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ABSTRACT

Consider the periodic gradient flow
1
ou=0(m(wdw),  H=H@+V, &= [ {hw)+Vyar,

for strictly positive density u, convex entropy density /, and mobility m > 0. We couple a centered finite-volume flux
with a symmetric two-state approximation of the chemical potential. Its entropy component is the divided difference

h(a) — h(b)

Dn(a,b) = =5

Dy(a,a) =N (a),

which enforces the discrete chain rule exactly. With midpoint edge mobility and the logarithmic state u? ™! = expz/™!,

the nonlinear update is self-adjoint and, for every solved algebraic step, satisfies

(H-nﬂ/z— (z+1/2)2
g = —n Y a2 : <0.

i+1/2 Ax =

The flux telescopes to conserve mass, the logarithmic parametrization confines finite roots to the positive cone, and
states satisfying /' (u;) + V; = const are fixed points. A midpoint expansion gives second-order consistency in time;
the centered flux gives the same order in space. For 2(u) = u(logu — 1), a manufactured heat-flow calculation gives
observed L? orders 1.998 and 1.999 under coupled refinement. In a confining Fokker—Planck test, the maximum
mass defect is 3.20 x 10~ !4 and the energy identity is satisfied within 1.42 x 10~'4. Replacing &}, by the midpoint
chemical potential in the same one-step problem produces an energy-balance defect 1.60 x 102, isolating the role
of the temporal discrete gradient.

Keywords: Discrete gradient = Finite volume method = Drift—diffusion equation = Gradient flow = Free-energy dissipation
= Positivity = Time symmetry

1. INTRODUCTION ematical structure than their parabolic form alone suggests.
For a density u > 0 on the one-dimensional torus T = R/Z,

Nonlinear drift—diffusion equations often carry more math-
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the equation
O = 0 (m(u)dy[h' (u) +V]) (1)

combines a conservation law, a positivity constraint, an equi-
librium relation, and a Lyapunov functional. If

_8¢ _

Elu) = /T (M) + V) dv, = =@+, @

then smooth solutions satisfy

S0 == [ mwlawPar<o,

d
o /T udx =0. 3)
The question addressed here is whether a second-order, cen-
tered finite-volume update can reproduce the algebraic iden-
tity in (3) exactly at the fully discrete level, while keeping
every computed state in (0,0) and retaining a symmetric time
map.

The difficulty lies in the temporal chain rule. A midpoint
approximation /' ((a+b)/2)(a — b) is second-order accurate
but is not equal to h(a) — h(b) unless h is quadratic. The
mismatch is cubic:

o - he) (52 ) a0 =" avr, @

for an intermediate & when /2 € C3. Thus a spatial discretiza-
tion may be perfectly conservative and yet the fully discrete
entropy calculation inherits a nonzero remainder. The device
used below is the two-point discrete gradient

h(a) — h(b)
Gnab) =4 a=p  7b 5)
W (a), a=bh,

which is symmetric in (a,b) and satisfies
n(a,b)(a—Db) = h(a) —h(b) (©)

without approximation.

Recent structure-preserving discretizations have established
strong results for finite-volume cross-diffusion systems,
aggregation—diffusion equations, Poisson—Nernst—Planck
models, and nonlinear Fokker-Planck equations [1, 2, 3,
4, 5, 6]. Positivity through exponential variables has also
proved effective in entropy-based Galerkin constructions [7].
Maximum-bound and variational formulations broaden this
viewpoint beyond a single diffusion model [8, 9, 10, 11]. The
distinction developed here is temporal: rather than deriving
an energy inequality from a one-sided time discretization,
the chemical potential itself is replaced by an exact two-
state discrete derivative of the entropy. This is the step that
permits simultaneous time symmetry and an equality-form
free-energy law.

The resulting scheme couples a general convex entropy with
a positive symmetric mobility mean while preserving the
finite-volume conservation mechanism. A summation-by-
parts calculation gives an equality-form discrete energy law
rather than an inequality with a temporal remainder. Positivity

is built into the unknown through a logarithmic parametriza-
tion, and the update is self-adjoint under (", u" ' At) s
("1 " —At). The analysis also identifies the discrete On-
sager operator, its nullspace and spectral bounds, the fixed-
mass equilibrium, a local positive solution branch, and the
second-order truncation structure. Numerical calculations
are used only to test these statements: an exact heat solution
measures convergence, a confining potential tests mass and
free-energy identities, and a matched midpoint calculation
isolates the chain-rule defect.

Section 2 places the construction in the recent structure-
preserving literature. Sections 3—5 develop the model, dis-
cretization, and analysis. Sections 6 and 7 report the numeri-
cal tests and discuss their implications; the final section states
the conclusions.

2. RELATED WORK

A common objective in numerical diffusion is to retain
at least part of the continuous entropy structure after dis-
cretization. Entropy-diminishing finite volumes for cross-
diffusion have been accompanied by convergence analysis
and discrete functional inequalities [1, 2, 12]. Fully discrete
aggregation—diffusion methods can preserve nonnegativity
and dissipate a discrete free energy, while subsequent analy-
sis establishes convergence under suitable hypotheses [3, 4].
Related finite-difference constructions for Poisson—Nernst—
Planck and Maxwell-Stefan systems exploit positivity, varia-
tional structure, or constrained optimization [5, 10].

The same structural program appears in several discretiza-
tion families. Structure-preserving schemes for nonlinear or
anisotropic Fokker—Planck equations have been developed
through energetic variational formulations and fitted fluxes
[9, 13]. Multispecies nonlocal gradient flows admit conser-
vative finite-volume schemes with positive states and energy
control [11]. Entropy-preserving space—time Galerkin meth-
ods provide another route for cross-diffusion systems [14];
Lagrange-multiplier approaches impose positivity, bounds,
and conservation constraints while retaining second-order
accuracy [15, 16]. On the analytical side, discrete gradient-
flow structures themselves can converge to Fokker—Planck
gradient flows under evolutionary I'-convergence [17].

More recent developments sharpen bounds, entropy mech-
anisms, and higher-order time discretization. The discrete
boundedness-by-entropy framework supplies a vector-valued
chain rule for finite-volume cross-diffusion [18], while satura-
tion models combine finite-volume bounds with free-energy
dissipation [19]. Maximum-bound-preserving integrating-
factor Runge—Kutta methods provide high-order time integra-
tion for semilinear parabolic equations [20]. Stabilized vari-
ants preserve the maximum bound unconditionally through
third order [21], and cut-off postprocessing yields arbitrar-
ily high-order maximum-bound-preserving, energy-stable
schemes for Allen—Cahn problems [22].

The method below differs in three coupled choices: a cell-
centered finite-volume flux, a symmetric two-state entropy
derivative, and an exponential state variable. None of these in-
gredients alone is new. Their combination, however, produces
an especially transparent identity: the fully discrete free-
energy decrement is exactly the negative edge dissipation,
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not an inequality containing a temporal remainder. The con-
struction is therefore useful as a small mathematical model
for isolating what is gained by an exact temporal chain rule.

3. MATHEMATICAL MODEL

Let i € C*((0,0)) be strictly convex,

n'(s) >0

and let m : (0,00) — (0,00) be continuous. The potential
V € C3(T) is time independent. Equation (1) can be written

—m(u)olL,

Under periodic boundary conditions, integration by parts
yields (3).

A principal example is the linear-mobility entropy pair

s> 0, @)

i+ 0J =0, J= w="nw)+V. (8)

h(u) = u(logu—1), m(u) = u, )
for which yu =logu+V and
Oy = Iyt + I (uVy). (10)

For prescribed mass My > 0, the equilibrium is

Moe V™

Jre” vo >dy (an

Uoo(X) =

The discrete analysis uses a symmetric mobility mean. Let
A (0,00)% — (0,00) satisfy

A(a,b) = A(b,a), A(a,a) =a. (12)
The arithmetic mean is used in the computations. Other
positive symmetric means leave the energy proof unchanged.

Lemma 1 (Two-state entropy derivative). For h € C3((0,)),
the map (5) obeys

-@h(a7b) = -@h(bva)v (13)
Th(a.b)(a—b) = h(a) ~ h(b), (14)
’ a+b 2
Dp(a,b) =h ( ) +0((a—1Db)7). (15)
For (9),
1
.@h(a,b):/o log((1—6)b+ 6a) d6. (16)

Proof. Symmetry and (14) are immediate. Put m = (a+b)/2
and d = a — b. The fundamental theorem of calculus gives

d/Z

Dh(a,b) = /
h a, dJ ap
Because i € C3, Taylor expansion of &’ about m gives ' (m -+
s) = W (m) + 1" (m)s + O(s*). The odd term integrates to
zero on the symmetric interval, so ,(a,b) = h'(m) + 0(d?),

proving (15). Equation (16) follows by applying the same
integral identity to h'(u) = logu. O

m+s

4. NUMERICAL METHOD

Partition T into N cells of width Ax = 1/N. Cell values at #,
are denoted ', with periodic indexing. Introduce

n+1 n
At = % M2 g ) + V. (1)
The positive edge mobility is
+1/2 _n+1/2 _n+1/2
AR = A (@)@ ). as)
Define the edge flux
n+1/2 | ntl)2
n+l/2 nt1/2 M — My
Ji+l/2 - _‘///Hrl/z lT (19)
The update is
n+1/2 n+1/2
u i —Jio)
A7 + Ax =0. (20)

Positivity is imposed at the algebraic level by solving for

n+1
ulr_H—l =éi

T eR. Q1)
Thus no evaluation of & or &’ occurs outside their positive
domain. This transformation does not by itself prove global
existence of a nonlinear root. It states a precise admissibility
result: every finite root of the transformed system corresponds
to a strictly positive density.

The discrete energy and mass are

N—1

& =AY (h
i=0

N—1
")+ Viul'), =Ax Y . (22)
i=0

For (9), the nonlinear residual in z is smooth for finite z, and
the implementation uses the arithmetic edge mean

n+1/2 1 ,-n+1/2 | _n+1/2
My = 3@ i)

4.1 Discrete Onsager operator

The flux form can be written without indices. Let G € RV*N
be the periodic difference operator

q+1 qi

(Gq)l+l/2 - Ax G1=0, (23)
and define the diagonal edge matrix
1/2 n+1/2 n+1/2
Wit = diag (), ) (24
Then the discrete Onsager operator
Kn+1/2 GTwl’Hr]/ZG (25)

is symmetric and positive semidefinite, and (20) becomes
wo—uw _RH 22, 26)

This representation separates thermodynamics from trans-
port: the discrete gradient supplies the exact temporal chain
rule, whereas K supplies a symmetric nonnegative dissipation
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metric.

Proposition 2 (Spectrum of the discrete transport operator).
Suppose 0 <mo < M1 <my. Then

K=K">0, kerK = span{1}, 27

and, on the zero-mean subspace,

moAiallql3 < q"Kq < sz rllal3, (28)

where Ay = 4Ax~2sin?(/N). Consequently,

mi

. E 7/

(29)

>

for the spectral condition number restricted to constants
orthogonal complement.

Proof. From (25), ¢"Kq = |W'/2Gg|} > 0. Positive edge
weights imply Gg = 0 exactly when g is constant. The lower
estimate follows from the first nonzero eigenvalue of the peri-
odic difference Laplacian G' G; the upper estimate follows
from Amax(G'TG) = 4/Ax?. Dividing the two bounds gives
(29). O

5. THEORETICAL ANALYSIS

5.1 Conservation and exact dissipation
Theorem 3 (Mass and free energy). Assume that a positive
solution of (20) exists and that (18) is positive. Then

Mt =My, (30)

and

sl g =—n g, 31)

where
n+1/2 n+1/2)

n+1/2 n+1/2 l'LlJrl _:uz
Z i+1/2 Ax

> 0. (32)

Proof. Summing (20) over i and using periodicity cancels

all fluxes, proving (30). Multiply (20) by Ax """/ and sum.
By (14),

Axz“rt+l/2 n+1 _u;l) — AXZ{/’!(M?JFI) —h(uf’)

1
+Vi(up ™ — )}
_ entl n
- é; - @@h :
Periodic summation by parts gives

Z.ui(Ji—H/Z —Jic1j2) = —Z(Hm Wi)Jiv1/2-

Substitution of (19) yields (31). O

Corollary 4. For At > 0, cf’,:’“ < &" with no time-step re-
striction in the algebraic energy estimate.

The qualification “in the algebraic energy estimate” is impor-
tant: existence and convergence of the nonlinear solver are

separate questions. The theorem does not convert a failed
nonlinear solve into a valid time step.

5.2 Positive states and equilibria

Proposition 5 (Positive-state parametrization). Ifz"*! ¢ RV
is a finite solution of the transformed system obtained from
(20) and (21), then u;’H > 0 for every cell i. For the loga-
rithmic entropy (9), all terms in (5) are consequently well

defined.

Proof. The exponential map has range (0,e0). The second
statement follows from (16). O

Proposition 6 (Equilibrium consistency). Let u; > 0 satisfy

H(uf)+V;=C (33)

for some constant C. Then u" = u* implies W'*' = u* is a

solution of (20) for every At.

Proof. Atu"! =u" = u*, (5) reduces to /' (u}). Hence 1; =
C, every edge flux vanishes, and (20) is satlsﬁed. O

Proposition 7 (Unique fixed-mass equilibrium). Assume
K" > 0 and fix a discrete mass My > 0. If the range of I’
contains every value C —V; needed below, there is at most
one positive vector u* satisfying

Huf)+Vi=C,  AxY uf =M. (34)
i

For the entropy (9), this equilibrium exists explicitly:

Moe Vi
_ L_ (35)

Proof. Strict convexity makes A’ strictly increasing, hence
(W)~ is strictly increasing on its range. Thus

=AY (1)

is strictly increasing wherever defined. The mass equation
F(C) = My therefore has at most one solution. For /(1) =
logu, substitution gives (35). O

Theorem 8 (Local solvability of the positive branch). Let
u" € (0,90)N and suppose h,m, and the mobility mean are
continuously differentiable on a neighborhood of u". Then
there exists Ty > 0 such that, for |At| < Ty, the transformed
nonlinear system has a locally unique finite solution 7'+ near
logu”. Hence the corresponding branch satisfies u™' > 0.

Proof. Multiply (20) by At and define
F(z,1) = —u"+ 1L (5 u"),

where .Z denotes the periodic finite-volume flux divergence
constructed from (17)—(19). At =0, .#(logu",0) = 0,
while

D, (logu™,0) = JUN_1)

is nonsingular. The finite-dimensional implicit-function the-
orem supplies a unique smooth local branch z(7) for suffi-
ciently small |t|. Exponentiation gives positivity. O

diag(ug, . . .
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Proposition 9 (Coercive dissipation and strict decay). As-

n+1/2
sume ///l.“/z >mgy > 0. Let

_ 1 n+1/2 4 LT
=y Du = gt ().

Then s i
P zmodpax Y (P -t 36)

Consequently, the energy decrement in (31) vanishes if and
only if the discrete chemical potential is constant.

Proof. The periodic discrete Poincaré inequality for the cen-
tered graph Laplacian gives

Z (Mig1 —Hi)z

> — )2
e _)Ll,hszi:(ut i)

i

Multiplication by the mobility lower bound proves (36).
Since every edge weight is positive on the connected periodic
grid, 9, = 0 is equivalent to ;41 = y; for all 7. O

Proposition 10 (Relative-energy identity for the logarithmic
entropy). Let (9) hold, and let u and u* have the same discrete
mass, with u* given by (35). Then

éah(u) — éz’h(u*) = A)CZ [M,]Og’l;i — U —l—uf} >0. (37

1

Proof. The equilibrium relation is logu} + V; = C. Subtract
the two discrete energies and write

En(u)— &) = sz [uilog; —ui—i—u;‘}

+CAxZ(ui—uf).
i

The last term vanishes by equal mass. Nonnegativity follows
from rlogr—r+12>0. O

5.3 Time symmetry

Let Z(u",u™;7) denote the vector residual in (20) with
W =ut, u =u, and At = 7.

Theorem 11 (Self-adjoint update). If the mobility mean sat-
isfies (12), then

R ut—1) =R u;T). (38)

Consequently, an exactly solved forward step followed by
an exactly solved step of size —7T returns the initial state
whenever the relevant algebraic branch is unique.

Proof. The quotient (u™ —u~)/7 is invariant under simul-
taneous interchange of the two states and sign reversal of
7. The arithmetic state iz, the divided difference &, and the
symmetric edge mobility are unchanged by interchange of u™
and u~. Hence the flux is unchanged and (38) follows. [l

5.4 Second-order consistency

Theorem 12 (Local consistency). Assume u is a strictly pos-
itive C* solution of (1), h€ C* m e C3, V € C3, and the
symmetric mean A is C* in a neighborhood of the relevant

Table 1. Coupled space—time refinement for (40).

N At L2 err. Order L= err.

— 2.6887x107*
1.998 6.8030x 107
1.999 1.7059x 107>

20 1.00x 1072 1.8932x 10~*
40 5.00%x 1073 4.7401x 107>
80 2.50x 1073 1.1855x 107

diagonal states. Inserting exact cell-center values at t,, and
ty+1 into (20) gives a residual

T2 = 0(A + A2) (39)

uniformly on compact time intervals on which u stays
bounded away from zero.

Proof. Att, i =t,+At/2,

u(tyr1) — ulty
%t() =t (thy1/2) +0(A),
IZ”+1/2 = l/t(l‘n+1/2) + O(AIZ).
Lemma | and u(ty+1) —u(t,) = O(At) yield
Di(ultusr)u(tn) = B (u(ty11/2)) +O(Ar%).

Smoothness of m and A, together with symmetry and
A(a,a) = a, gives the same temporal order and a second-order
edge approximation of the mobility. Centered differences of
the midpoint chemical potential and the conservative flux
divergence are second-order in space. Substitution into (1)
proves (39). O

The distinction between (5) and a midpoint chemical potential
is now explicit. Both are second-order consistent, but only
(5) enforces (14). For nonquadratic &, equation (4) predicts
a nonzero one-step energy defect even when the nonlinear
residual is driven to machine accuracy.

6. NUMERICAL EXPERIMENTS

The tests use the manufactured and confining PDE bench-
marks specified below. The nonlinear system is solved in the
logarithmic variable z by a trust-region least-squares iteration.
The accompanying code records the input grids, step histories,
solver residuals, and tabulated outputs.

6.1 Manufactured heat-flow test

Set V =0 and use (9). Then (10) reduces to u; = . On T
choose

u(x,0) = 140.2cos(27x),
u(x,1) = 1 40.2e 747 cos(27x). (40)

The final time is T = 0.05 and At = 0.2Ax. Errors are com-
puted at cell centers.

6.2 Confining Fokker—Planck test

For a genuinely nonconstant chemical potential, set

V(x) = 1.5cos(27x),
u(x,0) = 14+0.45cos(4mx —0.3). (41)
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Table 2. Structural audit for the confining problem (41).

Ar minu Mass defect maxA&," Identity defect

1072 0.13946 4.44x 10716 0 3.82x107°16
5% 1073 0.13976 1.11x 10~ 0 7.63x10°!6
2.5% 1073 0.13984 3.20x 1014 0 142x10714

Table 3. Approach to the discrete equilibrium at 7 = 0.1.
En(T) 2,(T)

[l — st 1.

1072 —1.4987718 1.5561x 10~> 3.6635x 103
5x1073 —1.4987686 1.8725x 107> 4.0160% 1073
2.5x 1073 —1.4987678 1.9580% 107> 4.1070x 103

normalized to unit discrete mass. With (9), the equilibrium is
proportional to e~". Computations use N =40, T = 0.1, and
three time steps. The relative entropy reported below is

Ui

A (u o) = Ax Y ujlog —— —uj+uwi| . (42)

Uoo j
The initial free energy is —0.9479978. The final values are
—1.4987718, —1.4987686, and —1.4987678 for decreasing
At. The relative entropy falls from 0.5507896 to 1.56 x 107>,
1.87 x 107>, and 1.96 x 107>, respectively. The small non-
monotonic variation across time steps reflects a fixed spatial
grid and comparison at finite 7'; it is not used as an order
estimate.

Equation (37) shows that .77 is not an auxiliary diagnostic:

on the fixed-mass manifold it is exactly the discrete free-
energy gap to equilibrium.

6.3 Isolating the temporal chain rule

To distinguish exact energy accounting from generic dissipa-
tion, one step of size At = 0.02 is taken on N = 80 for (41).
The proposed &, is compared with

n+1 n
wite 10g<“z2+“z> +Vi, 43)

while every other component of the solver is unchanged.

Both steps decrease the energy in this example; Table 4 is
therefore not a claim that midpoint evaluation is unstable.
Its purpose is narrower. The divided difference turns the
free-energy calculation into an identity, whereas the midpoint
approximation retains the cubic chain-rule remainder in (4).

6.4 Time-symmetry check

Theorem 11 is tested with V (x) = 0.7 cos(27x) and u(x,0) =
1 +0.25sin(27mx) + 0.1 cos(47x), again normalized to unit
mass. A forward step is followed by a step of the negative
time increment.

7. RESULTS AND DISCUSSION

The numerical evidence separates consistency, structural sta-
bility, and nonlinear solvability. First, Table | supports the
formal estimate (39): halving both mesh width and time step
reduces the L? error by factors 3.994 and 3.999. The corre-
sponding L™ orders are 1.983 and 1.996. Across these runs

Table 4. One-step energy accounting at At = 0.02. The balance
defect is (é‘}:’“ — &)+ At Dy,

Potential A&, 2y, Balance defect
Discrete gradient —0.4577775 22.88887 —5.55x10~!7
Midpoint —0.4600863 23.80570 1.6028x 1072

Table 5. Forward—backward reversal error on N = 80.

At L?reversal L* reversal

1072 8.81x10~15 4.88x 1014
5% 1073 5.63x 10714 2.16x 10713
25%x1073 2.62x 1074 1.11x 10713

the maximum mass defect is 2.95 x 10714, the density re-
mains positive, and no positive energy increment is observed.

Second, the nonlinear potential test confirms the algebraic
statements of Theorem 3. At the smallest step, the largest
mass discrepancy is 3.20 x 10~'# and the largest absolute
defectin (31) is 1.42 x 10714, These scales are several orders
below the physical energy change. Positivity is not marginal:
the smallest value over the reported trajectories remains ap-
proximately 0.14. The decrease of (42) by more than four
orders of magnitude is consistent with approach toward the
discrete analogue of (11).

Third, Table 4 explains why the discrete gradient is more than
a stylistic replacement of a midpoint. With the same grid,
time step, potential, mobility, and nonlinear solve, the mid-
point chemical potential leaves a balance error of 1.60 x 1072,
while (5) reduces the same quantity to roundoff. Equation
(4) predicts precisely this qualitative distinction. Exact dis-
sipation is therefore obtained from a local chain-rule design
rather than from tuning a global stabilization parameter.

Proposition 9 sharpens the interpretation of the confining test.
As long as the numerical trajectory remains in a compact
positive interval, the arithmetic mobility has a positive lower
bound. The exact decrement therefore controls the discrete
variance of the chemical potential through (36). Together
with Proposition 7, this excludes a non-equilibrium stationary
state on the connected periodic mesh. For the logarithmic
model the same gap is measured exactly by (37), which is
why the last column of Table 3 can be read as an equilibrium
diagnostic rather than merely a statistical distance.

The matrix form (26) adds an operator-level interpretation.
Proposition 2 shows that the discrete transport operator has
exactly the constant mode in its nullspace and is coercive
on the fixed-mass subspace. The bound (29) also quantifies
the expected mesh dependence of unpreconditioned algebraic
solves: for fixed mobility contrast, the nonzero spectral condi-
tion number grows like O(N?). This estimate is independent
of the particular entropy and therefore isolates a spatial linear-
algebra issue from the nonlinear thermodynamic map.

The local existence result in Theorem 8§ also clarifies the
role of the nonlinear solve. The logarithmic transformation
guarantees that the local branch issuing from a positive state
remains inside the positive cone for sufficiently small time
increments. It does not assert that arbitrary large steps possess
a unique solution. This separation between structural algebra
and nonlinear global solvability is useful in practice: failure
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of a nonlinear iteration should be handled by step control, not
by modifying the density after the solve.

The forward-backward experiment is likewise structural
rather than physical. Diffusion should not normally be inte-
grated backward as an evolution problem. Here the negative
step is used only to test the algebraic adjoint relation (38).
Reversal errors between 10714 and 10~!3 are consistent with
the theorem and nonlinear-solver tolerance. This symmetry
is also the reason a second-order temporal expansion arises
naturally despite the exact energy decay for positive time
steps.

There are limitations. The analysis is one-dimensional and
periodic; boundary terms must be redesigned for no-flux,
Robin, or reservoir conditions. The positivity statement is
conditional on a finite root of the logarithmic nonlinear sys-
tem and does not constitute a global existence theorem for
arbitrary Ar. Degenerate mobilities that vanish at u = 0 re-
quire additional care because the logarithmic parametrization
never represents the boundary of the positive cone. Multicom-
ponent systems introduce noncommuting mobility matrices
and generally require a vector discrete chain rule, a setting in
which entropy-based finite-volume analysis is substantially
more delicate [18]. Finally, the scheme is fully implicit. Its
structural simplicity comes at the cost of a nonlinear solve at
every step, so preconditioning and scalable multidimensional
solvers are natural subjects for further work.

These restrictions do not affect the underlying design princi-
ple. If a dissipative PDE contains a separable entropy contri-
bution, replacing the time-centered variational derivative by
its exact two-state discrete gradient can remove the temporal
chain-rule remainder without sacrificing centered accuracy.
The spatial method then needs only a compatible discrete
integration-by-parts identity and positive mobility. This divi-
sion of labor is useful when constructing schemes in which
the origin of each preserved property should remain visible.

8. CONCLUSION

A symmetric finite-volume discretization has been developed
for positive drift—diffusion gradient flows. The method uses
the divided difference of the entropy in time, a centered posi-
tive mobility in space, and a logarithmic state variable. The
resulting update conserves total mass and satisfies the exact
equality

sl _gr——ngpt?,
with _@ZH/ 2 > 0. It is equilibrium consistent, self-adjoint
under time reversal, and second-order consistent in time and
space for smooth positive solutions.

The numerical tests were designed to verify these statements
separately rather than to maximize benchmark performance.
Coupled refinement produced second-order errors for an ex-
act heat solution. A nonlinear Fokker—Planck test retained
positive states, conserved mass to near machine precision,
and reproduced the discrete energy law to roundoff. The mid-
point comparison showed that second-order centering alone
does not provide the exact energy identity: the discrete gradi-
ent is the component that closes the chain rule. These results
motivate extensions to multidimensional meshes, nonperiodic
boundaries, and matrix-valued mobilities, where the same

algebraic principle can be combined with more elaborate
spatial discretizations.
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