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Abstract

This paper presents the refinement of neutrosophic hypervector spaces and studies some of its basic properties.
Some basic definitions and important results are presented. The paper also establishes the existence of a good
linear transformation between a weak refined neutrosophic hypervector space V' (I, I5) and a weak neutro-
sophic hypervector space V (I).
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1 Introduction and Preliminaries

The concept of algebraic hyperstructure was first introduced by Marty [*]. He presented the definition of a
hypergroup, studied its properties and applied them to study the groups of rational algebraic functions. Also,
Marty used the new approach to solve several problems of the non-commutative algebra. Since then, several
researchers have been working on this new field of modern algebra and developed it to a very large extent.

M. Krasner [2°], introduced the notions of hyperring and hyperfield and used them as technical tools in the
study of the approximation of valued fields. There exist several types of hyperrings, some of which are: addi-
tive hyperring, multiplicative hyperring and general hyperrings. An important class of additive hyperrings is
Krasner hyperrings [23/2234],

A class of hyperrings (R, +,.) where "+ and """ are hyperoperations was introduced by De Salvo [24]. This
class of hyperrings has been further studied by Asokkumar [*], Asokkumar and Velrajan [1%1}2%] and Davvaz
and Leoreanu-Fotea [¥]. Mittas in [“] introduced the theory of canonical hypergroups. J. Mittas was the
first who studied them independently from their operations. Some connected hyperstructures with canonical
hypergroups were introduced and analyzed by P. Corsini [222], P. Bonansinga [*2”], and K. Serafimidis in
[3233]. Further contributions to the theory of hyperstructures can be found in the books of P. Corsini 21, T.
Vougiouklis , P. Corsini and V. Leoreanu [%2], and Davvaz and V. Leoreanu [%)]. The notion of hypervector
spaces was introduced by M. Scafati Tallini . In the definition [*!] of hypervector spaces, M. Scafati Tallini
considered the field as the usual field. In [*"], Sanjay Roy and T. K. Samanta generalized the notion of hyper-
vector space by considering the hyperfield and considering the multiplication structure of a vector by a scalar
as a hyperoperation like M. Scafati Tallini and they both called the hyperstructure a hypervector space. They
established basic properties of hypervector space and thereafter the notions of linear combinations, linearly
dependence, linearly independence, Hamel basis were introduced and several important properties like dele-
tion theorem, extension theorem were developed.

Neutrosophy is a new branch of philosophy that studies the origin, nature and scope of neutralities, as well
as their interactions with different ideational spectra. Neutrosophic set and neutrosophic logic were introduced
in 1995 by Smarandache as generalizations of fuzzy logic/set [**] and respectively intuitionistic fuzzy logic/set
[1%]. In neutrosophic logic, each proposition has a degree of truth (T'), a degree of indeterminancy (I) and
a degree of falsity (F), where T, I, F are standard or non-standard subsets of =0, 17| as can be seen in
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[3236] A comprehensive review of neutrosophic set, neutrosophic soft set, neutrosophic topological spaces,
neutrosophic algebraic structures and new trends in neutrosophic theory can be found in [>14718:37542]

Agboola and Davvaz introduced and studied neutrosophic hypergroups and presented some of their ele-
mentary properties in [7] and in [¥], they studied and presented basic properties of canonical hypergroups and
hyperrings in a neutrosophic environment, Quotient neutrosophic canonical hypergroups and neutrosophic hy-
perrings were also presented. In [*], Agboola and Akinleye studied neutrosophic hypervector spaces and they
presented their basic properties.

In [%%], Smarandache introduced the concept of refined neutrosophic logic and neutrosophic set which al-
lows for the splitting of the components < T, I, F' > into the form < 1%, T3, --- ,Ty; Ih, Iz, -, I;
Fy, Fy,--- | Fs >. This refinement has given rise to the extension of neutrosophic numbers a + b/ into refined
neutrosophic numbers of the form (a + b1 Iy + bols + - -+ + b, I,,) are real or complex numbers which has
led to the introduction of refined neutrosophic set. Refined neutrosophic set has been applied in the devel-
opment of refined neutrosophic algebraic structures and refined neutrosophic hyperstructures. Agboola in [*]
introduced the concept of refined neutrosophic algebraic structures and studied refined neutrosophic groups in
particular. Since then, several researchers in this field have studied this concept and a great deal of results have
been published. Recently for instance, Adeleke et al published results on refined neutrosophic rings,refined
neutrosophic subring in [1] and in [#], they presented some results on refined neutrosophic ideals and refined
neutrosophic homomorphism. The present paper is devoted to the study of refined neutrosophic hypervector
space and presents some elementary properties of this structure.
For the purposes of this paper, it will be assumed that I splits into two indeterminacies I; [contradiction (true
(T') and false (F'))] and I5 [ignorance (true (7°) or false (F'))]. It then follows logically that:

nLn = 1 = I,
Ll, = I3 = I and
LI, = LI = I.

Definition 1.1. Let (F,+,.) be any field. The triple (F'(I), +, -) is called a neutrosophic field generated by
Fand L. (Q(I),+,-) and (R(I), +, -) are examples of neutrosophic fields.

Definition 1.2. © Let (V, +,.) be any vector space over a field K and let V' (I) =< V U I > be a neutrosophic
set generated by V and I. The triple (V'(I), +, -) is called a weak neutrosophic vector space over a field K. If
V(1) is a neutrosophic vector space over a neutrosophic field K (), then V (I) is called a strong neutrosophic
vector space. The elements of V' (I) are called neutrosophic vectors and the elements of K (I) are called
neutrosophic scalars.

Ifu=a+bl,v=c+dl € V(I)where a,b,cand d are vectors in V and o = k +mI € K(I) where k and
m are scalars in K, then :

utv=(a+bl)+ (c+dl)=(a+c)+ (b+d)I,

and
oau=(k+ml)-(a+bl)=k-a+(k-b+m-a+m-b)l.

Definition 1.3. Y Let H be a non-empty set and o : H x H — P*(H) be a hyperoperation. The couple
(H, o) is called a hypergroupoid. For any two non-empty subsets A and B of H and « € H, we define

AoB = U aob, Aox=Ao{z} and zoB={x}oB.
a€A,beB

Definition 1.4. 23 A hypergroupoid (H, o) is called a semihypergroup if for all a, b, ¢ of H we have
(aob)oc=ao(boc), which means that

U uoc—= U aov.

u€aob vEboc

A hypergroupoid (H, o) is called a quasihypergroup if for all ¢ € H we have a o H = H o a = H. This
condition is also called the reproduction axiom.

Definition 1.5. 23 A hypergroupoid (H, o) which is both a semihypergroup and a quasi- hypergroup is called
a hypergroup.

Definition 1.6. 23 Let (H,0) and (H’, o’) be two hypergroupoids. A map ¢ : H — H', is called
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1. an inclusion homomorphism if for all x, y of H, we have ¢(z o y) C ¢(z) o’ ¢(y);
2. a good homomorphism if for all x, y of H, we have ¢(z o y) = ¢(x) o’ ¢(y).

Definition 1.7. ** Let (Hy,*;) and (Ho,x2) be any two refined hypergroupoids and let f : H; — Ho be a
map. We say that :

1. fis a homomorphism if for all z, y of Hy,

f(@x1y) C flz)*2 f(y);
2. fis a good homomorphism if for all =,y of Hy,

flax1y) = f(z)* f(y):
3. fis astrong homomorphism on the left if

fx) e f(y)xe f(z) = 3y € Hy > f(y) = f(y)andz € ¢ 51 2.

Similarly, we can define a homomorphism , which is strong on the right. If f is strong on the right and
on the left we say that f is a strong homomorphism.

Definition 1.8. >* Let H be a non-empty set and let + be a hyperoperation on H. The couple (H, +) is called
a canonical hypergroup if the following conditions hold:

l.z+y=y+az, forallz,y € H,

N

x4+ (y+z)=(x+y) +z foralzy,ze€ H,
3. there exist a neutral element 0 € H such thatx +0 = {z} =0+ z, forall z € H,
4. for every x € H, there exist a unique element —z € H such that 0 € z + (—z) N (—x) + =,
5. z€x+yimpliesy € —x+zandx € z —y, forall z,y, z € H.
Definition 1.9. “J A hyperring is a triple (R, +, -) satisfying the following axioms:
1. (R,+) is a canonical hypergroup.

2. (R,-) is a semihypergroup such that z - 0 = 0 - = = 0 for all z € R, that is, 0 is a bilaterally absorbing
element.

3. Forallz,y,z € R
(@ x - (y+z)=z-y+x-zand
®) (z+y)-z=z-2+y- 2
That is, the hyperoperation - is distributive over the hyperoperation +.

Definition 1.10. = Let P(V') be the power set of a set V, P*(V) = P(V) — {0} and let K be a field.
The quadruple (V, +, e, K) is called a hypervector space over a field K if:

1. (V,+) is an abelian group.
2. ¢ : K xV — P*(V) is a hyperoperation such that for all k,m € K and u,v € V, the following
conditions hold:
(@ (k+m)euC (keu)+ (meu),
(b) ke(u+v)C (keu)+ (kev),
(c) ke(mewu)=(km)eu, whereke (meu)={kev:vemeu},
@ (—k)eu=ke(—u),
) ueleu.
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A hypervector space is said to be strongly left distributive (resp. strongly right distributive) if equality holds in
(a) (resp. in (b)). (V,+, e, K) is called a strongly distributive hypervector space if it is both strongly left and
strongly right distributive.

Definition 1.11. "2 Let VV and W be hypervector spaces over K. A mapping T : V — W is called

1. weak linear transformation iff

Tx+y)=T(x)+T(y)andT(aozx)NaoT(x)# 0, Va,y €V, a €K,

2. linear transformation iff

Tx+y)=T()+T(y)andT(aoz) CaoT(x), Va,y €V, a € K,

3. good linear transformation iff

Tx+y)=T(x)+T(y)andT(aoz) =aoT(x), VyeV, a € K.

Definition 1.12. ” Let (H, %) be any hypergroup and let < H U [ >= {x = (a,bl) : a,b € H}.

The couple N(H) = (< H U >, %) is called a neutrosophic hypergroup generated by H and I under the
hyperoperation x. The part a is called the non-neutrosophic part of = and the part b is called the neutrosophic
part of x.

If z = (a,bl) and y = (¢, dI) are any two elements of N(H), where a,b, ¢,d € H, then

zxy = (a,bl) % (¢,dIl) = {(u,vD)|u € axc,v EaxdUbxcUbxd} = (axc,(axdUbxcUbxd)I).
Note thatax ¢ C H and (axdUb*xcUbxd) C H.

Definition 1.13. ® A neutrosophic hyperring is a triple (N (R), +, .) satisfying the following axioms :
1. (N(R),+) is a neutrosophic canonical hypergroup.

2. (N(R),.) is a neutrosophic semihypergroup.
For all (a, bl), (¢,dI), (e, fI) € N(R),
(@) (a,bl).((c,dI) + (e, fI)) = (a,bl).(c,dI) + (a,bl).(e, fI) and
(b) ((¢,dI) + (e, f1)).(a,bI) = (c,dI).(a,bI) + (e, f1).(a, bI).
Definition 1.14. © Let (V, +, e, K) be any strongly distributive hypervector space over a field K and let
V(I)=<VUI >={u=(a,bl) : a,b € V} be a set generated by V" and I.
The quadruple (V(I),+, e, K) is called a weak neutrosophic strongly distributive hypervector space over a

field K.
For every u = (a,bl),v = (¢,dI) € V(I) and k € K, then

ut+v=_(a+ec (b+d)I)ec V),

keu={(z,yl):x €kea,y€ keb}.

If K is a neutrosophic field, that is, K = K (I), then the quadruple (V' (I),+, e, K(I)) is called a strong neu-
trosophic strongly distributive hypervector space over a neutrosophic field K (). For every u = (a,bl),v =
(¢,dI) e V(I)and o = (k,mI) € K(I), we define

ut+v=_(a+ec (b+d)I) e V),

aeu={(z,yl):x€kea,yckebUmealmeb}.

The zero neutrosophic vector of V' (I), (0,0I), is denoted by 6, the zero element 0 € K is represented by
(0,07)in K(I) and 1 € K is represented by (1,07) in K (I).

Definition 1.15. #If x : X (I, I5) x X(I1, Is) — X (I3, I5) is a binary operation defined on X (I3, I5), then
the couple (X (I, I1), *) is called a refined neutrosophic algebraic structure and it is named according to the
laws (axioms) satisfied by .
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Definition 1.16. # Let (X (I1, I2), +, .) be any refined neutrosophic algebraic structure where ”’+" and """ are
ordinary addition and multiplication respectively.
For any two elements (a, bly, cls), (d,ely, fI5) € X (I, 1), we define
(a, bIvaI2) + (d> 6]1, fIQ) = (a + da (b + 6)]1, (C + f)IQ)v
(a,bly,cly).(d,ely, fI3) = (ad, (ae + bd + be + bf + ce) I, (af + cd + cf)I3).

Definition 1.17. #1f”+" and ”’.”" are ordinary addition and multiplication, I, with k = 1, 2 have the following
properties:

LI+ I+ + Iy = nli.

2. I+ (—Ix) =0.

3. I - Iy, - - - - I, = I} = I}, for all positive integers n > 1.
4. 0- I =0.

5. I ! is undefined and therefore does not exist.

2 Formulation of Refined Neutrosophic Hypervector Space

This section shows the formulation of refined neutrosophic hypervector space and present some of its proper-
ties.

Definition 2.1. Let (V, +, o, i) be any strongly distributive hypervector space over a field K and let
V(I1,I) =<V U(I1,I5) >={u = (a,bl1,cls) : a,b,c € V'}

be a set generated by V, I1 and Is. The quadruple (V' (I1, I2),+, e, K) is called a weak refined neutrosophic
strongly distributive hypervector space over a field K.
For every element u = (a,bly, cls),v = (d,ely, fI3) € V(I1,13), and k € K we define

u—+v= (a+d, (b+6)[1,(0+f)[2) c V(Il,IQ),
keu={(z,ylh,zl5) :x €kea,yckebzckec}.

If K is a refined neutrosophic field, that is, K = K (11, I2), then the quadruple (V (11, I2),+, e, K(I1, I2)) is
called a strong refined neutrosophic strongly distributive hypervector space over a refined neutrosophic field
K(I,I).
For every element u = (a,bly,clz),v = (d,ely, fI2) € V(I1,13), and a = (k,mIy,nly) € K(I1, 1), we
define

u+v=(a,bly,cly)+ (d,ely, fIs) = (a+d,(b+e)I1,(c+ f)]2),

aeu={(z,yh,zL): (x €kea,yc kebUmealUmebUmecUneb,zckecUnealnec)}.

The elements of V' (I3, I5) are called refined neutrosophic vectors and the elements of K (I, I5) are called
refined neutrosophic scalars. The zero refined neutrosophic vector of V' (I, I), (0,017, 0I5), is denoted by 0,
the zero element 0 € K is represented by (0,011,0I3) in K(I;,I>) and 1 € K is represented by
(1, 014, 0[2) S K(Il, _[2)

Example 2.2. 1. Letr be a fixed positive integer and let
V = Q1,L)(vr) = {(a,b\/TI1,c\/T2) : a,b,c € Q,r € ZT}. Then V is a weak refined
neutrosophic strongly distributive hypervector space over Q. If u = (a,b\/rIl1,c\/rl3) and v =

(d,ey/rIh, f/Tl2) thenu+v = (a+d),(b+e)/rli,(c+ f)y/rlaisagainin V.
Also, for a € Q, then

aeou={(x,y/rl1,z/rlh) :z €Eaea,yc aebzcaec}cV.
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2. Let V(I1,I5) = R(I1, ) and let K = R. For all u = (a,bly,cls), v = (d,ely, fI3) € V(I1,13) and
k € K, define:
utv=(a+d (b+e)li,(c+ [)l)

keu={(z,yl1,z5):x €kea,yckeb zckec}.

Then (V (I3, I5),+, e, K) is a weak neutrosophic strongly distributive hypervector space over the field
K.

Example 2.3. 1. Let V(I1,I5) = R3(I4, I3) and let K = R(11, I3). For all
u = ((avbjlacIQ)a (dv eIlafIQ)7(gahI17j-[2))7U - ((a/ablllac/IQ)v(dlaeljlaf/IQ)a(glahlllvj/IQ)) €
V(I1,1I2) and o = (k, mIy,nly) € K(I,I3), define :

utv = ((a+d,(b+V ), (c+) ), (d+d, (e+e ), (f+ f)2), (g+g, (h+h)I, (5 +5)12)),

aou = {((v1,y1l1,2112), (22, Y211, 2212), (23, Y311, 2312)) :
1 €kea,
yy€kebUmeaUmebUmecUneb,
z1€kecUnealUnec,
To E ked,
yp€EkeeUmedUmeeUme fUnee,
zn€kefUnedUnef
T3 Ek.ga
ys€EkehUmegUmehUmejuUneh,
zzE€EkejUnegUnej}.

Then (V (I, I3),+,e, K(I1,I3)) is a strong refined neutrosophic hypervector space over the refined

neutrosophic field K (I, I).

2. Let V(I1,I3) = R%(Iy, I5) and K = R define for all x = (u,v) € V(I1, I3) with u = (a,blq,cly),
v=(d,ely, fls)anda € K

OZRXRQ(Il,Ig) —>P*(R2(II,IQ)), OR .ZRXRQ(Il,IQ) —>P*(R2(Ih[2)),
ae(u,v) =aeuxR(I,Is). ae(u,v) =R(I[1,1) X aewv.

Then (V (I3, I2), +, e, K) is a weak refined neutrosophic strongly distributive hypervector space.
From now on, every weak(strong) refined neutrosophic strongly distributive hypervector space will sim-
ply be called a weak(strong) refined neutrosophic hypervector space.

Lemma 2.4. Let V (I, I5) be a weak refined neutrosophic hypervector space over a field K. Then for all
ke K andu = (a,bly,cly) € V(I1,12), we have

1. kel =1{0}.
2. keu={0} implies that k = 6 or u = 0.
3. —ue(—1l)eu
Proof. 1. ke =ke(0ef)=(k0)e=0e6=10

2. Letk € K and u € V be such that k e u = {6}.
Ifk=0,then0eu=24.
If k # 0,then k! € K. Therefore keu =0 =k ' o (kou) =k lef
= (k7 tk)eu=0= lgxou=0= u=>0.
O

Proposition 2.5. Every strong refined neutrosophic hypervector space is a weak refined neutrosophic hyper-
vector space.

Proof. Suppose that V (I, I5) is a strong refined neutrosophic hypervector space over a refined neutrosophic
field K (11, I5) say. Since K C K (I, I2) for every field K, then we have that V' (I1, I2) is also a weak refined
neutrosophic hypervector space. O
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Proposition 2.6. Every weak refined neutrosophic hypervector space is a strongly distributive hypervector
space.

Proof. Suppose that V' (I, I5) is a weak refined neutrosophic hypervector space over a field K. Obviously,
(V(I1,1I),+) is an abelian group. Let u = (a,bly,cly),v = (d,ely, fI;) € V(I1,13) and k,m € K be
arbitrary. Then

(1) keu+meu = {(p,qly,rl):pEkea,qckebrckecht
{(s,tli,wlz) : s€Emea,t € mebwecmec}h
= {(p+s,(q+t),(r+w)ly):p+sckea+mea,q+tckeb+meb,
r+wéekec+mech.

And,
(k+m)eu = {(x,yh,zL):x€(k+m)ea,yc (k+m)eb,zc (k+m)ec}
{(z,yl1,2Is) :x €kea+mea,yckeb+meb zckec+mec}
keu+meu.
(2) keu+kev = {(p,gli,rle):pckea,gckebreckec}+
{(s,tI1,wly):s € kedtckeecweckef}
= {(p+s(@+t)1,(r+w)l):p+seckeatkedg+tckebtkeec,
rtwekec+kef}

And,

ke (u+wv) = ke(a+d,(b+e)i,(c+ [)l2)
= {(z,yh,zL):zcke(a+d),ycke(b+te),zcke(c+f)}
= {(z,yh,zl):xckea+kedyckebtkec,zckect+kef}
= keu+tkeu.

(3) ke(meu) = ke{(r,yl1,zl):x €mea,yc meb,z€ mec}

{(p,ql1,7r):pckex,gckeyrckez}

{(p,q[l,TIQ)ZpEkO(mOG),QEkO(m.b),TEk‘(m.c)}

= {(p,ql1,rL2):p€ (km)ea,qge (km)eb,re (km)ec}

(km) e (a,bly, cls)

(km) e u.

4) (=k)eu = {(z,yl1,z5):x € (-k)ea,yc (—k)eb, z¢
= {(z,yl,cly):x €ke(—a),ycke(=b),z¢€
= ke(—a,—bl,—cl)
= ke (—u).

(—k)ec}
ke(—c)}

(5) lew {(z,yl1,zl):x €lea,yclebzclec}
{(z,yl, zL) : ® € {a},y € {b}, 2 € {c}}
{(a,b[l,clg)}.

= u€leu.

Accordingly, V (I, I) is a strongly distributive hypervector space.

O

Corollary 2.7. Every weak refined neutrosophic hypervector space which is strongly right distributive is
strongly left distributive .

Proof. The proof follows from the proof of Proposition [2.6]. O

Proposition 2.8. Let (Vi(11,13), 41,01, K(I1,12)) and (Va(I1, I3), +2, @2, K(I1, I2)) be two strong refined
neutrosophic hypervector spaces over a refined neutrosophic field K (1, I5). Let

Vl(Il,IQ) X ‘/2(11,12) =

{((a1,51[1701[2>,(ag,bQIhCQIQ)) : (al,blll,cllg) S %(Il,fg),(ag,bgll,CQIg) S Vé([l,lg)} andfor all
u = ((a1,b111,612), (ag,bgll,CQIg)), v = ((all,bllll,c/llg), (G/Q,bIQIQ,C/QIQ)) S ‘/1(11,[2) X VQ(Il,IQ) and
a = (k,mI,nlz) € K(I1,I5), define:

u+v=(((a1+ay), (b1 + b)) 1, (c1 + 1) I2), (a2 + ay), (b2 + b3) 11, (c2 + c5)I2)),
aou={((z,yl,212), (p,ql1,712))}.

rekeay,

ycekebyUmeasUmeb Umec; Un eby,

z€keciUnea; Unecy,
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pEkeas,

gEkebyUmeasUmebyUmecyUn eby,

z€kecyUneasUnecs.

Then (Vi(I1, I2) x Va(I1,I3), +, e, K(I1, I3)) is a strong neutrosophic hypervector space.

Proof. Suppose that V; (I, I3) and Vs (I, I2) are strong refined neutrosophic hypervector spaces over a refined
neutrosophic field K (I, I5).

Letu = ((a17 b1[17 6112)7 (a27 bQIlv CQI?))7 U= ((alla bllllv 6/112)3 (al25 bl212v 0/212)) € Vl(Ih 12) X ‘/2(11? 12)
and o = (k,mIy,nly), 8 = (kK',m'I1,n'Iy) € K(I1,I>) be arbitrary.

1. We can easily show that (V7 (I, Is) x Vao(I1, I2), +) is an abelian group.

2. Now we want to show that (& + ) eu C e u+ e u.

Consider

(Oé—|—ﬁ) U= (k+k’,(m+m’)ll,(n+n’)lg) ° ((al,blll,(}lIQ),(ag,bgll,CQIg))
C{{(z,yl1,212), (p,ql1,r2)) :x € (k+k)eoaj,ye (k+k)ebyU(m+m')ea,U(m+m')e
bhUm+mecaU(n+n')eb,ze(k+k)ecitU(n+n')earU(n+n')ec,
pe(k+k)eas,qe (k+k)eboU(m+m')easU(m+m')ebsU(m+m')ecaU(n+n')ebs,z€
(k+Ek)ecaU(n+n')easU(n+n')ecy}

={((x,yl1,212), (p,ql1,rl2)) : x € keay+k eaj,y € keb +k'ebjUmea; +m'ea; Umeb; +
m ebiUmec;+m' eciUneb +n'eb,zckeci+k eciUnea; +n'ea;Unec; +n'ecy,
p € keas+k'eas,q € keby+k'ebyUmeas+m’easUmebs+m'ebyUmecs+m’ecolUneby+n'ebsy, 2 €
kecot+k ecoUneas+n'easUnecs+necsy}.

Now if we take x = s1 + 81,y = t1 + ], 2 = wy + w), p = s2 + 85, q = to + t5 and r = w; + w) then
we have

{((s1 s, (a0 11, (wrwy)L2), (s2+55, (L2 +15) 11, (wi+w)) ) : s1+5) € keay+K eay, t1+
th€ekeb+k ebyUmea;+m’ ea;Umeb;+m'ebjUmeci+m'eciUneby+n’eby, w +wj €
keci+k'eciUnea; +n'ea;Unecy +n'ecy,

So+sh € keas+k eas, to+t), € keby+k'eboUmeas+m’ easUmeby+m’eboUmeco+m’ ecoUneby+
n' eby, wotwh € keco+k'ecoUneas+n'easUneco+n'ecot = {((s1,t111, w1 lz), (s2,t2l1,wals))
s1 € keay,t; € kebyUmea;UmebiUmec;Uneby,w; € keciUnea;Unecy, So € keagy, 1y €
kebyUmeasUmebyUmecoUnebs, wy € kecoUneasUnece }+{((s},t1 1, wi12), (sh, thl1, whls)) :
si ek ea,tiek’ebyUm ea;Um' ebyUm' eci Un' @by, w) €k’ec;Un’ea;Un’ ecy,
shek'eag,thek’ebyUm eaaUm' eboUm’ ecoUn' @by, wh € k' ecoUn’ eayUn’ ecy}
Caeu+ feu.

Then (a + ) euCaeu+ Seu.

3. Now we want to show that c @ (u+v) Caeu+aev
ae(u+tv)=(k,ml,nl)e((a +ay,(by + b)), (c1+ c))1Ia), (as + ab, (ba + b5) 11, (c2 + ¢5)12))
C{(z,yl1,212),(p,qh,rls) :x € ke (a1 +a),y € ke (b +b))Ume(a; +aj)Ume(by +b))U
me(cy+c)Une(by+b)),z€ke(ci+c)Une(ar+aj)Une(c;+c),
peEke(ag+ay),qgc ke (ba+by)Ume (az+ab)Ume (by+by)Ume (ca+ ch)Une (by+bh),
reke(cat+ch)Une(as+ab)Une(ca+ch)}

={(z,yh,zL),(p,ql1,rlz):x €keoea; +keaj,yckeb +kebiUmea; +meajU
meby+mebiUmecy +meciUneb; +nebj,zckec;+keciUnea;+neajUnec;+nech,
p € keas+keah,q € keba+kebyUmeas+mea,Umebs+meb,Umecy+mechUnebs+nebs, r e
kecotkechbUneas+mnea,Unecy+necht.

If we take x = s1 + 81,y =t1 + ], 2 = w1 + w, p = s2 + s, q = to + t5, and r = wy + w) then we
have

{(s1+81, (t1+t)) 1, (w1 Hw))I2), (sa+5, (ta+th)[1, (wa+wh) o) : s1+8) € kear+kea),t;+t] €
kebi+kebjUmea; +meajUmeb;+mebiUmecyi+meciUneb; +nebi,w+w|e
keci+keciUnea;+nealUnec;+nec),ss+s, € keas+keal,, to+th € keby+keb,Umeas+me
abUmeby+meb,Umecy+mechUnebs+nebl, wo+wh € kecot+kechbUneas+nea,Unecy+nech}
= {(Sl,tl]l,ﬂ)l[g),(SQ,tQIl,wQIQ) 181 € koal,tl ckebjUmeaiUmeb; Umec; Unobl,wl €
keciUnea;Unecy, sy € keas,to € kebsUmeasUmebyUmecoUneby, wy € kecoUneasUne
co} +{(sh, t I, wi1a), (sh, thl1, whls) : 8| € kea),t] € kebjUmeajUmebiUmeciUneb|, w) €
keciUneaiUnec), s, € kea),t, € keb,Umea,Umeb,Umec,Uneb,, w) € kechUnea),Unecs} C
aeyu+aevn.

Then we have that « @ (u +v) C v eu+ aewv.
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4. ae(feu)=cae{((z,yl1,2l),(p,ql1,7]2)):x € k' ea;,y € k' eby Um/ ea; Um’ eby Um’ ec; U
neb,ze€k'eciUn'eaiUn'eci,pck’eas,qgc k’oebyUm’ easUm’  ebyUm'  ecoUn’ eby, 7 €
K ecoUn easUn’ ecy}
={((«',y' 1,2 I5),(p',¢T1,r'L)): 2’ €kex,y ckeyUmexUmeyUmezUney,
ZekezUnexUnez, pckepqgckegUmepUmeqUmerUneg,
ZekerUnepUner}

={((«',y'I1,2' L), (0, ¢ I1,r'L)) : 2’ € ke (k'eay),y cke(k'ebyUm ea; Um’ eby Um’ e
caUn’eb)Ume(k'ea;)Ume (k'ebyUm' ea; Um’ ebyUm’ec;Un’ eb)Ume(k'eciUn’e
apUn’eci)Une(k'ebyUm ea; Um' eby Um' ecy Un' eby),
Zeke(keciUn'ea;Un'eci)Une(k’ea;)Une(k'eciUn’ea;Un’ecy), p' € ke(k'eas),q €
ke(k'ebyUm' easUm’ ebsUm’ ecoUn'eby)Ume (k'eas)Ume (k' @by Um’ easUm’ ebyU
m'ecoUn’ eby)Ume (k'ecoUn’ easUn’ecy)Une(k'ebyUm’ easUm’ ebyUm’ ecoUn/ ebs),
Zeke(kecoUn easUn’eco)Une(k’ea)Une(k’ecoUn’easUn’ecy)}

={((«',¢' 1,7 Is),(p',¢1,r' L)) : ©’ € (kk')eay,y € (kk')ebyU(km')ea U (km’)eb;U(km')e
c1U(kn') @by U(mk')ea; U(mk')eby U (mm')ea; U(mm’)eb; U(mm')ec;U(mn’)ebU(mk’)e
ctU(mn')ea; U(mn')ecy U(nk')eby U(nm')ea; U(nm')eb U(nm')ecy U (nn')eby,z €
(kk')ociU(kn')ea U (kn')eciU(nk’)ea; U(nk')eciU(nn')ea;U(nn')ecy, p' € (kk')easz, ¢ €
(kK') obo U (km') eag U (km') @by U (km') e co U (kn') @ bo U (mk') e ag U (mk') @by U (mm') e ag U
(mm’) @by U (mm') eco U (mn') @by U (mk’) @ ca U (mn') eas U (mn') ecyU (nk’) @by U (nm’) e
az U (nm’) @by U (nm/) e co U (nn’) e by,

2 € (kk')ecoU (kn') eas U (kn') e co U (nk') @ as U (nk’) e co U (nn') eaz U (nn') e ca}

= ((k,mIy,nly)(K',m'Iy,nlz)) ® ((a1,b111, c112) (a2, bal1, c2l3))

= (af) e u.

5. (—a)u = {(z,yl1, 212)(p,ql1,712)) : © € —keay,y € —kebjU—mea; U—meb;U—mec;U—ne
b1,z € —keciU—nea;U—necy,p € —keas,q € —kebsU—measU—mebyU—mecyU—neby,r €
—kecoU—neayU—necy}
={(z,yl1,zI2(p,ql1,r]2)):x € ke (—a1),yc ke (—=by)Ume(—a;)Ume(—b)Ume (—c1)U
ne(—b),z€ke(—ci)Une(—a;)Une(—ci1),pcke(—az),q€ke(—by)Ume(—az)Ume
(=ba)Ume(—c2)Une(—bs),r cke(—cy)Une(—az)Une(—cs)}
= (k,thnIQ)(—((al,blIh01I2)(a2,b21170212))) = a(—u).

6. leu={(z,yl,zL)(p,ql1,r]3)) :x €lea;, y € leb,z € lec), pEleay, g€ loeby,r € locy}
= {(al,blll,01[2)(a2,5211702[2>) ca1 € leay, by € 1eby, c1 € 1ecy, ay € 1eas, by € 1oby, 5 €
1 e ¢y}, which shows that u € 1 e u.
Accordingly, Vi (11, I5) x Va(I4, I2) is a strong refined neutrosophic hypervector space.

O

Proposition 2.9. Let (V(I1,15),®,01,K) and (H,+p,en, K) be a weak refined neutrosophic hypervector
spaces and a hypervector space, respectively. Let

V(Il,IQ) x H = {((a,b[l,CI2)7h) : (a,bIl,cIQ) S %(Il,fg),h € H}

Forallu = ((a,bly,cly),h),v = ((¢/,V'1,d I5),g) € V(I1,12) x H and k € K, define:
utv=_(a®d,(bdV)1,(c®)]:),h+mg),

keu={((z,yh,zl2),p):x €keja,yc ke bc ke c,pckeyh}.

Then (V1(I1, 1) x H,+, e, K) is a weak neutrosophic hypervector space.

Proof. The proof follows from the same pattern as the proof of Proposition 2.§]. O

Definition 2.10. Let (V (I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (11, I2) and let W[I;, I3] be a nonempty subset of V' (I, I3). W[Iy, I2] is said to be
a subhypervector space of V (I, I) if (W[I1, I2], +,e, K(I1, 7)) is also a refined neutrosophic hypervector
space over the refined neutrosophic field K (I, I2). It is essential that W[I;, I5] contains a proper subset which
is a hypervector space over a field K.

Example 2.11. Let V(I1,I3) = R?*(Iy, ;) and K = R([y, I5) then (R?(Iy, I5), +,e, K(I1, I3)) is a strong
refined neutrosophic hypervector space over refined neutrosophic field K = R(I1, 12), where the hyperopera-
tions + and e are defined V u = ((a1,b111, c111), (ag, bo 11, cls)),

v = ((a’l, b/l-[la Cll_[l), (0/2, boly, CIIQ)) € V(Il, IQ) by :

u+v=((a1+ay, (b1 +01) 11, (1 + €1)12), (az + ah, (b2 + b5) 11, (c2 + ¢5)12)),
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aeu={((z,yh,zl),(p,ql1,rls)) :x €kea,yckebjUmea;Umeb;Umec; Uneb,
zE€keciUneaiUnec,peEkeasy,gEkebyUmeaysUmebyUmecyUn ebs,
rekecaUneasUnecs}.

Let W(I1,1I5) = K(I1,1I2) x {(0,001,015)} C V(I4, I2).

Then W (I, I5) is a strong refined neutrosophic subhypervector space.

Proof. Since § = ((0,011,015), (0,0I1,013)) € W(Iy,I5). Then W (I3, I3) # 0.
Now let uy = ((al,blfl,CQIg),(07011,0I2)) , U1 = ((all,blIl,Cljg)(0,0ll,OIQ)) S W(Il,IQ), and o =
(k,mIy,nl),8 = (K,m'I},n'Iy) € K(I, I5) with a1, by, c1,a}, b}, ¢}, k,m,n,k',m';n €R.
e U+ B ey = (k,m[l,nfg) ° [(al,b1[1,61]2), (0,0Il,OIQ)]+
(k/, m'Ihn’Ig) L] [(a/l, blIl, 61]2)(0, 0[1, 0[2)]

- {((x,yl1,215), (p,ql1,r2)) :x € kea,yckebUmea; Um ebU
meciUneb,zcEkeciUnea;Unecy,p€ ke,
gekeOUmeOUmeOUmeO0Unel,rckelUnelUnel}

H (&', v, 2 L), (P, ¢ 1,7 [5)) : &' € k' e af,

y ek ebiUm/ eaiUm'  ebiUm' eciUn' e,
Zekeciun eajUn’ ec],

pekel,qd cke0Um e0U

m e0Um e0UnR 0,7 c k' e0Un e0Un e0}

= Al(s,t1,wh), (s, t',w')):s€kea; +k ea],
teckeb +k ebfUmea; +m'eajUmeb; +m/eb] Umec;+
m eci Uneby +Un ebl,
wekecy+k e Unea+n eajUnecy +Un ecf,

s’ e O,t/ S O,’LU/ S 0} - W(Il,lg).

== aeu+[Fevy CW(I,ly).

Lastly, we can see from the definition of W (I, I5) that W (I, I5) contains a proper subset which is a
hypervector space over K.
To this end we can conclude that W (I, I2) is a strong refined neutrosophic hypervector space. O

Proposition 2.12. Let W1 [I1, Is], W[4, Is], - - - , Wy, [I1, I5] be refined neutrosophic subhypervector spaces
of a strong refined neutrosophic hypervector space (V(I1,12),+, e, K(I1,I5)) over a refined neutrosophic
field K (I, I5). Then (;_, W;|I1, I1] is a refined neutrosophic subhypervector space of V (I, I5).

Proof. Consider the collection of refined neutrosophic subhypervector space

{W;(I1, I5) : i = 1,2, - - n} of a strong refined neutrosophic hypervector space V (I3, I3).

Take u = (a,bly,cly),v = (d,ely, fIs),a« = (k,pl1,ql3) and B8 = (r, sI1,tl5).

Letu,v € (i, Wi(I1, I2) then u,v € W;(I1, 1) forall i =1,2,---n.

Now for all scalars o, 8 € K (I1, I>) we have that

aeu+ fev=(k,pli,qls)e (a,bly,cly)+ (r,sl1,tl5) e (d,ely, fI5)
C{(x,yl,z):x€keayckebUpeaUpebUpecUqgeb zckecUgealUqgec}+
{(&/,y' 1,2 )2’ ered,y creeUsedUsecUse fUtee 2 crefUtedUte f}
={(z+2,(y+y)1,(z+ 7)) x4+ 2’ €kea+red,

y+y €kebt+recUpea+sedUpebt+secUpec+seflUqgeb+iec,

247 €kect+refUgea+tedUqec+tef} CW;(I1,I)Vi=1,2,3--- n.

= aeu+fevC N, Wil ).

Lastly, since W;(I1, ) Vi=1,2,3,--- ,n contain proper subsets W; which are hypervector space,
N, Wi(I1, I5) is a strong refined neutrosophic subhyperspace. O

Proposition 2.13. Let W [Iy, I3] be a subset of a strong refined neutrosophic hypervector space

(V(I1, I2),+,e, K(I1, I)) over a refined neutrosophic field K (Iy,I5). Then W I, I3] is a refined neutro-
sophic subhypervector space of V (I1, I2) if and only if for all

u = (a,bly,clz),v = (d,el1, I2) € V(I1,12) and a = (k,mlIy,nly) € K(I1,13), the following conditions
hold:

1. W(I, ] # 0,

2. u+veW[h, I,
3. aeu C W[, I5),
4

. W11, I3] contains a proper subset which is a hypervector space over K.
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Proposition 2.14. Ler V(I1,15) be a strong refined neutrosophic hypervector space over K (I1,15) and let
Ui (I, 1), Us(I1, I) be any strong refined neutrosophic subhypervector spaces of V (I, I).

Then Uy (11, I5) U Us(1I1, I5) is a strong refined neutrosophic subhypervector space if and only if

Ul(Il, 12) g UQ(Il, IQ) or Ul(Il, IQ) :_) UQ(Il, IQ)

Proof. Let Uy (I, I5) and Us (11, I5) be any strong refined neutrosophic subhypervector spaces of V' (I1, I5).
= Now, suppose U; (11, I2) C Us(I1, I3) or Uy (11, I2) D Us(I1, I5) then we shall show the

Ui (I, I3) U Us(I4, I2) is a strong refined neutrosophic subhypervector space of V (11, I5).

Without loss of generality, suppose that Uy (I, Is) C Us(I4, I3).

Then we have that Uy (11, ) U Us(I1, Is) = Us(Iy,I3). But Us(Iy,I5) is defined to be a strong refined
neutrosophic subhypervector space of V (I3, I5), so Uy (I1, I2) U Us(I1, I2) is a strong refined neutrosophic
subhypervector space of V (I, I5).

<= We want to show that if Uy (1, Is) U U (I, I2) is a strong refined neutrosophic subhypervector space of
V(Il, 12) then either UI(II; 12) - Ug([l, IQ) or Uy (]1, IQ) D) UQ(Ih 12)

Now suppose that Uy (11, Iz) U Ua(I1, I2) is a strong refined neutrosophic subhypervector space of V (I, I2)
and suppose by contradiction that Uy (I1, I2) € Us(1Iy, I) or Uy (11, I2) 2 Us(1y, I5).

Thus there exist elements x1 = (a1 + b111 + c113) € Uy (11, I2)\Uz(I1, I2) and

To = (ag + boly + CQIQ) € UQ(Il, IQ)\Ul(Il, .[2) So we have that 1, x5 € Ul(Il, IQ) @] U2(I17 IQ),

since Uy (11, Is) U Us(11, I3) is a strong refined neutrosophic subhypervector space, we must have that

x1 + a9 =23 € U (11, I5) U Ug([l,fg).

Therefore x1 + xo = x5 € Uy (I, I2) or &1 + xo = x5 € Us(I4, I3)

= a9 = a3 —x1 € Ui(I1,I3) orx1 = x3 — 2 € Us(I1, I3) which is a contradiction.

Hence Uy (11, I5) C Uy(I1, I2) or Ui (11, I3) 2 Us(Ih, I2) as required. O

Remark 2.15. If W1[I1, I2] and Wh[I4, I5] are refined neutrosophic subhypervector spaces of a strong re-
fined neutrosophic hypervector space V' (I, I3) over a refined neutrosophic field K (Iy, I5), then generally,
Whlly, I;] | Wa[I4, I5] is not a refined neutrosophic subhypervector space of V (I, I) except if

Wl[Il,IQ] g WQ[Il, 12] or WQ[Il,IQ] g Wl[Il,IQ].

Definition 2.16. Let W1[I, I5] and W5[I1, I3] be two refined neutrosophic subhypervector spaces of a strong
refined neutrosophic hypervector space (V (I3, I>), +, e, K(I1, I)) over arefined neutrosophic field K (I, I5).
The sum of W1 [I1, I5] and Wa |11, I5] denoted by Wi [I1, Is] + Wall1, I5] is defined by the set

U{w +riw= (a7bll7612) S W1[117[2],$ = (da eIlafIQ) € W2[11712]}'

If Wi (I, Is) N Wa[Iy, I5] = {0}, then the sum of W [I;, I5] and W5[[;, I5] is denoted by
W1 [.[1, IQ] D WQ[Il, Ig] and it is called the direct sum of W1 [Ilv 12} and WQ[I:[, IQ]

Proposition 2.17. Let Wi[I1, I5] and Ws[I1, Is] be two refined neutrosophic subhypervector spaces of a
strong refined neutrosophic hypervector space (V(I1,15),+, e, K(I1, 1)) over a refined neutrosophic field
K(I, I).

1. WhL, Iz] + Wa[I4, I5] is a refined neutrosophic subhypervector space of V (I, I5).

2. Whlly, Ix] + Wa[l4, I3] is the least refined neutrosophic subhypervector space of V (I, I5) containing
Wl[ll, 12] and WQ[Il, 12]

Proof. 1. Since 0 € Wl[Il,[Q] and 0 € WQ[Il,IQ], {9+0} - Wl[[l,IQ] + WQ[Il,Ig].
SO,{Q} - Wl[Il,IQ] + WQ[Il,IQ] —0e Wl[Il,IQ] + WQ[I1712}, therefore Wl[Il,IQ] + WQ[Il,IQ}
is non-empty.
Letu = (a,b117012)7’l) = (d, ell,flg) S Wl[lhlz] + WQ[Il,IQ] ,then Ju; = (al,blll,cllg),
U = (ag,bgll,CQIQ) S Wl[]l,IQ] and v = (d1,€1]1,f1[2),’02 = (d2,€211,f212) S WQ[Il,IQ] such
that u € uy + v1 and v € ug + vs.
Leta = (k,mlIy,nls), 8 = (K',m'I;,n'I5) € K(I, I5).
Now aeu+SevCae(u+uv)+5e(us+ v2)
= (k,m[l,’ﬂjg) o (a1 + dl, (b1 + 61)[1, (61 + 61)]2)—|—
(k",m’]l, TL/IQ) L] (CLQ —+ dQ, (bQ + 62)]1, (62 + 62)12)
{(x1, 11, 2102) 21 € ko (a1 + dy),
yy€ke(by+e)Ume(a;+di)Ume(by+er)Ume(cy+ fi)Une(by+ep),
z1€ke(cr+ fi)Une(a;+di)Une(ci+ f1)}
+{($2,y211,2’2]2) 1 X9 € k' e (a2 + dg),
Yo E k' e (ba +ex) Um' e (az +da) Um’ e (ba +e3) Um' e (co + fo) Un’ e (by + e3),
zo €K o(ca+ fa)Un' e(ag+da)Un' e(ca+ fa)}

N
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= {(z,yh,zl):xz€(kea; +ked +k eas+ Kk edy),
ye(keb+kee +k eby+ k' ee)U(mea; +med; +m’ eas+m’ edy) U
(meby+mee; +m eby+m' eex)U(mecy+me fi+m'eco+m'efo)U
(neby+nee;+n'eby+n'eey),
z€(keci+kefi+k ecot+k efo)U(nea;+ned +n eay+n edy)U
(neci+nefi+n eco+n ef)}
= {(Sl,tlll,’wljz) 181 € (k ®a + K .ag),
t1 €(keby+k eby)U(mea; +m' eas)U(meby +m eby)U(mecy +m' ecy)U
(neby+n eby),w; € (kec; +k' ecy)U(nea; +n' eaz)U(necy +n' ecy)+
{(Sg,tgll,wglg) 189 € (k‘ odi +kK e dg),
to€ (kee;+k eecg)U(med; +m'edy)U(mee; +m'eey) U(me fi+m' e fo)U
(neey +n'ees),
wy € (ke fi+k efo)U(ned;+n'edy)U(nefi+n'ef)}
C WhlL, L]+ Wa[ly, I5].
Hence a e u+ S e v C Wil L] + Wh|l, ).
Now since W7y, W are proper subsets of Wi [I1, I5] and Wh[I, I5] respectively, with both W; and
W5 being hypervector space. Then Wy + W5 is a hypervector space which is properly contained in
Wh[l1, Iz] + Wa[I4, I]. Then we can conclude that Wy [I1, Is] + Wa[I1, I5] is a refined neutrososphic
subhypervector space.

Let W I, I2] be refined neutrosophic subhypervector space of V'[I1, I3] such that W1 [I1, Iz] € W1y, I]
and W2[117IQ} Q W[Il,lg].
Let u = ((L,b[l,CIQ) € Wl[Il,IQ] + WQ[Il,IQ], then Hul = (al,b111,01]2) S Wl[Il,IQ] and
Ug = (ag,bgfl,CQIQ) € WQ[Il,IQ] such that u € uy + us.
Since W [Il, 12] - W[I]_,IQ] and WQ[Il, IQ] - W[Il, IQ], then uy,us € W[Il,fg}.
Again since W1y, I5] is a refined neutrosophic subhypervector space of VI, I2], then we have that
uy +ug C W[Il,[2] — u € W[Il,fg].
Hence W1 (I, Is] + Wa[I1, Is] € W13, I5] and the proof follows.

O]

Remark 2.18. If V(I3 I1) is a weak refined neutrosophic strongly left distributive hypervector space over a
field K, then

1.

W, ] = J{k eu: k € K} forms a weak refined neutrosophic subhypervector space of V (I, I5),
where v = (a,bly,cls) € V(I1,I3). This refined neutrosophic subhypervector space is said to be
generated by the refined neutrosophic vector v and it is called a refined neutrosophic hyperline span by
the refined neutrosophic vector u.

If wu = (a,bly,cls),v = (d,ely, fI5) € V(I1,12), thenthe set W = [J{a®eu+ Seov,a,0 € K}isa
weak refined neutrosophic subhypervector space of V' (11, I5). This refined neutrosophic subhypervector
space is called refined neutrosophic hyperlinear span of the refined neutrosophic vectors u and v.

Proposition 2.19. Let V(I1, I2) be a weak refined neutrosophic strongly left distributive hypervector space
over the field K and uy,us, -+ ,u, € V(I1,I2), withu; = (a;,b;11,¢;lo) fori =1,2,3---n. Then

1.

Proof.

W, L) = J{a1eus +aseus+- -+, 0u, : ay,as,- - ,ap € K} is a weak refined neutrosophic
subhypervector space of V (I, 15).

W (I, I5) is the smallest weak refined neutrosophic subhypervector space of V (I1,I3) containing
UL, Uy~ 5 Up.

1. The proof follows from similar approach as 1 of Proposition[2.17].

2. Suppose that M (I, I5) is a weak refined neutrosophic subhypervector space of V(I1, I2) containing

Uy = (al,blll,cllg),uQ = (CLQ,bQI1,CQIQ), e Uy = (an,bnll,cnlg). Lett € W(Il,IQ), then there
exist aq, g, - -+ , ¢, € K such that

t€age(ay,bili,cilz) +age(az,bali,cals) + -+ + ay ® (an, b1, crls).

Therefore t € M (I1,I5) = W(I1,15) C M(I1, ).
Hence W (I, I5) is the smallest weak refined neutrosophic subhypervector space of V' (I, I5) contain-
ing uy, Usg, -, Up.

O
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Proposition 2.20. Ler V (I1,I2) be a strong refined neutrosophic hypervector space over a refined neutro-
sophic field K (I, I5), and let

ur = (a1,b111, c1lz), ug = (a2, bolv, c2l2), -+, up = (an,bpI1, cnla) € V(Ih, I2),

ar = (ki,mudh,t11a), o = (ko,molv, tols) - -+, an = (kn, mpdh, t12).

Then:

1. W(I1, 1) = J{areus+aseus+- - +ay0u, : ay,aa, -+ o € K(I1, 1)} is a refined neutrosophic
subhypervector space of V (I, I).

2. W(Iy, I,) is the smallest refined neutrosophic subhypervector space of V (I, I5)
containing uy,Us, -+ , Up.

Proof: The proof follows from similar approach as that of Proposition .

Remark 2.21. The refined neutrosophic subhypervector space W (I, I5) of the strong refined neutrosophic
hypervector space V' (I1, I2) over a refined neutrosophic field K (11, I5) of Proposition is said to be gen-
erated by the refined neutrosophic vectors uy,ug, - - - , u, and we write W (I, Is) = span{ui,ug, - ,u,}.

Definition 2.22. Let (V(I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I3, I5) and let

B(Il,IQ) = {u1 = (al,blfl,clfg),w = (0@,1)2]1,02[2),"' yUp = (an,bnfl,cnfg)} be a subset of
V(Iy,12). B(I1, I2) is said to generate or span V' (I1, Io) if V(I1, I2) = span(B(I1, I2)).

Example 2.23. Let V (I3, I5) = R3(I1, I3) be a strong refined neutrosophic hypervector space over a neutro-
sophic field R(I;, I5) and let B(Iy, Is) = {u; = ((1,01,0I3), (0,011,0I5),(0,01;,013)),

us = ((0,0I1,012), (1,011,015), (0,011,015)),us = ((0,0I,013), (0,0I1,012), (1,011,013))}.

Then B(11, I2) spans V (11, I2).

Example 2.24. Let V (I3, I3) = R?(I, I3) be a weak refined neutrosophic hypervector space over a field R
and let B(I1, I2) = {u1 = ((1,0I1,012), (0,0l1,012)),uz = ((0,011,012), (1,011, 0l2)),

UuUs = ((0,[1,0[2), (0,0]1,0]2)),11,4 = ((07011,012), (0,11,012)),U5 = ((0,0[1,[2), (0,0]1,0]2)),

Ug = ((O, 0[1, 0[2), (070_[1, .[2))} Then B(Il, Ig) Spans V(Il, IQ)

Definition 2.25. Let W[y, I5] and X [I;, I3] be two refined neutrosophic subhypervector spaces of a strong re-
fined neutrosophic hypervector space (V (I1, I5), +, e, K(I1, I5)) over a refined neutrosophic field K (I3, I).
V (I, I) is said to be the direct sum of W[y, I] and X [I, I] written V (11, Is) = W(I1, I2] ® X [I1, I2] if
every element v € V (I, I3) can be written uniquely as v = w + x where w € W[y, Iz] and © € X [I1, ).

Proposition 2.26. Let W Iy, I1] and X [I1, I] be two refined neutrosophic subhypervector spaces of a strong
refined neutrosophic hypervector space (V (11, I5), +, e, K (I, I)) over a refined neutrosophic field K (I, I5).
V (I, I2) = W[, Is) ® X[I1, I2] if and only if the following conditions hold:

1. V(I, ) = W[, L] + X[, ).
2. WL, LN X1, L] = {0}.
Proof. Same as in classical case. O

Definition 2.27. Let (V (I1,13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I3, I5). The refined neutrosophic vector
u = (a,bly,cly) € V(I1, I5) is said to be a linear combination of the refined neutrosophic vectors

uy = (al, blll, 01[2),11,2 = (CLQ, bg[l, 0211), e Uy = (an, bnll, CnIQ) S V(Il,fg) if there exist refined
neutrosophic scalars a1 = (kl, mlh, t1[2)7 Qg = (k‘z, mgll, tQIQ), e, Oy = (kn, mnIl, tnjg) S K(Il, IQ)
such that

UEC QL OU + 2 ®Uy + -+ QO ® Uy

Definition 2.28. Let (V(I1,15),+,e, K(I1,15)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (17, I5) and let

B(Il,IQ) = {u1 = (al,blfl,clfg)ﬂl,g = (a2,b2[1,6212), e, Uy = (an7bn11,cn12)} be a subset of
V(I I).

1. B(I4,I) is called a linearly dependent set if there exist refined neutrosophic scalars
o] = (kl, myly, tllg), g = (]{12, moly, tg[g), e L Oy = (k‘n, mply, tnIQ) (not all zero) such that

0Ecaiou +aseus+ -+ ay ® Uy.
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2. B(I4,I) is called a linearly independent set if
cajou +aseuy+ -+, 0 u,
implies that 1 = ag = -+ - = a, = (0,017, 015).

Proposition 2.29. Let (V(I1, I2),+,, K) be a weak refined neutrosophic hypervector space over a field K.
Any singleton set of non-null refined neutrosophic vector of the weak refined neutrosophic hypervector space
V (11, I5) is linearly independent.

Proof. Suppose that 6 # v = (a,bl;,cls) € V(I1,12). Let 8 € k e v and suppose that § # k € K.
Then k! € K and therefore, k' @« 0 C k= o (k @ v) so that

0 (k=1k) ew

levw

{(z,yl1,zl):x €lea,yclebzclec}
= {(z,yl1,2I2) : @ € {a},y € {b}, z € {c}}

= {(a,b[l,cfg)}

= {v}.
This shows that v = 6§ which is a contradiction. Hence, k& = 6 and thus, the singleton {v} is a linearly
independent set. O

Im

Proposition 2.30. Let (V(I1,12),+,e, K) be a weak refined neutrosophic hypervector space over a field
K. Any set of refined neutrosophic vectors of the weak refined neutrosophic hypervector space V (I, I5)
containing the null refined neutrosophic vector is always linearly dependent.

Proposition 2.31. Let (V(I1,12),+, e, K) be a weak refined neutrosophic hypervector space over a field K
and let B(I1, Is) = {uy = (a1,b111,¢c112),us = (az,b2l1,¢200), -ty = (an,bply, cnla)} be a subset of
V(I1,13). Then B(I1, I5) is a linearly independent set if and only if at least one element of B(I, I2) can be
expressed as a linear combination of the remaining elements of B(Iy, I5).

Proof : This can be easily established.

Proposition 2.32. Let (V(I1,13),+, e, K) be a weak refined neutrosophic hypervector space over a field K
and let
B(Iy,13) = {u1 = (a1,011,c111),uz = (ag,bal1,cala), -+ ,up = (an, bpl1, cla)}

be a subset of V(I1,15). Then B(I1, 1) is a linearly dependent set if and only if at least one element of
B(I1, I5) can be expressed as a linear combination of the remaining elements of B(I1, I5).

Proof : Suppose that B(Iy, I) is a linearly dependent set. Then there exist scalars k1, ks, - - - , ky, not all
zero in K such that
0eckiouy +kooug+---+k,eou,.

Suppose that k1 # 0, then ki ! € K and therefore
kited C kile(kieu; +kyous+---+ky,ouy,)

(ky 1) o us + (kg k) @ up + -+ (kM) @ un,
= 1.U1+(k'l_le).'UQ""‘""(kl_lkn).Un

so that
eleuy + {u}

where u = (a,bly,cls) € (kflsz) ouy + -+ (k tky) @ uy.

Thus 6 € {(a+a1, (b+b1)[l, (C—i—cl)lg)} from which we obtain u; = (al, by Iy, 61[2) = —u= —(a, bl CIQ)
so that
uy € ( 1)

C (1) o () o+ (5 ) o)

Q ( kf )ou2+(—kf1k3)ou;;—i—-~-+(—k:flkn)oun.
This shows that u; € span{ug, ugz, - , Uy }.
Conversely, suppose that uy € span{usg, us, - , u, } and suppose that 0 # —1 € K.
Then there exist ko, k3, - - , k, € K such that

u Ekyougs +ksousz+---+k, eu,
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and we have
ur 4 (—u1) € (1) euy + ko ous + kzeus + e+ ky eu,.

From which
0e(—1)eu; +koous+ksous—+ -+ k,ou,.

Since —1 # 0 € K, it follows that B(I1, I2) is a linearly dependent set.

Proposition 2.33. Ler (V(I1,15),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over
a refined neutrosophic field K (I, I3) and let B1(I1,I3) and Ba(Iy, Is) be subsets of V(I1, Is) such that
Bi(I1,1I5) C Bo(Ih, I2). If B1(I1, I2) is linearly dependent, then Ba(1I1, I5) is linearly dependent.

Proposition 2.34. Let (V(I1,13),+, e, K(I1,12)) be a strong refined neutrosophic hypervector space over
a refined neutrosophic field K (I, I5) and let B1(I1,15) and Bo(I1, I5) be subsets of V(I1,1Is) such that
Bi(I1,15) C Bo(I1, I). If B1(11, I5) is linearly independent, then By (11, I5) is linearly independent.

Definition 2.35. Let (V ([1,13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I1, I2) and let B(I1,1I3) = {u1 = (a1,b111,c111),us = (ag,baly,cols), -}
be a subset of V' (I1, I2). B(I1, I2) is said to be a basis for V' (11, I5) if the following conditions hold:

1. B(I, 1) is a linearly independent set
2. V(I1,I5) = span(B(I1, I2)).

If B(I4, 1) is finite and its cardinality is n, then V' (I3, I5) is called an n-dimensional strong refined neu-
trosophic hypervector space and we write dims(V (I, 1)) = n. If B(I1, I2) is not finite, then V (I3, I5) is
called an infinite-dimensional strong refined neutrosophic hypervector space.

Definition 2.36. Let (V (I, 13),+,e, K(I1,13)) be a weak refined neutrosophic hypervector space over a
field K and let B(Il,lz) = {U1 = (al,blll,clh),ug = (a2,b2[170212), < } be a subset of V(Il712).
B(I, I) is said to be a basis for V' (I3, I3) if the following conditions hold:

1. B(Iy,I5) is a linearly independent set
2. V(Ihfg) = span(B(Il, [2))

If B(I1, 1) is finite and its cardinality is n, then V' (I, I3) is called an n-dimensional weak refined neu-
trosophic hypervector space and we write dim,,(V (I1,I2)) = n. If B(I1, I2) is not finite, then V (I3, I3) is
called an infinite-dimensional weak refined neutrosophic hypervector space.

Example 2.37. In Example[2.23| B(I, I3) is a basis for V (I3, Iz) and dim(V (11, I2)) = 3.
Example 2.38. In Example|2.24| B(I;, I3) is a basis for V (11, Iz) and dimw (V (I3, I2)) = 6.

Proposition 2.39. Let (V (11, 13),+,e, K(I1,12)) be a strong refined neutrosophic hypervector space over a
refined neutrosophic field K (I, I5) and let

B(I,I5) = {u1 = (a1,b1]1,c113),us = (az,bal1,0202),++ yupn = (an,bnl1,cnl2)} be a subset of
V (11, I5). Then B(Iy, I5) is a basis for V (11, I5) if and only if each refined neutrosophic vector

u = (a,bly,cly) € V(I1,I5) can be expressed uniquely as a linear combination of the elements of B(I1, I2).

Proof. Suppose that each refined neutrosophic vector u = (a, b, cly) € V(I1, I5) can be expressed uniquely
as a linear combination of the elements of B(I1, I2). Then u € span(B(Iy, I2)) = V (I3, I2).

Since such a representation is unique, it follows that B(I;, I2) is a linearly independent set and since

u € V(I1, I) is arbitrary, it follows that B(Iy, I5) is a basis for V (I3, I3).

Conversely, suppose that B(Iy, I5) is a basis for V' (I, I), then V (I, Is) = span(B(I1, I5)) and B(I,I5) is
linearly independent. Now it remains to show that u = (a,bly, cl3) € V (I3, I) can be expressed uniquely as
a linear combination of the elements of B(I, I5).

To this end, for a1 = (k1, m111,p1l2), a0 = (ke,maly,polo), -+ ,ap = (kn,mpl1,prl2),

B1 = (r1, 5111, t112), B2 = (12, 8211, tal2), -, By = (Tn, sn11, tnl2) € K(I4, I2),

let us express u in two ways as follows:

UE QT oUL T Qo ®Us + -+ + (py ® Up, (1)

ucBroeu +Prous+ -+ 5, 0uy,. (2)
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From equation(2), we have
—u € (~1)eu (—1)e(Brous +foous+ -+ By ouy,)

(=1)B1) eur + ((—=1)B2) @ ug + -+ + ((—1)8n) o up

(=B1) eus + (—P2) eus + e+ (—105,) ® uy. (3).

1M

From equations (1) and (3), we have
u+(—u) € (a1 + (=B1)) eur + (a2 + (=B2)) o uz + - + (o + (=) ® un

=0 € (a1 — 1) our+ (az — Pa) oug + -+ + (an — Bn) ® up.
Since B(I3, I5) is linearly independent, it follows that

ap—fr=ar—fo=-=ay — B, =(0,001,0I)

and therefore,
oy = Br,a0 = P, -+ ,apn = Bn.

This shows that u has been expressed uniquely as a linear combination of the elements of B(I3, I5). The proof
is complete. O

Proposition 2.40. Let (V (I, 15),+,e, K) be a weak refined neutrosophic hypervector space over a field K
and let

Bi(I,1I) = {uy = (a1,b111,c1l2),uz = (ag,baly, c2la), -+ ,uy = (an,bpl1, cl2)} be a linearly indepen-
dent subset of V (I, 12). Ifu € V(I1,13)\B1(I1,I2) = V(I1,I2) N (B(I1, I2))° is arbitrary, then
By(I1,I3) = {u1 = (a1,b11,c112),us = (ag,bal1,c212), -+ sty = (an,bpl1,cpnla), u} is a linearly de-
pendent set if and only if u € span((B1(I1, I2)).

Proof. Suppose that Bo(I1, I2) is a linearly dependent set. Then there exist scalars k1, ks, - - - , kp, k not all
zero such that
0eckiou +koyous+---+k,ou,+keu. (4)

Suppose that & = 0, then there exist at least one of the k}s say k1 # 0 and equation (4) becomes
O€kiou +kyoug+ - +ky-u, (5)

from which it follows that the set

Bi(I1,15) = {u1 = (a1,b1 11, c112),u2 = (ag,boly,cols), -+t = (an, bply, clz)} is linearly dependent.
This contradicts the hypothesis that By (I, I2) is linearly independent. Hence k # 0 and therefore k~! € K.
From equation (4), we have

k'ef) C Kk le(kioeu;+koouy+---+ky,ou,+keu)

=0 € (k'ki)ous+ (k7 tko)oug+ -+ (k7 'ky) ou, + (k1K) 0w

=0 = v+u(where ve (k'ki)ou+ (k™ ko) @ug+ -+ (k7 ky) @ uy)

=u = —ve(-1)o (k7 k) ous + (ktha) oug + -+ (k7 k) o uy)

=u € (=1)e[(k7 k1) ous + (k7 ka) ous+ -+ (k7 1ky,) o uy)

= u € (k7 tky)ous+ (—k tky)oug+ -+ (=k"1ky,) e u,

= u € span(Bi(11, 7).

Conversely, suppose that u € span(B1([1, I2)). Then there exist k1, ko, - - - , k,, € K such that

U € kiouyt+kyous+---+k,eou,
= u+(—u) € kioeu t+koous+---+k,ou,+(—1)eu
=0 € kiouytkyous+---+ky,ou,+(—1)eou.

Since u ¢ By ([, I5) and By (I, I5) is linearly independent, it follows that {uy, us, - - - , up,u} = Ba(I1, I2)
is a linearly dependent set. The proof is complete. O

Definition 2.41. Let W[I;, I5] be a refined neutrosophic subhypervector space of a strong refined neutro-
sophic hypervector space (V (1, I2), +, e, K (11, I5)) over arefined neutrosophic field K (I3, I5). The quotient
V (I, I2)/W I, I5] is defined by the set

{[’U} =v+ W[Il,IQ} U E V(Il,IQ)}
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Proposition 2.42. Let V(I1, 1) /W, L] = {[v]| = v+ W[, 2] : v € V(I1,2)}.
If for every [u], [v] € V(I1,I2) /W[, Is] and o € K (I3, I5) we define:

[u] @ [v] = (u+v) + W[, L]

and
a®ul =[aeu] ={[z]:x € xou}.

(V(I,I2) /W, L), ®,®, K(I1, I2)) is a strong refined neutrosophic hypervector space over a refined neu-
trosophic field K (I, I5) called a strong refined neutrosophic quotient hypervector space.

Proof. The proof is similar to the proof in classical case. O

Proposition 2.43. Let W1y, I5] be a refined neutrosophic subhypervector space of a strong refined neutro-
sophic hypervector space V (I1, I) over a refined neutrosophic field K (I, I), let (V (I, I2)/W|I1,12]) be
as defined in Proposition [2.42], then the following hold:

1. W[I, I,] is finite dimensional and dimsW Iy, I5] < dim,V (I3, I3).
2. dlmg(v(ll712)/W[Il, 12]) = dimsV(Il,Ig) — dngW[[l,IQ]
Proof:

1. Let By (I3, I5) be the basis for W1y, I5] and let Bo(I1, I2) be a basis for V (I3, I5). Since W[Iy, I5] C
V(I1,I3) then By(I,I5) is contained in By (Iy,I2). Therefore By (I3, I3) is a linearly independent
subset of V' (I1, Iz). Then we have that
|B1(I1, I2)| < |Ba(I1, I2)|. Now, since | B (11, I2)| < |Ba(I1, I2)| and V (I1, I2) is finite dimensional
we can conclude that W (I, I5) is finite dimensional and

dimSW(Il,Iz) = ‘Bl(I17]2)| é ‘BQ(I17IQ)| = dimSV(Il,Ig).

2. Let {ug,uz, - ,uy} be abasis of W[I, Is]. Then this can be filled out to a basis,
{uy,ug -+, Um,v1,v9, -+ v, }of V(I1, I5) , where m+n = dim,V (I1, I5) and m = dim ;W |[I, I5].
Let [v1], [v2], - -+, [vs] be the images in V (I1, I5) /W Iy, Is], of v1, v, -+ , Up.
Since any vector v € V/(I1, I5) is in a linear combination of wuy, ug, - -« , U, V1, V2, -+ , Uy, We have
that

VEa UL+ s 0UsF Ay @ Uy, + SrO0v1 + o evg+ -+ B @ vy,

then

vE[arour] @ oz ou] B @ [ @ U] D [Brov1] D [Breva] B D [Br @ vy

Q [ﬂl L] Ul] D [62 L] Ug] D---D [ﬁn (] Un] (SiHCC [Oéi ° ’U,Z] Q (Ozi ° ul) + W[Il,IQ] g W[I]_,IQ])
:61. [Ul]@ﬁQ. [UQ]@"'@ﬁn. [Un]

Thus [v1], [v2] -+, [vn] span V (I3, I5) /W11, I2]. We claim that they are linearly independent, for if

Oerio[v]BArgeva @ - DA, @ [vy]

then
ferie[v]®Arae[va]® BN, 0 [v,] D W[, [5]
OC A o] @Azova] @ DAy ofvp] Dy efu] @z efus] @ @y o [ug]
which by the linear independence of the set {uy,uz -+ , Um, v1,v2 - , v, } forces
AM=X=-= A =n=7="=7,=0

This shows that V (I, Is)/W{I4, I5] has a basis of n elements, and

dimgs(V(I1, L) /W1, ]) =n = (n+m) —m=dim,V (I, I2) — dim;W|[I, I5].

Proposition 2.44. Let W1 (I1, I2) and Wy (I, I2) be finite dimensional weak refined neutrosophic subhy-
pervector spaces of a weak refined neutrosophic vector space V (11, 1) over a field K. Then W1 (I1, I2) +
W (11, I) is a finite dimensional refined neutrosophic subhypervector space of V(I1, I) and

dimw(Wl(Il,IQ)—FWQ(Il,IQ)) = dimw(Wl(Il,Ig))+dimw(W2(Il,Ig))—dimw(W1(Il, IQ)ﬂWg(Il,IQ)).
IfV(Il,IQ) = Wl(ll,lg) (&) WQ(Il,IQ) then
dimw(Wl(Il,Ig) + Wg([hfg» = dimw(Wl(Il,Ig)) + dimw(WQ(Il,IQ)).
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Proof: We know that W (11, Is)NWs (I3, I3) is a refined neutrosophic subhypervector space of both Wy (I, I5)
and W (I, I). So Wi (I, Is) "1 Wa(I4, I5) is a finite dimensional refined neutrosophic subhypervector space
of V(Il, 12)

Suppose that dimw(Wl (Il, 12) N W2(117 IQ)) = k, dimw(Wl (117 IQ)) = m and

dim.,(Wa(I1,I5)) = n then we have that k < m and k < n.

Now, let {uy,us, - ,ug} be a basis of Wi (I, I5) N Wa(I1, I5). Then we have that {uy, ug, - ,ur} is a
linearly independent set of refined neutrosophic vectors in Wy [I1, Is] and W5 (11, I5] with k < m and k < n,
then it follows that either {uy, ua, -+ ,ug} is a basis of W1 [I1, I3] and W5[I1, I5] or it can be extended to a
basis for W1 [Iy, Io] and Wh[I, 5] .

Let {uy, ug, -+ , Uk, 1,02, , Um— } be abasis for Wq[I1, Io], and let {uy, ug, -+ , up, w1, wa, - , Wp_k}
be a basis of W[, I5].

Then the refined neutrosophic subhypervector space W1 (I, Is] + Wa[I, I5] is spanned by the refined neutro-
sophic vectors {uy,ug, -« , Uk, V1, V2, Vm—k, W1, Wa, -+ , Wy_p + and these refined neutrosophic vectors
form an independent set. For suppose

k m n
0 e Z ;U + Z ﬂj’t}j —+ Z’}/T’LUT.
i=1 j=1 r=1
Then
n k m
- Z’err € Z o + Z Bjv;
=1 i=1 j=1

n

k m
= (1) e (=) mw,) Sy (-1 eau;+ Y (~1)e b
r=1 =1 j=1

n k m
= ywr €Y (—ai)ui + Y _(—B)v;
r—1 i=1 Jj=1

which shows that Z:,Lzl ~rw, belongs to W1[ly, Is]. As Zle ~rw, also belongs to W[, I5], it follows

that
n k
Z’yrw'r = Z )\iui
r=1 =1
for certain scalars A\j, Ao, - -+, Ag.
Because the set {uy, ug, -+ , Uk, Wy, Wa, -+, Wy_} is independent, each of the scalars
¥y = 0. Thus
k m
0 € Zaiui + Zﬂj’l)j
i=1 j=1
and since {uq,ug, - , Uk, V1, V2, -, Um_} is also an independent set, each o; = 0 and each 3; = 0. Thus,
{u17u25 Uk, UL, V2,0 Um—k, W1, W2, 0 0 7wn7k} is a basis for
Whllh, Io) + Wa[l4, I5].
Finally,
dimw(Wl(Il,Ig) -+ WQ(Il,IQ)) = k +m — k +n— k
=m+4+n—=k

= dimw(Wl(Il, IQ)) + dimw(Wg(Il, _[2)) — dimw(Wl(Il,Ig) n WQ(Il, _[2))

Definition 2.45. Let (V(I1,13), +,e, K (I1,12)) and W (I3, I5),+', ', K (I3, I2)) be two strong refined neu-
trosophic hypervector spaces over a neutrosophic field K (11, I5).

A mapping ¢ : V (I, Is) — W (I, I3) is called a strong refined neutrosophic hypervector space homomor-
phism if the following conditions hold:

1. ¢ is a strong hypervector space homomorphism.
2. ¢(0,1,15) = (0,11, I5).

If in addition ¢ is a bijection, we say that V' (11, I5) is isomorphic to W (I, I) and we write
VI, 1) 2 W (I, I).
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Proposition 2.46. Let (V(I1,15),+, e, K(I1,I2)) and (W (I3, I2),+,, K (I3, I5)) be two strong refined neu-
trosophic hypervector spaces over a refined neutrosophic field K (I1,1I5) and let ¢ : V (I1,I5) — W (I, I2)
be a bijective strong refined neutrosophic hypervector space homomorphism.

If B(I1,I2) = {u1 = (a1,b11h,c112),us = (ag,b2l1,c2l0), -+ ,un = (an,bplr,cnly)} is a basis for
V(I1, L), then B'(I1, 1) = ¢(B(I1, I2)) = {d(u1), p(ua), -, ¢(un)} is a basis for W (I, I3).

Proof. Suppose that B(I1, I2) is a basis for V(I1, I2). Then for an arbitrary v = (a,bly,cls) € V (I3, I3),
there exist refined neutrosophic scalars
a1 = (kl,mlfl,tlfg),ag = (kg,mgfl,tgfg), e, Oy = (kn,mnjl,tnjz) € K(Il,IQ) such that

UE QL oU + 20Uy + -+ Qp @ Up,
= ¢(u) € p(a1 o us +az ®uy+ -+ ay o uy)
)

=ar o ¢(ur) + az o dluz) +' -+ ay o d(uy,).

Since ¢ is surjective, it follows that ¢(u), ¢(u1), (ug), - , d(u,) € W (I, I5) and therefore
¢(u) € span(B’(I1, I2)). To complete the proof, we must show that B'(I1, I5) is linearly independent.
To this end, suppose that

¢(0) € B1 o d(ur) +' B2 o P(uz) +' -+ +' B, o P(un)
where 81 = (p1, 111, 8112), B2 = (D2, q211, s212), -+, Bn = (P, Gnl1, snl2) € K(I1, I5), then
P(0) € P(Brour) + ¢(B2 @ uz) +' o +" 4(5, @ uy)
= ¢(Brour + Prous+ -+ By o uy).
Since ¢ is injective, we must have
bepProu+Boreus+ -+ [, ®up,.

Also, since B(I4, I5) is linearly independent, we must have

pi=P2="-- =, =(0,0l1,01).

Hence B'(I1, 1) = {¢(u1), d(uz), -, ¢(uy,)} is linearly independent and therefore a basis for W (11, I2).
O

Remark 2.47. Suppose we wish to transform a refined neutrosophic hypervector space into a neutrosophic
hypervector space, an interesting question to ask will be, can we find a mapping that will help us achieve this?
The answer to this is Yes.

The mapping ¢ : V (I1, 1) — V(1) defined by

¢((xayI17212)) = (Cﬂ, (y+Z)I) Véﬂ,y7Z eV

will make such transformation possible. This mapping is a non-neutrosophic one. This make sense since every
refined neutrosophic hypervector space and neutrosophic hypervector spaces are hypervector spaces.

Proposition 2.48. Let (V(I1,I3),+,e) be a weak refined neutrosophic vector space over a field K and let
V(I) be a weak neutrosophic vector space over K. The mapping ¢ : V (I, Iy) — V(I) defined by

o((x,yl1, 213)) = (z,(y + 2)I) Va,y,z €V
is a good linear transformation.

Proof. ¢ is well defined. Suppose (x,yI1, zI5) = (2'y'I, 2'I5) then we that x = 2/, y = y' and 2’ = 2. So,
o((z,yh, 212)) = (2, (y + 2)I) =2’ + (y + ") = ¢(a',y' [, 7' I2).

Now, suppose (x,yl1, zI2), (z',y'I1,12'I3) € V(I1, I3) then
Oo((z,yl1, 202) + (2, y' 1, ' I2)) = o((z+2"), (y+y ), (2 +2)]2)
(0 + @)y o/ +2 4 )
($+$)>((y+2) (v +2)1
(x +2'), ((y+z)[+(y +2)I)

(@, (y +2)I) + (¢, (y' + 2')I)
= ¢($ yIlazI2)+¢(m yIlaZIQ)
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o(ko (z,ylh, z15)) ¢{(a,blh,clr):a€kox,beEkoy,c€koz}
{p(a,bl1,cly):a €kox,be koy,c€ koz}
{(u,vI) :u € a,v €b+c}
{(u,vl):u€kox,v€koy+koz}

= {(u,vl):u€kox,vecko(y+z)}

= ko(x,(y+2)I)

= ko¢(x,yl,zl).
Hence ¢ is a good linear transformation. O

Proposition 2.49. Let L (V(I1,12),V(I)) be the set of good linear transformation from a weak refined
neutrosophic vector space V (I1, Is) over a field K into a weak neutrosophic vector space V (I) over a field
K. Define addition and scalar multiplication as below;

(¢+ ¢)(~T73/Ilaz~’2) = ¢(($,y117212)) + w((w7yllaz*[2))

and fork € K
(ko) (x,yly, 212)) = kd(x, ylq, z15).

Then, it can be shown that (Ly,(V (I1, 1),V (I)), 4+, -) is a weak neutrosophic strongly distributive hypervector
space.

Definition 2.50. Let ¢ : V(I1,I) — V(1) be a good linear transformation, then
ker¢p = {(z,yl1,z2L): ¢((z,yl1,2I3)) = (0,0I)}
= A{(w,yh,2h) : (z, (y + 2)I) = (0,01)}
= {0y, (-y)I2)}.

Proposition 2.51. Let ¢ : V(I1,1s) — V(I) be a good linear transformation.
1. ker ¢ is a subhyperspace of V (11, I5).

2. If W1, I] is a refined neutrosophic subhyperspace of V (I1, I), then the image of W I, I5], p(W I3, I3])
is a neutrosophic subhyperspace of V (I).

3 Conclusion

This paper studied refinement of neutrosophic hypervector space, linear dependence, independence, bases and
dimension of refined neutrosophic hypervector spaces and presented some of their basic properties. Also, the
paper established the existence of a good linear transformation between a weak refined neutrosophic hyper-
vector space V (I, I5) and a weak neutrosophic hypervector space V' (I). We hope to present and study more
properties of refined neutrosophic Hypervector spaces in our future papers.
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