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Abstract

In this paper, the concept of neutrosophic soft Mengerness, neutrosophic soft near Mengerness and neutrosophic
soft almost Mengerness are introduced and studied. Some characterizations of neutrosophic soft almost
Mengerness in terms of neutrosophic soft regular open or neutrosophic soft regular closed are given.

Keywords: Neutrosophic soft sets, Mengerness on neutrosophic soft topological space, neutrosophic soft
continuous.

1. Introduction

The concept of fuzzy set was introduced by Zadeh in his classic paper [20]. C.L.Chang [6] has defined fuzzy
topological spaces. Atannasov [3] introduced the notion of intuitionistic fuzzy sets, Coker [7] defined the
intuitionistic fuzzy topological spaces. Soft sets theory was proposed by Molodtsov [12] in 1999, as a new
mathematical tool for handling problems which contain uncertainties. Maji et al [10] gave the first practical
application of soft sets in decision-making problems. Shabir and Naz [16] presented soft topological spaces and
defined some concepts of soft sets on these spaces and separation axioms. The concept of neutrosophic set (NS) was
first introduced by Smarandache [17,18,19] which is the generalization of classical sets, fuzzy set, intuitionistic
fuzzy set etc. Following this concept Al-Omeri and Jafari defined and investigated Neutrosophic crisp sets via
Neutrosophic crisp topological spaces [1,2]. The concept of connectedness and compactness on neutrosophic soft
topological space was introduced by Bera and Mahapatra [4,5]. For more applications on neutrosophic logic the
refrennces are suggested [21-23]

The investigation of covering properties of topological spaces has a long history going back to papers by
Menger and Rothberger [11,14]. However more recently a new theory called Selection Principles was introduced by
Scheepers [15]. The theory of Selection Principles has extra ordinary connections with numerous subareas of
mathematics, for example, Set theory and General topology, Uniform structures, and Ditopological texture spaces
[9].

In 1999, Kocinac defined and characterized the almost Menger property [9]. Following this concept, Agsa,
Moizud Din Khan defined and investigated nearly Menger and nearly star- Menger spaces [13]. For

In this paper we are concerned with the weaker forms of the fuzzy Mengerness in neutrosophic soft topological
spaces.
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2. Preliminaries

In this section we now state certain useful definitions, theorems, and several existing results for neutrosophic
soft topological spaces that we require in the next sections.

Definition 2.1. [17] Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic
set A is characterized by a truth-member function T, an indeterminacy-membership function I, and a falsity-
membership function F,. T,(x), I,(x) and F,(x) are real Standard or non Standard subsets of ]70,1*[. That is
Ty, 14, Fy: X = 170, 1[. There is no restriction on the sum of T, (x), I,(x), F4(x) and so,

~0 < sup Ty (x) + sup L,(x) + sup Fy(x) < 3*.

Definition 2.2. [12] Let U be an initial universe set and E be a set of parameters. Let P(U) denote the power set of
U. Then for A € E , a pair (F,A) is called a soft set over U, where F:A—P(U) is a mapping.

Definition 2.3. [15] Let U be an initial universe set and E be a set of parameters. Let NS(U) denote the set of
neutrosophic sets (NSs) of U. Then for A € E, a pair (F,A) is called a neutrosophic soft set (NSS) over U, where
F:A—NS(U) is a mapping.

Definition 2.4. [8] Let U be an initial universe set and E be a set of parameters. LetNS(U) denote the set of
neutrosophic sets (NSs) of U. Then, a neutrosophic soft set N over U is a set defined by a set valued function Fy
representing a mapping Fy: E —» NS(U) where Fy is called approximate function of the neutrosophic soft set N. In

other words, the neutrosophic soft set is a parametrized family of some elements of the set NS(U) and therefore it
can be written as a set of ordered pairs,

N = {(e,{< X, Tengey s Ieney (%), Feney (x) >:x € U}): eE E}whereTfN(e)(x),IfN(e)(x),FfN(e)(x) € [0,1],
respectively the truth-membership, indeterminacy-membership, falsity-membership function obvious.

Definition 2.5. [8] The complement of a neutrosophic soft set N is denoted by N€ and is defined by
N = {(e' {< X, FfN(e)(x); 1- IfN(e)(X), TfN(e)(x) >:x € U}): eE€E E},

Let N; and N, be two NSSs over the common universe (U,E). Then N, is said to be the neutrosophic soft subset of
N, if for each e € E and for each x € U,

Teni(e) () < Tenace) s Ienice) () = Ienaey (X)) Frna(e) (X) = Fryz(e) ().
We write N; € N, and then N, is the is the neutrosophic soft superset of N;.

Definition 2.6. [8] Let N; and N, be two NSSs over the common universe (U,E). Then their union is denoted by
N; UN, = N3 and is defined as:

N3 = {(e, {< X, TfN3(e)(x), [fN3(e)(x), Fsz(e)(x) >:x € U}). e e E}Where
Tens(e x) = Trnice) (x) o TfNZ(e)(x)'IfNS(e) x) = Irnice) (x) = IfNZ(e)(x)' FfNS(e)(x) = Frnice) (x) * Frnace €3}

Their intersection is denoted by N; N N, = N, and is defined as:

N, = {(e, {< X, Tenace) (), Inace) (), Frnacey () >:x € U}): eE€ E} where
Tenace) () = Tenae) (%) * Tenzge) 0, Ienace) (X) = Ienae) (%) © Ienae) (%), Frnae)(X) = Fryieey (%) © Frna ey ().
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Definition 2.7. [4] Let M and N be two NSSs over the common universe (U,E). Then M-N may be defined as, for each
e € E and foreachx € U.

M—-N= {< X, Tram ey () * Fen ey (), Iemey () © (1 - IfN(e)(x))’FfM(e)(x) ° Ty ey (X) >}:

A neutrosophic soft set N over (U,E) is said to be null neutrosophic soft set if
Trngey(x) = 0, Ipn(ey(x) = 1, Fey(ey(x)=1 for each e € E and for eachx € U. It is denoted by @,,.

A neutrosophic soft set N over (U,E) is said to be absolute neutrosophic soft set if
Trnge)(x) = 1, Ipyn(ey(x) = 0, Fry(ey(x)=0 for each e € E and for each x € U. It is denoted by 1,,.

Clearly, @5 = 1,15 = @,,.

Definition 2.8. [4] Let NSS(U,E) be the family of all neutrosophic soft sets over U via parameters in E and
T, © NSS(U, E). Then t,,is called neutrosophic soft topology on (U,E) if the following conditions are satisfied.

@) @y, 1y €1y,
(i1) The intersection of any finite number of members of t,, also belongs to T,,.
(iii) The union of any collection of members of 7, belongs tot,,.

Then the triple (U,E, 7,,) is called a neutrosophic soft topological space. Every member of 7, is called 7,-open
neutrosophic soft set. An NSS is called t,,-closed iff its complement is T,,-open.

Definition 2.9. [4] Let (U,E, 7,,) be a neutrosophic soft topological space over (U,E) and M € NSS(U, E) be arbitrary.
Then the interior of M is denoted by M° or int(M) and is defined as:

M® =U {N,: N,is neutr osohic so ftopenandN; S M}.

Definition 2.10. [4] Let (U,E, t,,) be a neutrosophic soft topological space over (U,E) and A € NSS(U, E) be arbitrary.
Then the closure of A is denoted by 4 or cl(A) and is defined as:

A =N {N;: N,is neutr osohic so ftclosedand A € N, }.

Theorem 2.11. [4] Let (U,E, t,,) be a neutrosophic soft topological space over (U,E) and A € NSS(U, E). Then,
(A)=(A%)° and (A°)° = (A°)".

Proposition 2.12. [4] Let N; and N, be two neutrosophic soft sets over (U,E). Then,

() (N UNYE =N NS,
(li) (Nl n Nz)c = Nlc U NZC.

Definition 2.13. [4] Let (U,E, t,,) be a neutrosophic soft topological space and M € t,,. A family Q = {Q;:i € I'} of
neutrosophic soft sets is said to be a cover of M if M CU Q;.

If every member of that family which covers M is neutrosophic soft open then it is called open cover of M.
A subfamily of Q which also covers M is called a subcover of M.

Definition 2.14. [4] Let (U,E, 7,,) be a neutrosophic soft topological space and M € 7,,. Suppose {1 be a cover of M.
If Q has a finite subcover which also covers M then M is called neutrosophic soft compact.
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Definition 2.15. [4] Let ¢: U = V and : E = E be two functions where E is the parameter set each of the crisp sets U
and V. Then the pair(¢, ¥) is called and NSS function from (U,E) to (V,E). We write, (¢, y): (U, E) - (V,E).

Definition 2.16. [4] Let (M,E) and (N,E) be two NSSs defined over U and V, respectively and (¢,1)) be an NSS
function from (U,E) to (V,E). Then,

(1) The image of (M,E) under (¢, ), denoted by (¢, )(M, E), is an NSS over V and is defined as:

(0, V)M, E) = ((M),y(E)) = {< ¥(a), fpn)(¥(a)) >:a € E} where foreachb € Y(E) andy € V.

T (y) = max @(x)=ymax ¥ (2)=b[Tf(M)(a)(x)], i fxep—1(y),
e)®Y) = 1o, otherwise

I (y) = m ne(x)=y m n Y (@)=b[If(M)(2Q)(x)], i kep-1(y),
eMMY) = 14, otherwise

_ (M nex)=y m ny (a)=b[F{(M)(2)(x)], i kep-1(y),
F@(M)(b)(y) ~ 11, otherwise

(2) The pre-image of (N,E) under(¢, ), denoted by (¢, ) 1(N, E), is an NSS over U and is defined by:
(0, ) Y(N,E) = (¢~ *(N),p~*(E)) where for each a € ¥ ~1(E) and x € U.
Ty (N (@) ()=T sy (@) (9 (X)),
I‘I_71(N)(a)(x):IfN(w(a))((p(x));
F (N (@ ®)=F () (0 (),
If ¢ and ¢ are injective(surjective), then (¢, ) is injective (surjective).
Definition 2.17. [4] Let (U,E, 7,,) and (V,E, t,)) be two neutrosophic soft topological spaces.
(p,¥): (U,E, 7,) »(V,E, 1,) is said to be a neutrosophic soft continuous mapping if for each (N, E) € T, the inverse
image (¢, ¥)"1(N,E) € 1, i.e., the inverse image of each open NSS in (V,E,t,,) is also open in (U,E,T,,).
3. Neutrosophic Soft Mengerness

Here, the notion of Mengerness, almost Mengerness and near Mengerness on neutrosophic soft topological
space is developed with some basic theorems.

Definition 3.1. (a) A neutrosophic soft topological space (U.E, t,)is called neutrosophic soft Menger iff every
sequence {Q,,: n € N} of neutrosophic soft open covers of (U,E, t,,), there exists a sequence {V,,:n € N} such that for
every n € N, V,, is a finite subset of Q,, and U,y V, = 1,,.

(b) A neutrosophic soft topological space (U,E, t,,) is called neutrosophic soft almost Menger iff every sequence
{Q,: n € N} of neutrosophic soft open covers of (U,E, 1,,), there exists a sequence {V,;: n € N} such that for every
n € N, Vj, is a finite subset of Q,, and U,,cy V" = 1., where V" = {cl(V):V € V. }.
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(¢) A neutrosophic soft topological space (U,E,7,) is called neutrosophic soft nearly compact iff every
sequence {Q,:n € N} of neutrosophic soft open covers of (U,E,t,,), there exists a sequence {V},;: n € N} such that for
every n € N, V, is a finite subset of Q,, and U,y V' = 1,, where I}, = {int(cl(V)):V € V,}.

It is clear that in neutrosophic soft topological spaces we have the following implications:

Neutrosophic soft Menger->neutrosophic soft nearly Menger—>neutrosophic soft almost Menger.

Theorem 3.2. A neutrosophic soft topological space (U,E,t,,) is called neutrosophic soft almost Menger iff for each
family {Q,:n € N} of neutrosophic soft open sets in (U,E,r,) having the finite intersection property we have

nnEN Cl(Qn) * q)u-

Proof. Let (U,E,t,) be a neutrosophic soft almost Menger topological space. Consider {Q,,: n € N} be a sequence of
neutrosophic soft open sets in (U,E,t,,) having the finite intersection property. Suppose the N,cy ¢cl(Q,) = ®,. Then
we have Uy [cl(Q,)]=Npen int(Q,°) = 1,. Since (U,E,7,) neutrosophic soft almost Menger, for every n € N,
there exists a sequence {H,:n € N} such that H, is a finite subset of int(Q,°) and U,ecy H; = 1,, where
H;, = {cl(H):H < H,}. But from H, € int(Q,") and Q, < int(cl(Q,)), we see that N,ey @ = D, which is a
contradiction with the finite intersection property of {Q,:n € N}.

Conversely, let {Q,:n € N} be a neutrosophic soft open cover. If U,cy Hy # 1, where H;, = {cl(H):H € H,,} and
H, is a finite subset of Q,, then {(H;)‘:n € N} is an of neutrosophic soft open sequence with the finite intersection
property. Hence, from the hypothesis it follows that

nnEN Cl((Hrt)C) * q)u =>Un€N [Cl([Cl(H;)C)]C * 1u- Since UnEN Qn gunEN [Cl([Cl(H;;)C] * 1u!
then Upey @, # 1, which is a contradiction.

Definition 3.3. A neutrosophic soft set N; is called a neutrosophic soft regular open set iff N;=int(cl(N;)); a
neutrosophic soft set N is called a neutrosophic soft regular closed set iff No=cl(int(N>)).

Theorem 3.4. In a neutrosophic soft topological space (U,E,t,,) the following conditions are equivalent:

) (U, E, 7,) is neutrosophic soft almost Menger.

(ii) For each sequence {Q,:n € N} of neutrosophic soft regular closed sets such that N,ey @, = P, there
exists a sequence {V},:n € N} such that for every n € N, V,, is a finite subset of Q,, and N,ey V' = @y,
where V) = {int(V):V € V,}.

(iii) Nyen €l(Q,) # &, holds for each sequence {Q,:n € N} of neutrosophic soft regular open sets having
the finite intersection property.

(iv) For each sequence {Q,:n € N} of neutrosophic soft regular open covers of (U, E, t,), there exists a
sequence {V,:n € N} such that for every n€N, V, is a finite subset of @, and
Unew Vit = (cl(V):V € V).

Proof. The proof of this theorem follows a similar pattern to Theorem 3.2.

Definition 3.5. Let (UErt,) and (V,E,7,) be two neutrosophic soft topological spaces. Then
(o, ¥): (U,E, t,) » (V,E,7,) is said to be a neutrosophic soft almost continuous mapping if for each (N,E)
neutrosophic soft regular open set of (V,E,7,), the inverse image (¢, %) *(N,E) € t,. The inverse image of each
neutrosophic soft regular open set in (V, E, 7,,) is neutrosophic soft open in (U, E, t,,).

Theorem 3.6. Let (U,E,7,) and (V,E,) be two neutrosophic soft topological spaces and
(o, ¥): (U,E, t,) » (V,E, 1,) a neutrosophic soft almost continuous surjection mapping. If (M,E) is neutrosophic soft
almost Menger in (U, E, t,,), then (¢, )(M,E) is so in (V, E, 7,,).
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Proof. Let {Q,,, E): n € N} be a neutrosophic soft open cover of (¢,y)(M,E) i.e.,

C(M,E) SUpen(Qn, E). Since (¢, 1) is neutrosophic soft almost continuous,

{(@,P) tint(cl((Qn, E))): m € N} is a neutrosophic soft open cover of (M,E) . Since (M,E) is almost Menger, there
is a sequence {(H,, E):n € N} such that H, is a finite subset of {(¢,¥) tint(cl((Qn, E))):n € N} and
Unenv (Hp E) =1, where (Hy;, E) = {cl(H,E):H € H,,}. For every n€N and H € H,, we can choose a
member (Qy, E) S (Qn, E) such that (H,E) = (¢,¥)"*(Qy, E). From the surjectivity of (¢, ) we have

(M,E) € Upey cl ((¢,¢)—1 (int(cl(QH,E)))> =1,

Hence (¢, Y)(M,E) € (¢, Y)[ Unen cl((@, )" (int (cl(Qy, E))))1=

UnEN(qJ,t,b)[cl(go, lp)_l(int(cl(QH, E))))] =f(1,) =1,. But from int(cl(QH, E)) C cl(Qy,E) and from the
neutrosophic soft almost continuity of f,

(@, W)(cl(p, P)Hint(cl((Qu, ED))) € (@, ¥)((9,9) el (@, E)))) < cl(Qy, E) for each neN,
i.e, Upen cl(Qy, E) = 1,. Hence (¢, )(M,E) is neutrosophic soft almost Menger also.

Definition 3.7. Let (U,E,7,) and (V,E,7,) be two neutrosophic soft topological spaces. Then
(o, ¥): (U,E, 7)) » (V,E, 1,) is said to be a neutrosophic soft weakly continuous mapping if for each (N,E)

neutrosophic soft regular open set of (V,E, 7,), (¢, ) *(N,E) € int (((p, Y)1(cl(N, E)))

Theorem 3.8. Let (UEt,) and (V,E,t,) be two neutrosophic soft topological spaces and
(o, ¥): (U,E,7,) » (V,E 1,) is said to be a neutrosophic soft weakly continuous surjection mapping. If
(M,E) is neutrosophic soft Menger in (U,E, t,),then (¢,¥)(M,E) is neutrosophic soft almost Menger in
(V,E, 7,,).

Proof. By using a similar technique of the proof of Theorem 3.6, the theorem holds.

Definition 3.9. Let (UE,t,) and (V,E,7,) be two neutrosophic soft topological spaces.
Then (¢, ¥): (U,E, 7,) = (V,E, 1,) is said to be a neutrosophic soft strongly continuous mapping if for each
(M,E) neutrosophic soft set of (V,E,7,), (¢, ¥)[cl(M,E)] € (¢, Y)(M,E).

Theorem 3.10. Let (U,E,7,) and (V,E7,) be two neutrosophic soft topological spaces and
(p,¥): (U,E,1,) » (V,E,7,) a neutrosophic soft strongly continuous surjection mapping. If (M,E) is
neutrosophic soft almost Menger in (U, E, 7,,), then (¢, ¥) (M, E) is neutrosophic soft Menger in (V, E, 7,,).

Proof. By using a similar technique of the proof of Theorem 3.6, the theorem holds.

Corollary 3.11. Let (UE, 7 )and(V,E,t,) be two neutrosophic soft topological spaces and
(o, ¥): (UE,7,) » (V,E 1,) a neutrosophic soft strongly continuous surjection mapping. If (M,E) is
neutrosophic soft nearly Menger in (U, E, ), then (¢, ) (M, E) is neutrosophic soft Menger in (V, E, 7,,).

4. Conclusions

In this paper, the concepts of neutrosophic soft Menger topological spaces, Neutrosophic topological spaces,
Neutrosophic Bitopological spaces and Neutrosophic crisp supra bitopological spaces were introduced and studied.
Some interesting properties were also established. It would be interesting to study similar properties for
neutrosophic soft weakly Menger topological spaces, Neutrosophic crisp supra bitopological spaces, Neutrosophic
Bitopological Spaces and Neutrosophic Topological Spaces.
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