U V", E = E' UE" and the MD, ID and NMD of vertices (V), edges (E) of G for
all g, h € V such that

ui(g) if gisinV' and notin V"
1) u(g) =4ui(g) if gisinV"and notin V'’
wi(@vui(g) ifgisin V' or V"
pi(9) if gisinV'and notin V"
B.(g) =<8 (g9) if gisinV"”and notinV’
Bi(@VBI(g) ifgisinV or V"
01(g9) if gisinV'and notin V"
0.(g) =39/ (9) if gisinV"and notin V'’

oi(g)nad]'(g) ifgisin V'or V"

us(gh) if ghisinE’ and notin E"

(ii) u, (gh) = uz (gh) if ghisin E” and notin E’
u(gh) v uy (gh) if ghisinE'or E"

B (gh) if ghisin E' and notin E"

B,(gh) =<5 (gh) if ghisin E"" and notin E’

Bi(gh) Vv By (gh) if ghisinE'orE"
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a,(gh) if ghisinE' and notin E"
o,(gh) =<0,/ (gh) if ghisin E" and notin E’
o,(gh) Aoy’ (gh) if ghisinE'or E"

Note: The following notion is followed in this paper, If G = (V, E, p,y) where p = (i, f1,0,) and y = (U, 2, 0)
represents the MD, ID and NMD of the vertices and edges of PNFG respectively.

Definition 3.7: A Pythagorean Neutrosophic path P(PNP) in PNG G = (V,E, p,y) is a arrangement of different
vertices vy, V4, ..., (leaving vy, v;) such that y(v;_,,v;) > 0, i = 1 to n (where n is the length of the PNP).

The consecutive pair of the PNP are called the edges.

Definition 3.8: The diameter of a,b in V is the length of the longest PNP joining a and b and denoted as
diam (a, b).

The strength of PNP P is is represented by d(P) or S(P) and defined as

n n n n
/\ Y Wk-1, Vi) = (/\ .Uz(Vk—ka)’/\ B2 (i1, Ukl\/”z(”k—p”k)) wherev, €V (k=12,..,n)
k=1 k=1 k=1 k=1

Definition 3.9: The pythagorean neutrosophic strength of connectedness of vertices a and b of PNFG is defined as
the maximum of the strength of all PNP’s among a and b and represented by PNCONN; (x, y).

PNCONN;(x,y) = max (S(P)) where Pisax —y PNP in G.
Ifn = 3 and V, = V,, then PNP P is called a Pythagorean Neutrosophic Cycle (PNC).

Example 3.10: Consider the following PNFG

v, (0.6,0.5,0.7) (0.5, 0.5, 0.4) v, (0.7, 0.6, 0.5)

(0.6, 0.4, 0.5) (0.6, 0.4,0.2)

V4 (0.9, 0.7, 0.6) (0.7, 0.3,0.4) V3 (0.8, 0.4, 0.3)

Figure 2. Pythagorean Neutrosophic strength of connectedness of PNFG
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PNCONN; (v,,v,) = (max(0.5,0.6), max(0.5,0.3), min(0.4,0.5))
= (0.6,0.5,0.4)

PNCONN; (v,,v3) = (max(0.5,0.6), max(0.4,0.3), min(0.4,0.5))
= (0.6,0.4,0.4)

PNCONN; (v,,v3) = (max(0.6,0.5), max(0.4,0.3), min(0.5,0.4))

= (0.6,0.4,0.4)

Definition 3.11: Let G = (V,E, p,y) be a PNFG and x, y be two different vertices, let G' be a PNFSG of G attained
by removing the edge xy. xy is a Pythagorean neutrosophic fuzzy bridge (PNFB) in G if PNCONN ¢/ (a,b) <
PNCONN(a, b) for some a,b. The removal of the edge xy decreases the strength of connectedness among some duo
of vertices in G. Thus, xy is a PNFB if and only if there exists vertices a, b such that xy is an edge of each strongest
path from a to b.

Theorem 3.12: Let G = (V, E, p,y) be a PNFG. Then the subsequent statements are equivalent.

1. xyisaPNFB
2. PNCONN ;(x,y) <y(xy)
3. xyis not the weakest edge of any Pythagorean neutrosophic cycle (PNC)

Proof:
2 =1 If xy is not a PNFB, then PCONN ;/(x,y) = PCONN;(x,y) = y(xy).

1 = 3 If xy is the weakest edge of a PNC, then any PNP P including the edge xy can be converted into a PNP P’ not
involving xy but at least as strong as P, by using the rest of the PNC as a PNP from x to y. Thus, xy cannot be a
PNFB.

3 = 2 If PCONN ;/(x,y) < y(xy), there is a PNP from x to y not including xy with strength > y(xy), and this
PNP together with xy forms a PNC of G in which xy is a weakest edge.

Definition 3.13: Let w be any vertex and let G' = (V',E',p’,y")be a PNFSG of G = (V,E,p,y) attained by
removing the vertex w. That is, G' = (V',E’,p’,y") is the PNFSG of G such that p’'(w) = 0,p' = p for all other
vertices, y'(wz) = 0 for all vertices z, and y' =y for all other edges. Thus we call w a Pythagorean neutrosphic
fuzzy cutvertex in G if PNCONN /(u,v) < PNCONN ;(u,v) for some u, vin V such that u #= w # v.

5. Conclusions

Herein, we have defined a new concept pythagorean neutrosophic graphs by applying pythagorean
neutrosophic set to fuzzy graph. Also have defined some of its basic definitions and properties of the pythagorean
neutrosophic graphs. In future, we would extend this by introducing more definitions and apply labelling, coloring to
PNFG.
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