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Abstract

The aim of this paper is to define for the first time the concept of n-refined neutrosophic group. This work is
devoted to study some elementary properties of n-refined neutrosophic groups and to establish the algebraic basis
of this structure such as n-refined neutrosophic subgroups, n-refined neutrosophic homomorphisms, and n-refined
neutrosophic isomorphisms.
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1. Introduction

Smarandache [2013] extended the neutrosophic set to refined [n-valued] neutrosophic set, and to refined
neutrosophic logic, and to refined neutrosophic probability, i.e. the truth value T is refined/split into types of sub-
truths such as T1, T2, ..., similarly indeterminacy I is refined/split into types of sub-indeterminacies I1, 12, ..., and
the falsehood F is refined/split into sub-falsehood F1, F2, ... . [9]. Neutrosophy as a new trend in logical studies
founded by F. Smarandache provided interesting methods to deal with classical algebraic structures. Many
neutrosophical algebraic structures came to light such as neutrosophic groups, neutrosophic rings, and neutrosophic
loops. See [1,2,4]. Many studies were applied using the idea of splitting (refining) the indeterminacy I into two
components I;, [, with a multiplication operation defined by the following: I;.1; = I;,I,.1, = I, 1;.1, = I, like
refined neutrosophic groups. See [3]. This idea was used in soft computing in [8].

In [5,6], Smarandache came with an interesting idea about splitting the indeterminacy I into n-components
1,15, ..., I,, which refers to many different degrees of indeterminacy. In [7], Smarandache defined algebraic
operations between refined neutrosophic numbers and refined neutrosophic sets. This refining idea will be very
useful for us, since it helps with generalizing the concept of neutrosophic group.

In this work, we define the concept of n-refined neutrosophic group for the first time using formal multiplication
between sub-indeterminacies. This multiplication is defined as follows:

I;.1; = Iging,j). For example . Is = I,.

Also, concepts such as n-refined neutrosophic subgroups, homomorphisms, and AH-subgroups will be introduced.
2. Preliminaries

In the following section, we recall some important and useful definitions about neutrosophic groups.
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Definition 2.1: [1,5]

Let (G,*) be a group . Then the neutrosophic group is generated by G and I under * denoted by
NG)={< GUI >x}.

I is called the indeterminate (neutrosophic element) with the property I2 = I.

Definition 2.2: [1]

Let N(G) be a neutrosophic group and H be a neutrosophic subgroup, i.e (H contains a proper subgroup of G) of

N(G). Then H is a neutrosophic normal subgroup of N(G) if xH = Hx for all x EN(G).
Definition 2.3: [1]

Let N(G) be a neutrosophic group. Then the center of N(G) is denoted by C(N(G)), and defined
C(N(G)) ={x e N(G);xy =yxVy € N(G)}.

Definition 2.4: [1]

Let N(G) , N(H) be two neutrosophic groups, then N(G) X N(H) = {(g,h); g € N(G),h € N(H)}.
Definition 2.5 :[5]

Let N(G) , N(H) be two neutrosophic groups and ¢: N(G) — N(H) is called a neutrosophic homomorphism if it is a
homomrphism between G , Hand @(I) = I )

Where I is the neutrosophic element of N(H).

If @ is a correspondence one-to-one it is called a neutrosophic isomorphism.

3. Main results

In this section, we dicsuss our concepts and construct some related examples to clarify the validity of them.
Definition 3.1:

Let (G,*) be a group, we define the corresponding n-refined neutrosophic group N,,(G) as follows:

N,(G) = (< GU{lL, .., I,} >*) = {(ayg, 1, ..., a,1,,); a; € G}.

It is easy to see that N, (G) is closed under *, and it is a semi group but not a group since I; has no inverse with
respect to * in general.

Remark 3.2:
If (G,+) is an additive abelian group, then addition on N,,(G) can be described as follows:
Consider x = (ag, a1y, .., axly),y = (by, b1l4, ..., by1,) , we have

x+y=(ay+ by [a, + bi]I4, ..., [a, + b,]I,). In this case (N,,(G), +) is a classical abelian group.
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The identity element is (0,0,...,0).
It is easy to see that N,,(G) = G X G X..X G (n + 1 times) in the case of abelian additive group G.
Example 3.3:

Let G = Z, be the additive group of integers modulo 2, the corresponding 2-refined neutrosophic group is N,(G) =
{(0,0,0),(1,0,0), (0,15, 0),(0,0,13), (1,13, 0), (1,0, ), (0, 1, I5), (1, I, I,)}.

We clarify addition as follows:

Remark 3.4:

If G is a multiplicative group, then group product on N,,(G) can be described as follows:
Consider x = (ag, a1 14, ..., aply),y = (by, b114, ..., bpl,) , we have

xy = (b ty, wn ) ts = [Iij=0(@ib) 1} ; 1y = eg and L;I; = .

The identity element is (eg, €14, ..., €gln)-

In this case N,,(G) is not isomorphic to the direct product of n+1 copies of G, since it is not a classical group in this
case.

Example 3.5:

Let G = S; = {fy, =1, f1, f2 f3, fa, f5} be the non abelian symmetric group of order 6, the corresponding 2-refined
neutrosophic group is N,(G) = {(a, bl;, cl,); a,b,c € G}.

We clarify the product on N, (G) as follows:

Consider x = (fy, foly, fol2), ¥y = (f2, fil1, fal), we have

xy = (fifo [ (F212) (2 /) (Fofa) (o f) s, [(fifa) (Fof2) (fofa)112).

The identity is (fy, fol1, fol2)-

Definition 3.6:

(a) Let N,,(G) be an n-refined neutrosophic group. It is called abelian if x * y = y * x for all x,y € N,,(G).
(b) The subset Z(Nn(G)) ={y € N,(G);y *x =x*y for all x € N,(G)} is called n-refined neutrosophic center.
Theorem 3.7:

Let N, (G) be an n-refined neutrosophic group. Then

(a) If G is abelian, N,,(G) is abelian.

(b) N,,(G) is abelian if and only if N,(G) = Z(N,(G)).

Proof:

The proof is similar to the classical case.
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Definition 3.8:

Let N,,(G) be an n-refined neutrosophic group, H be a nonempty subset of N,,(G), we say that H is an n-refined
neutrosophic subgroup if H contains a subgroup of G.

Example 3.9:

Let G = Z, be the additive group of integers modulo 2, the corresponding 3-refined neutrosophic group is N5(G).
The set H = {(0,0,0), (1,0,0), (1, 11, 0), (1,0, I,)} is an n-refined neutrosophic subgroup of N5 (&), since it contains
G = {(0,0,0), (1,0,0)} which is isomorphic to a subgroup of G. (We can consider it as a subgroup of G).

By previous example, we can see that Lagrange's theorem is not true in general in the case of finite n-refined
neutrosophic group.

Definition 3.10:

Let N, (G) be an n-refined neutrosophic group, we denote to the number of elements in N, (G) by
O(N,(G)). If N,,(G) is finite, then O(Nn(G)) = m, elsewhere O(Nn(G)) = oo.

O(Nn(G )) is called the order of n-refined neutrosophic group N, (G).

Theorem 3.11:

Let G be a finite group, N,,(G) be its corresponding n-refined neutrosophic group. Then if 0(G) = m, we have
0(N,(6)) = m™*L.

Proof:

Since N, (G) = (< G U{l, ..., 1.} >*) = {(ao, a1 14, ..., a,I,); a; € G}, we find that
O0(N,(6)) = 0(G) X 0(G) X ...x 0(G)(n + 1 times) = m™*1.

Definition 3.12:

Let N,,(G), N,,(K) be two n-refined neutrosophic groups, f: N,,(G) = N, (K) be a well defined map, we say that f is
an n-refined neutrosophic homomorphism if:

(@) F(xy) = FEOL() forall x,y € Ny (6).

(b) fleg, e, o I, €6, - €6) = (g, €6y I €6, -+, €6)-

Example 3.13:

Let G =Z,K = Z,, f: N,(G) = N,(K); f(x,yl3,zI,) = ((x mod4), (y mod4)I;, (z mod4)1,)
, where x,y,z € Z.

Letm = (x,yl;, zI;),n = (a, bl;, cl,) be two arbitrary elements in N, (G), it is clear that

fm+n) = f(m)+ f(n).
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f{) =f(0,1.1,,0.1,) = (0,1,,0), f(I,) = £(0,0.1;,1.1,) = (0,0,1,). Thus f is an n-refined neutrosophic
homomorphism.

Definition 3.14:

Let N,(G),N,(K) be two n-refined neutrosophic groups, f:N,(G) = N,(K) be an n-refined neutrosophic
homomorphism, we define:

(a) Ker(f) = {x € No(G); f (x) = en, 0}
() Im(f) = {y € N,(K); 3x € N, (G): f(x) =y}
Theorem 3.15:

Let N,(G),N,(K) be two n-refined neutrosophic groups, f:N,(G) = N,(K) be an n-refined neutrosophic
homomorphism, we have:

(a) Ker(f) is a an n-refined neutrosophic subgroup of N,,(G).
(b) Im(f) is an n-refined neutrosophic subgroup of N, (K).
Proof:

(a) Since the restriction f;; of f is a homomorphism between

G and K, its kernel Ker(f;) will be a subset of Ker(f), i.e Ker(f) contains a subgroup of G, hence it is an n-
refined neutrosophic subgroup according to Definition 3.8.

(b) The proof'is similar to (a).

Example 3.16:

LetG =Z,K =Z,,f:N,(G) = N,(K); f (x,yI;, zI,) = ((x mod4), (y mod4)1,, (z mod4)1,)
, where x,y,z € Z.

Ker(f) = (4Z,4Z1,,4Z1,) = {4x,4yl;,4zl,; x,y,z € Z}, which is a 2-refined neutrosophic subgroup, since it
contains L = 4Z.

Im(f) = {(a,bl;, cly);a,b,c € Z,} = N,(K), which is a 2-refined subgroup, since it contains § = Z,.
Definition 3.17:

Let N,(G),N,(K) be two n-refined neutrosophic groups, f:N,(G) = N,(K) be an n-refined neutrosophic
homomorphism, we call it an n-refined neutrosophic isomorphism if it is bijective.

Example 3.18:

Let G =Z be the group of integers with normal addition, N5(G) = {(a, bl;,cl,,dl5);a,b,c,d € Z} be its
corresponding 3-refined neutrosophic group. We define

f:N3(G) = N3(G); f(a,bly, cl,,dI3) = (—a, bly, cly, dl3), it is clear that f is a bijective n-refined neutrosophic
homomorphism, thus it is an n-refined neutrosophic isomorphism.
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Theorem 3.19:

Let N,,(G) be an n-refined neutrosophic group. The set GI,, = {x * I;; 1 < k < n} has a group structure.
Proof:

We define the following operation on G I},:

(xL,) x (yI,,) = (x * ¥)I,. It is east to check that X is well defined, associative with I, as an identity, and for each
xI, € GIy, there is an inverse x 1I;;; x~1 is the inverse of x in G.

The previous group is called k-th pure neutrosophic component of N,,(G).

Example 3.20:

Let G = Z; be the group of integers modulo 3 with respect to addition modulo 3,

N3 (G) = {(a,bl;, cl;,dl5); a,b,c,d € G} be its corresponding 3-refined neutrosophic group.

The second pure neutrosophic subgroup of N3(G) is G + 1, = {I;, 1+ 1,,2 + I,}.

The group's binary operation on G + I, is defined as follows:

x+L)+(y+L)=((C+y)+ L, Forallx,y €G.

Theorem 3.21:

Let N, (G) be an n-refined neutrosophic group, G, be its k-th neutrosophic component. Then G = GI,,.
Proof:

Define f: GI, — G; f(xI;) = x, f is a group isomorphism clearly, thus we get the proof.

Definition 3.22:

Let G, H be two groups, G X H be the corresponding direct product. We define the direct product of the related n-
refined neutrosophic groups as follows:

N,(G) x N,(H) =< G x HU{l;,..,1,,} >. We call it the n-refined neutrosophic direct product.
It is clear that N,,(G) X N,,(H) is an n-refined neutrosophic group, since G X H is a classical group.
Example 3.23:

Let G = Z, be the group of integers modulo 2 with respect to normal addition modulo 2, we construct the 2-refined
neutrosophic direct product of G with itself.

N,(G) X N,(G) =< G x GU{l, I} >={(a,bl;,cl,);a,b,c € G X G}.
We clarify addition on N,(G) X N,(G), consider x = ((1,0), (0,1)I, (1,1)L,),y = ((0,0), (1,1)I;, (0,1)1,).

We have: x +y = ((1,0), (1,0)1;, (1,0)1,).
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Definition 3.24:

Let N, (G) = {(ag, a1 14, ..., anl,); a; € G} be an n-refined neutrosophic group,

N,(H) = {(by, b11, ..., by1,); b; € H;; H; is a subgroup of G for all i} is called an AH-subgroup of N,,(G).
IfH; = H; for all i # j, then it is called an AHS-subgroup.

The AH-subgroup N,,(H) is called AH-abelian if H; is abelian for all i. Also, it is called AH-cyclic if H; is cyclic for
all i.

Example 3.25:

Let G = S5 be the non abelian symmetric group of order 6, there are two non isomorphic subgroups of G,
K = Z,,S = Z3, consider the corresponding 3-refined neutrosophic group N;(G), we have:

N;(H) = (K,SL,K1,,S13) = {(a,bl;, cl,,dl5); a,c € K and b,d € S} is an AH-subgroup of N3 (G).

N5(H) is an AH-cyclic, since K, S are cyclic.

5. Conclusion

In this article we have defined the concept of n-refined neutrosophic group for the first time. Also, we have
introduced some corresponding notions such as n-refined neutrosophic subgroup, n-refined neutrosophic
homomorphism, and n-refined neutrosophic isomorphism. Many examples were constructed to clarify these
concepts.

Future researches

This work has established the theory of n-refined neutrosophic groups. In future works, we aim to define normality,

quotients, and to study AH-substructures in n-refined neutrosophic groups.
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