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Abstract

In this paper, we generalize the classical Erlang service queueing model, which has determined and crisp parameters
to neutrosophic Erlang service queueing model which is more accurate because it opens the ability to deal with
imprecise and incomplete knowledge of parameters. We have used the neutrosophic statistical interval method
introduced by F. Smarandache to describe the parameters of the Erlang service queueing model and to find the
neutrosophic performance measures.

Keywords: Erlang Service Queues; Neutrosophic Logic; Performance Measures; Neutrosophic Statistical Numbers.

1.Introduction

Queueing theory was developed by Erlang in 1909 to model waiting for lines and develop efficient systems that
reduce customers' waiting times which makes it possible to serve more customers and increase profits to the
organizations. The problem of classical queueing theory is the assumption of well and clear knowledge of the
parameters of the queueing system (e.g. arrival rate, departure rate) which is often impossible [1,2].

Neutrosophic logic introduced by F. Smarandache in 1995 is a generalization of fuzzy logic and intuitionistic
fuzzy logic [3,4,5,6,7,8]. This logic makes dealing with indeterminant data easier, clearer, and more realistic. So
modelling queues using neutrosophic parameters makes decisions more efficient [9,10,11,12,13,14,15].

Extension of classical queueing theory to neutrosophic queueing theory means that parameters of queues can
take indeterminant values that allow dealing with vagueness.

In this paper, we show the power of neutrosophic crisp sets theory [16,17] to deal with imprecise parameters of
the Erlang queueing model, and we derive neutrosophic performance measures of the mentioned queue, also solved
examples showing the power of this extension are presented.

2. Classical Erlang Service Model [1,2]

In this model, customers arrive at a service system with one server according to exponential interarrival times
with parameter A and served one by one according to Erlang service in k phases with parameter y, and the performance
measures are:

Expected number of customers in the system:

b= (50 (=) i

Expected number of customers in the queue:
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Expected waiting time in the system:
Ly
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Expected waiting time in the queue:
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Where A is arrival rate, u is departure (servicing) rate.

3. Neutrosophic Erlang Service Model

In this model, customers arrive at one server facility according to the Poisson process with neutrosophic
(inaccurate, imprecise) parameter NA [17] where we are going to use neutrosophic statistical numbers presented in [9]
so N can be written as an interval as following NA = [, 2Y] where A%, AU are crisp real numbers. Customers are
also served one by one according to Erlang service in k phases with neutrosophic parameter Ny = [ut, u¥] where
ut, uY are also crisp real numbers. So the neutrosophic performance measures can be driven by replacing A by NA and
u by Nu as follows:

Neutrosophic expected number of customers in the system:
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Neutrosophic expected number of customers in the queue:
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Neutrosophic expected waiting time in the system:
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Neutrosophic expected waiting time in the queue:
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Notice that all the neutrosophic performance measures are presented as statistical numbers having lower bound and
upper bound, also we can notice four cases:
Case 1: When A* = AYand u’ # uY we have crisp arrival rate with neutrosophic departures.
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Case 2: When ut = uY and A* # AY we have crisp departures with neutrosophic arrivals.
Case 3: When A* = AY and u! = uV the neutrosophic corresponds to the classical Erlang service queue.
Case 4: When AL = AU and u* # uY we have neutrosophic arrivals and neutrosophic departures.

4. Numerical Examples

Example 1 (crisp arrival rate, neutrosophic departure rate)

Suppose that a system consists of a machine gives a service to a customer in two phases each phase time is
exponentially distributed and the machine serves in each phase between 3 and 5 customers per min. Customers arrive
at the machine according to the Poisson process with arrival rate equals to 15 customers/h, and suppose that we want
to calculate the following:

The average number of customers in the system.

The average number of customers in the queue.

Mean waiting time in the system.

Mean waiting time in the queue.

Solution:

From the given example we find that k=2, 4 = 15/h so A = 0.25/mi n, Ny = [3, 5]/min

Before the foundation of neutrosophic logic, one can solve this example by assuming that p takes the midpoint of the

range [1,2], that is g = 4 so:

Expected number of customers in the system:

L_(kH) ~ +A—<2+1) 0257 ), 025 165625cust
s\ 2k ulu—21) u \2%2/\4(4—-0.25) 2 custoners

Expected number of customers in the queue:

L_<k+1) : ‘(2+1) 0B5° ) = 0.003125 cust
N2k J\pu-n) \2x2/\4(4-025)) customers

Expected waiting time in the system:
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Expected waiting time in the queue:

"a = <k2+kl) (u(ﬂl— /1)) - (22:521) <4(40—'2§.25)) =0.0125m n

But after derving(?) the neutrosophic solutions and using equations 1 to 4 we get:

s AV AV? AL Y
S_< 2k ) pU? — ALyU L2 — gt * nU
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Which means that average number of customers in the system lies in the given range.
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Notice that Ly = 0.065625 € NLg; = [0.051974,0.089015]

L (k + 1) L2 V2 <2 + 1) 0.252 0.252
= = *
a 2k I\ Qv v vt 2%2 25 —0.25 5’9 — 0.25 3

= [0.001974,0.005682]

Which means that average number of customers in queue lies in the given range.
Also in thic case we notice that L, = 0.003125 € [0.001974,0.005682

pLs U2 yL L
k+1 yLa L 0 L 2+1 0.25 0.25 11
(52 o | [ | - ) (e )
2k pU% — ALy’ gl — QUL ul’u 2 %2 25 —-0.25%5'9—0.25 3 5'3

=[0.207895,0.356061]

Which means that average waiting time in the system lies between 0.207895 and 0.356061 mins that is between 12
and 21 secs approximately.

Also W, = 0.2625 € [0.207895,0.356061] = NW,
A av?
W = (k + 1) T T _ (2 + 1) ([ 0.25 0.25 ])
7\ 2k % — v’ gt —qupt | | \2%2/\[52 - 0.25 5732 - 0.25 * 3

=[0.0078950.022727]

Which means that average waiting time in the queue lies between 0.007895 and 0.022727 mins that is between 0.5
and 1.36 secs approximately.

Also W, = 0.0125 € [0.0078950.022727] = NW,

From all above, we can clearly see that the neutrosophic solutions are more accurate than classical solutions.

Example 2 (neutrosophic arrival rate, neutrosophic departure rate)

Suppose that a system consists of a machine gives a service to a customer in three phases each phase time is
exponentially distributed and the machine serves in each phase between 3 and 5 customers per min. Customers arrive
at the machine according to the Poisson process with arrival rate lies between 1 and 2 customers/min, and suppose
that we want to calculate the following:

The average number of customers in the system.
The average number of customers in the queue.
Mean waiting time in the system.

Mean waiting time in the queue.

Solution:

From the given example, we find that k=3, NA = [1,2]/mi n, Nu = [3, 5]/min
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Classical solutions can be derived by assuming 1 = 1.5, 4 = 4 by taking midpoints of each interval, that gives:

Expected number of customers in the system:

L _(k+1) A2 +/‘l_<3+1) 1.52 +1.5_0525 .
s\ 2k uu—=21) u \2%3/\4(4-15) 7 custoners

Expected number of customers in the queue:

L _<k+1) 22 _(3+1) 1.52 ot t
“ 2k ﬂ(#_l) N 2x*3 4(4_1'5) =015 custoners

Expected waiting time in the system:

Ws = (%) (#(”/1__/1)) +% - (23) (4(41—.51.5)) * % =0.35mn

Expected waiting time in the queue:
W—<k+1)( A )_(3+1)< 0.25 )_01 .
=\ 2k J\ue=n) T \2+3/\a@—ozmy) T
Neutrosophic solutions can be derived using equations 1 to 4 as follows:
k+1 AL? AV AL AVl 341 1 4 12
M= (G e ) i - 79) (m=msa=a) 53
2k pU% — ALpU pl? — AUyl pl 2x3 25—-1x59-2%3 53

=[0.233333,1.555556]
Which means that average number of customers in system lies in the given range.

Notice that Ly = 0.525 € NLg = [0.233333,1.555554

NL (k + 1) AL AU? (3 + 1) ([ 1 4 ])
= — *
a 2k pu? — ALpt’ pl? — Uyl 2%3 25—1%5'9—2%3

= [0.03333,0.888889

Which means that average number of customers in the queue lies in the given range.
Also in thic case we notice that L, = 0.15 € [0.03333,0.888889

a2 v A
:(k+1) yia 1 +EZ:(3+1)([ 1/2 4/1 )+[1/_22/_1
s 2k QU — Qv pl? — Uyl ul’ ok 2%3J\125-1%5'9—2x3 53
=[0.116667,1.555556
Which means that average waiting time in the system lies between 0.116667 and 1.555556 mins.
Also W, = 0.35 € [0.116667,1.555556 = NW,
A wv?
k+1 VLA 1 3+1 1/2 4/1

NW, = < ) ) = ( )([ , ) = [0.016667,0.88888

q 2k MUZ_ALMU MLZ—AU,uL 2%3 25—-1%x59—-2%3 [ K

Which means that average waiting time in the queue lies between 0.016667 and 0.8888889 mins.
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Also W, = 0.1 € [0.016667,0.888889 = NI,

So we also see that neutrosophic solutions are more accurate and can be considered as an extension to classical
solutions.

5. Conclusions

We conclude that neutrosophic logic can be applied to generalize the classical queueing theory and make it easy
and clear to handle imprecise and incomplete data. We have chosen Erlang service models as a useful and important
example of frequently used queueing systems.

The author is looking forward to studying the ability to extend other queueing models using neutrosophic logic
including batch arrivals and batch services, customers behavior in single and multi-queues.

Acknowledgment: “The author is highly thankful to the Editor-in-chief and the reviewers for their valuable

comments and suggestions for improving the quality of paper”.

Funding: “This research received no external funding”

Conflicts of Interest: “The authors declare no conflict of interest.”

References

[1] F Shortle J.; M Thompson J., Gross D., M Harris C., “Fundamentals of Queueing Theory”, 5th ed., Wiley:
United States of America, 2018.

[2] Nick T. Thomopoulos, “Fundamentals of Queuing Systems”, 1st ed.; Springer: United States of America,
2012.

[3] Smarandache. F., “A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set,
Neutrosophic Probability”, American Research Press, Rehoboth, NM, 1999.

[4] Smarandache. F., “Neutrosophic set a generalization of the intuitionistic fuzzy sets”, Inter. J. Pure Appl.
Math., 24, pp.287 — 297, 2005.

[5] Smarandache. F, “Introduction to Neutrosophic Measure, Integral, Probability”, Sitech Education publisher,
2015.

[6] Smarandache, F, “Neutrosophy and Neutrosophic Logic, First International Conference on Neutrosophy,
Neutrosophic Logic, Set, Probability, and Statistics”, University of New Mexico, Gallup, NM 87301, USA,
2002.

[7] Salama. A.A, Smarandache. F, and Kroumov. V, “Neutrosophic Crisp Sets & Neutrosophic Crisp
Topological Spaces”, Neutrosophic Sets and Systems, Vol. 2, pp. 25-30, 2014.

[8] Salama.A.A, Smarandache. F, “Neutrosophic Crisp Set Theory”, Education Publishing, Columbus, 2015.

[9] Patro.S.K, Smarandache. F., “The Neutrosophic Statistical Distribution, More Problems, More Solutions”,
Neutrosophic Sets and Systems, Vol. 12, pp. 73-79, 2016.

[10] Smarandache. F, “Neutrosophical statistics”, Sitech & Education publishing, 2014.

[11] Smarandache, F. & Pramanik, S., “ New trends in neutrosophic theory and applications”, Vol.2. Brussels:
Pons Editions, 2018.

[12] Smarandache, F. & Pramanik, S., “New trends in neutrosophic theory and applications”, Brussels: Pons
Editions, 2016

[13] Hatip.A., “The Special Neutrosophic Funcions”, International Journal of Neutrosophic Science, Vol. 4, Issue
2, pp. 104-116, 2020.

DOI: 10.5281/zenod0.3841739 111



International Journal of Neutrosophic Science (IINS) Vol 6, No. 2, PP. 106-112, 2020

[14] Alhabib, R., A. A. Salama, “Using Moving Averages To Pave The Neutrosophic Time Series”, International
Journal of Neutrosophic Science, Vol. 3, Issue 1, pp. 14-20, 2020.

[15] Oliveira.A., Oliveira.M.N.C, “Classical Logic as a subclass of Neutrosophic Logic”, International Journal
of Neutrosophic Science, Vol. 6, , Issue 1, pp. 22-31, 2020.

[16] Salama.A.A, Smarandache. F, “Neutrosophic Crisp Set Theory”, Education Publishing, Columbus, 2015.

[17] Alhabib.R, Ranna.M.M, Farah. H, Salama.A.A., “Some Neutrosophic Probability Distributions,
Neutrosophic Sets and Systems, Vol. 22, pp. 30-38, 2018.

DOI: 10.5281/zenod0.3841739 112





