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Abstract

The objective of this paper is to define and study the concepts of strong AH-submodule, and AH-homomorphism in
a refined neutrosophic module. Also, this work describes the algebraic structure of all AH-endomorphisms defined
over a refined neutrosophic module.
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1. Introduction

A neutrosophic set is a powerful general formal framework which generalizes the concept of the classic set, fuzzy

set [13], interval valued fuzzy set [12], intuitionistic fuzzy set [9] etc. A neutrosophic set A defined on a universe

U.x=x (T ,[,F) €A with T, I and F being the real standard or non-standard subsets of ]0_,l+[. T is

the degree of truth membership function in the set A, I is the indeterminacy-membership function in the set 4 and
F is the falsity-membership function in the set A . Agboola introduced the concept of refined neutrosophic
algebraic structures and studied refined neutrosophic groups in particular [6]. Adeleke et al. in [7,8] studied refined
neutrosophic rings and refined neutrosophic subrings and presented their fundamental properties. Recently, Hatip et
al. studied refined neutrosophic modules and refined neutrosophic homomorphisms modules and presented their
basic properties [10,11]. Abobala et al. in [1,2] studied some special substructures of refined neutrosophic rings.
Also in [3], Abobala et al. studied classical homomorphisms between refined neutrosophic rings and neutrosophic
rings and presented their basic properties. Abobala and Alhamido studied AH-substructures in neutrosophic modules

and AH-subspaces in neutrosophic vector spaces [4,5].

The present paper is devoted to the study of AH-strong refined neutrosophic modules. Also, the strong AH-
homomorphism modules will be established.
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2. Preliminaries
In this section, we present the basic definitions that are useful in this research.

Definition 2.1: [10] Let (M ,+,.) be any R-module over aneutrosophic ring R ([ ), The triple (M (] ),+,-) is

called a strong neutrosophic R-module over a neutrosophic ring R ([ ), generated by M and I .

Definition 2.2: [6] Let (X ([ wi 2),+,-)be any refined neutrosophic algebraic structure where + and - are

ordinary addition and multiplication respectively. [, and I,are the split components of the indeterminacy factor
Ithat is [ =al, +pI, with a,feR or C. Also, I, and [,are taken to have the properties
I}=1,1;=1,andl I, =11 =1, .

For any two elements, we define

) x+y :(a,b11,012)+(d,e]1, 2):(a+d’(b+e)ll’(c+f)12)
ad ,(ae +bd +be +bf +ce)l,,
(af +cd +cf )12

Definition 2.3: [10] Let (M ,+,.) be any R-module over a refined neutrosophic ring R (11,12), The triple

2) -y (@bl cl,)-d el 1) -

(M ([ 1, ), +, ) is called a strong refined neutrosophic R-module over a refined neutrosophic ring R (] 1, ) ,
generated by M, I, and 1,.

Definition 2.4: Let M ([ ) be a strongneutrosophicR-module, the set S =P +QI = {x +yl:x eP,y EQ}
where P and Q are submodules of M is called an AH-submodule of M (] ) and If P =Q then S is called
an AHS-submodule of M (1 )

3. Main discussion
Definition 3.1:

Let M (14, 1,) be a strong refined neutrosophic module over the refined neutrosophic ring R(I,1,), P, O, S be three
submodules of M. The set N = (P, QI,,S1,) = {(a, bl;,cl,);a € P,b € Q,c € S} is called a strong AH-submodule
of the strong refined neutrosophic module M (1, I,).

IfP=Q =S, we call N a strong AHS-submodule.
Theorem 3.2:
Let M (1, I;) be a strong refined neutrosophic module over the refined neutrosophic ring R(14, 1),

N = (P, PI;, PI,) be a strong AHS-submodule. Then N is a submodule by classical meaning.
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Proof:

The proof is similar to that of theorem 3.4 in [13].

An AH-submodule is not supposed to be a submodule of M (I;, ;) in general. See the following example.
Example 3.3:

Let M = Z, be a module over the ring of integers Z, the corresponding refined neutrosophic module is

M(I, 1) = {(a,bl;, cl;); a,b,c € M} over the refined neutrosophic ring Z(1,, I,), we have P = {0,3}, Q = {0,2,4}
as two submodules of M.

N = (P,Ql,, PL,) is a strong AH-submodule of M(I3, 1,), x = (2,31;,0) e N,r = (1,1;,1,) € Z(I3,1,)

r.x=(2,[2+3+3+3+0],[2+0+0]) = (2,5];,21,), which is not in N, thus N is not a submodule.
Theorem 3.4: Let M ([ 1,] 5 ) be a strong refinedneutrosophic R-module over a refined neutrosophic ring

R (11,12 ) and let {Nn }ne;{ be a family of a strong AH-submoduleof M (11,[2 ) Then ﬁ{Nn }ne is a strong

A

AH-submodule of M (1 o, ) )

Proof: Clearly ﬁ{]\’n}ne/1 #, Vn e Adlet we havex =(a,b11,d2),y (d,e]l, 2)Eﬁ{Nn} for

nei

a,b,c,d,e,f belongto P,Q,S,T .,V ,K respectively where P,Q,S,T ,V ,K are asubmodules of M and

let be az(p,q],,r[z)eR(I,,lz). Then x+y,ax em{Nn}

ned Since, for

Vnelx+ye ﬁ{]\/'n}ne/1 and ax € ﬁ{Nﬂ} Hence ﬁ{Nn} _,is a strong AH-submoduleof

nei nei

M(Il,lz).

Remark 3.5: Let M (I A ) be a strong refinedneutrosophic R-module over a refinedneutrosophic ring
R (11 I, ) and let N, and N ,be two distinct strong AH-submoduleof M (11,[2 ) . Generally, N, UN ,isnota

strongAH-submoduleof M (1 1, ) .

However, if N, C N,or N, DN, then N, UN , is a AH-submoduleof M ([1,12).

Definition 3.6:

Let M, W be two modules over the ring R, M(I;,1,) and W (I, I,) be the corresponding strong refined neutrosophic

modules over the refined neutrosophic ring R(I;,I;). Let f,g,h:M - W be three homomorphisms, then
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[f,g,h]l: M3, 1,) = W, 1,);[f, g, hl(a, bly, cly) = (f (@), g(b)I;, h(c)1,) is called a strong AH-homomorphism.
If f = g = h, we get the strong AHS-homomorphism.

Definition 3.7:

Let M(14,1,),W (I, I;) be two strong refined neutrosophic modules over the refined neutrosophic ring R(l, I,),
[f,g,h]:M(1, I,) » W(I,1,) be a strong AH-homomorphism, we define

(a) AH — Ker[f, g, h] = (Ker(f),Ker(g)l;,Ker(h)I,) = {(a,bl;,cl,);a € Ker(f),b € Ker(g),c € Ker(h)}.
Theorem 3.8:

Let M(1,,1,),W(l,,1;) be two strong refined neutrosophic modules over the refined neutrosophic ring R(I3,1,),
[f,g,h]: M1, 1,) = W(I,1,) be a strong AH-homomorphism.

(a) If N = (P,QI,,SI,) is a strong AH-submodule of M(Iy,1,), then [f, g, h](N) is a strong AH-submodule of
W(IllIZ)'

(b) [f, g, h] is a classical module homomorphism.

(c) AH — Ker[f, g, h] is a strong AH-submodule of M (I, I,).
(d) AH — Im|[f, g, h] is a strong AH-submodule of W (I, I,).
Proof:

(a) Since f(P), g(Q), h(S) are submodules of N, we find that [f, g, h](N) = (f(P), g(Q)1;, h(S)];) is a strong AH-
submodule of W (I, I,).

(b) Let m = (x, yI, zI,),n = (a, bl cl,) be two arbitrary elements in M (I, I,), r = (t,ul;, vl,) be any element in
R, 1),

m+n=(x+aly+bll,[z+cll), r.m=(tx, [xu + yt + yu + yv + zull;, [xv + zt + zv]L,),

[f,g,hlm +n) = (f (x + @), g([y + bD11, h([z + cDL)=(f (x), g1, k(D)) + (f (), ()11, h(c)],) =
[f,9,h1(m) + [f, g, R]1(n).

[f,g, hl(r-m) = (f(tx), g([xu + yt + yu + yv + zu]) L, h([xv + zt + zv])I,)=
(t,uly, vl). (f(x), g, h(2)1,) = r.[f, g, h](m). Thus [f, g, h] is a classical homomorphism.

(c) Since Ker(f),Ker(g), Ker(h) are submodules of M, then AH — Ker[f, g, h] = (Ker(f),Ker(g)I,, Ker(h)l,)
as a strong AH-submodule of M(I3, I,).

(d) Since Im(f), Im(g), Im(h) are submodules of W, we get AH — Im[f, g, h] = (Im(f),Im(g)I;,Im(h)I,) as a
strong AH-submodule of W (I, ;).

Example 3.9:
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(a) Let M = R?,W = R be two modules over the ring R,

fiM->W;f(x,y)=2x,g:M - W;g(x,y) =3y,h: M - W; h(x,y) = x + y are three homomorphisms.
(0) [f, g, h1: M(Ly, 1) > W (1, 1); [f, 9, 1] ((x, 3), (2,01, (s, M) = (f (%, ), 9 (z, O, (s, m) )=
(2x,3tly, [s + m]l,) is a strong AH-homomorphism, where x,y, z,t,s,m € R.

(©) P ={(0,x); x € R}, Q = {(x,0); x € R} are two submodules of M,

N = (P,PI,Q1,) = {((0,x),(0,y)1;,(z,0)I,; x,y,z € R} is a strong AH-submodule of M (1, I,).

(d) f(P) ={0},g(P) ={3y;y € R} =R, h(Q) ={z;z € R} =R,

[f,g,hI(N) = (f(P),g(P)I;,h(Q)],) = (0,RI,,RI,) = {(0,xI;,vI,);x,y € R} is a strong AH-submodule of
W(l,1).

(e) Ker(f) = {(0,x); x € R},Ker(g) = {(x,0); x € R},Ker(h) = {(y,—y);y €R},
AH — Ker[f, g, h] = (ker(f),Ker(g)I;, Ker(h)I,) = {(0,x), (y,0)1,,(z,—2)1,); x,y,z € R}.
Remark 3.10:

We denote to the set of all strong AH-homomorphisms from a strong refined neutrosophic module M (14, I,) to itself
by AH — END(M (14, I,)).

Definition 3.11:
Let M(I,, 1) be a strong refined neutrosophic module over the refined neutrosophic ring R(I4, I,),

AH — END(M (I, 1,)) be the set of all strong AH-endomorphisms, we define operations on AH — END(M (I, 1,))
as follows:

Let f;, gi; 1 € {0,1,2} be any homomorphisms from M to itself, we define
Addition: [fy, f1, 2] + [90, 91, 921 = [fo + 9o, f1 + 91, f2 + 92]-

Multiplication by a scalar, if r = (1, 1111, 1»1,) is any element in R(I3, I,), then
r = (ro, 111y, 12 12)-[fo, 1, 2=

[rofo, (ofy + 1ifo + i + 1ufe + 1201), (rofa + 12 fa + 12/0)]

Multiplication: [fy, f1, f210[90, 91, 21 =

[f0090, f0091 + f1090 + f1091 + f1092 + £20941, f0092 + 2090 + [209:].
Theorem 3.12:

(AH — END (M(Il, 12)), +,0) is a refined neutrosophic ring.

Proof:
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Since L = {f: M — M; f is a homomorphism} is a ring with respect to addition and multiplication, then L(I;, ;) is
a refined neutrosophic ring as a result of the definition of neutrosophic rings. It is easy to see that L(I,1,) = AH —
END(M (I, 1), thus we get the desired proof.

Theorem 3.13:
(AH — END (M (L, 12)), +,.) is a refined neutrosophic module.
Proof:

Since L = {f: M — M; f is a homomorphism} is a module with respect to addition and multiplication by a scalar
taken from the ring R, we regard that L(I;,1,) = AH — END(M(I,, I,) is a strong refined neutrosophic module over
the refined neutrosophic ring R(14, I,) as a simple result from the definition of strong neutrosophic modules.

4. Conclusion

In this research, we have defined the AH- Strong refined neutrosophic modules, and established the definition of
AH-homomorphisms in refined neutrosophic modules. We have proved some theories related to these issues and
given some clarifying examples.

5. Future Research Directions
As a future work, this article can be extended to include semi AH-homomorphism in modules as well as the

definition of semi refiend homomorphism in general.
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