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ABSTRACT

Let T=R/Zand Ag = (I—A)~B/2 with B > 0. From data

g =ApfT+n,  Inll <8,
consider the fractional Sobolev Tikhonov family

13, =angmingeps { [4ps ~ ¢ [+ 2 115}

s> 0.
Writing i = (1 +4n2k?)"/2 and p = s+ B, the estimator is diagonal in the Fourier basis,
) P‘f 58
fis(k) = 8° (k).
SO

If fT € H"(T) and 0 < r < 2p, then

|72, 11|, < casr—+cimar,
_B
T 2p’ T 2p’
where C;, = ¢7(1 —q)' % for 0 < g < 1 and C; = 1. Direct minimization gives A, =< §*/("*F) and

s _ TH _ 0(5r/<r+B)) _
Hf}‘* s 2

Thus the pre-saturation exponent is independent of the penalty order s. When r > 2p, the bias saturates and the rate becomes

0(82P/2P+B)); hence the least order avoiding saturation is sy, = max{0,7/2 — B}. The balanced half-power frequency satisfies
Yo =< VB ), whereas its logarithmic roll-off is —p /2. The same exponents persist for spectrally equivalent convolution

a M, =||f]

H*

operators ¢ [l B <ap<cypy P Fourier experiments on N = 2048 modes, using three source regularities, four penalty orders,
five noise levels, and 30 perturbations per configuration, reproduce the predicted saturation ordering and transition boundary. For
the H® benchmark at § = 103, the mean L? error decreases from 1.4013 x 102 for s = 0 to 1.2710 x 103 for s = 2; the latter
is the first tested order in the non-saturated regime.

Keywords: Inverse problems = Spectral regularization « Fractional Sobolev spaces « Tikhonov regularization = Deconvo-
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1. PROBLEM FORMULATION AND SPECTRAL SET-
TING

2. SPECTRAL REPRESENTATION AND ERROR
BOUNDS

For a smoothing inverse problem, the regularization error is
controlled by three spectral laws: decay of the forward sin-
gular values, growth of the penalty weights, and decay of the
coefficients of the unknown. If these laws are represented by
powers u’ﬁ, w2, and u~", respectively, then the combined
exponent

p=s+p

sets both stability loss and regularizer qualification. Hilbert-
and Banach-scale analyses, oversmoothing theory, statistical
inverse learning, ensemble inversion, and variational reg-
ularization treat these mechanisms under broader assump-
tions [1, 2, 3, 4, 5, 6, 7, 8]. Matrix-function, optimal-
transport, hybrid-projection, and learned regularization meth-
ods provide complementary computational constructions
[9, 10, 11, 12, 13, 14, 15]. Here the common spectral struc-
ture is made explicit for a fractional Sobolev penalty, allowing
the roles of s, 3, and r to be separated algebraically.

Let T = R/Z and e, (x) = e*™**. Set

11 = Y w1 R) P

kEZ

= (1+47K)'72,

The forward family is diagonal,

Ape=wPe, B0, (1

so that Ag loses B derivatives. Noisy data obey

& =Agf 0. Il <8. @
Such power-decaying singular systems are a standard labora-
tory for spectral regularization, statistical inverse problems,
and fractional inverse diffusion [16, 17].

For s > 0 consider

2
2
Ss) = apf =&+ AIfE >0 @)
The analysis below gives the rational reconstruction filter and,
for 0 < r <2(s+ ), the two order-invariant scalings

|57, = 0(s777).

The penalty order acts through qualification and filter geome-
try: it moves the saturation threshold from 23 to 2(s+ f3) and
changes the logarithmic slope at the half-power frequency to
—(s+ B)/2. These identities yield the matching rule

‘uC = 671/(r+ﬁ).

smin(r. B) = max {0, 7 B ., @

which is the smallest Sobolev order that prevents regularity
loss through saturation.

All estimates are derived from the exact periodic multipliers
rather than asymptotic singular-value replacements. This
isolates, in closed form, the saturation mechanism studied
in more general Hilbert- and Banach-scale settings [18, 5,
8]. Manufactured states with prescribed Fourier decay are
then used to measure the predicted exponents against known
ground truth.

2.1 Exact minimizer

The diagonal structure makes the minimization in (3) sepa-
rable. This is useful because all stability constants can be
obtained from one-dimensional scalar extrema rather than
unspecified operator constants.

Theorem 1 (Exact reconstruction multiplier). For s > 0 and
A >0, (3) has a unique minimizer in H*(T). Its Fourier
coefficients are

b

=m7 ()

Rl,s(nu)

where p = s+ . With exact data, the corresponding truth

filter is
1

= T (6)

F, Ays (nu)
Proof. Parseval’s identity gives

Islf) =X (I P70 =@ )P+ A1 F0)R)
k
Each summand is strictly convex. Setting its complex deriva-
tive to zero yields (,u,:zl3 +AuZ) f(k) = y;ﬁg‘S(k), which
reduces to (5). Substituting g(k) = u, B ]/”\T(k) gives (6). Strict
positivity of i, #42 U7 proves uniqueness. O

Equation (5) separates two different responses. The inverse
factor uP restores attenuated modes, while (1 + Au2°)~!
suppresses the modes at which this restoration becomes un-
stable. Increasing s raises p; it therefore changes the shape
of the suppressing factor even when the forward operator is
unchanged.

2.2 The two error mechanisms

Write R, ;8% = f? . From (2),

B =Rin—U-Ff" 7

The first term is noise amplification; the second is determinis-
tic bias.

Lemma 1 (Noise amplification). Leta = f/(2p) € (0,1/2].
Then

[Risll e SCA™  Ca=a‘(1-a)'™  (8)

Proof. Forz=Au?l,

Z(Z

1+z

Ry s(u)=4"¢

The continuous supremum of z%/(1+ z) over z > 0 occurs at
z=a/(1—a) and equals a“(1 —a)'~“. Taking the supremum
over the discrete set {1 } cannot increase it. O
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Lemma 2 (Bias before saturation). Assume f7 € H'(T) and
0<r<2p. Withb=r/(2p) € (0,1],

[ =F ) f ||, < CoA” || £ Gy =b"(1-b)"",

C))

H

where C1 = 1.

Proof. By Parseval,

)‘Iuprr .
[(=F)f Ny 1 -

Setting z = Au?’ transforms the scalar factor into
APZ1=P /(1 + z). Tts maximum is C,A?; the endpoint b = 1
follows by monotonicity. O

Lemmas | and 2 determine the complete bias—stability trade-
off.

3. RATE INVARIANCE AND SATURATION

Theorem 2 (Balanced error law). Let ' € H'(T) with 0 <
r<2(s+pB) and set M, = || f'|| ;- Then

|72, 11|, < cuor e+ comar, (10)

where a = 3/(2p) and b = r/(2p). The minimizer of the
right-hand side is

1/(a+b)
A= < aCad ) , (11)

bCyM,

and, with
b\ @) g b/ (ad)
Kb = () ()

Hffw - fT H2 < Ka,b(Ca5)b/(a+b) (Cer)a/(aer)
-0 (3 7). 1)
In particular, the exponent of 8 in (12) does not depend on s.

Proof. Equation (10) is (7) combined with Lemmas 1—
2. Differentiating its right-hand side gives bC,M,A?~! =
aC,8A %" and hence (11). Since b/(a+b) = r/(r+B),
substitution yields (12). O

The cancellation of p = s+ 8 in b/(a+b) is the first struc-
tural invariance. It says that increasing s cannot improve
the asymptotic exponent when the truth is already inside the
non-saturated range. This does not mean that s is irrelevant:
the constants, the balanced value of A, and the filter geometry
all change.

Proposition 1 (Saturation boundary). If r > 2p and f €
H'(T), then the bias admits the saturated estimate

= f s < 2 (£ o - (13)

Let M>p = ||fT ||H2P' Balancing (13) with (8) gives

(at1)
)vsat = (aCa6> ’
Moy

and therefore

5., 1, < matca g —of 585

(14)
Thus the source regularity r enters the exponent only until
r=2(s+p).

Proof. Since z/(1+z) < z, the exact-data bias multiplier
satisfies 1 — F (i) < Au?P, proving (13). The balance has
exponents a = /(2p) and b=1,s0b/(a+b) =2p/(2p +
B). O

Corollary 1 (Regularity-matched order). To avoid saturation
for a source class H', it is sufficient and, within the present
family, minimal to choose

5> smin(r, B) = max{0,r/2 — B }.

Corollary 1 identifies the asymptotic role of the fractional or-
der: it matches regularizer qualification to source smoothness
rather than merely increasing smoothing. Related saturation
and oversmoothing questions are central in modern Tikhonov
theory [1, 3, 4, 5]; here the periodic multiplier makes the
threshold explicit.

4. SPECTRAL CUTOFF AND PENALTY-ORDER EF-
FECTS

Define the half-power transition frequency by
AP = pe = A1), (15)

This quantity is not an imposed truncation. It is the intrinsic
frequency at which Fj ; = 1/2.

Proposition 2 (Cutoff invariance and transition slope). Under
the non-saturated balance (11),

pe= 87/, (16)
which is independent of s. Moreover,

b« __Pp_ _stPB 17)
dlogp|,_,, 2 2

Proof. Equation (11) has A, < 8'/(@tb) = §2p/(+B); jp-
sertion in (15) gives (16). For z = Au®, dF /dlogu =
—2pz/(1+z2)2. At the cutoff z = 1, giving (17). O

Before saturation, changing s leaves the asymptotic location
of the resolved bandwidth unchanged after balancing, but
changes the sharpness of the transition from resolved to sup-
pressed modes. Figure | visualizes this distinction for the
parameters used in the numerical experiment.

A related spectral requirement appears in plug-and-play regu-
larization, where denoising operators are constrained to retain
convergence and stability properties [14]. Here the filter acts
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Figure 1. Exact-data filters F)  for the high-regularity benchmark
at & = 1073 using the theoretical balanced parameter. Larger s
changes the transition geometry and, for this source, eventually
removes saturation.

directly on the inverse multiplier, and stability is likewise
determined by spectral growth.

4.1 Robustness under spectral equivalence

The exact Bessel-potential symbol in (1) is not essential for
the rate exponents. Suppose instead that a self-adjoint positive
convolution operator A satisfies
Paw<cew ™ Ag= 18
ey U <ap <cily T, ex = agey, (18)
for constants 0 < c_ < ¢4 < oo, The regularized coefficient

becomes
()

7o
(k)=
flm( ) a%+)tlu’]3sg

Thus the preceding calculus survives without requiring an

exact power law.

Proposition 3 (Exponent stability under equivalent spectra).

Assume (18), fT € H", and 0 < r <2(s+B). Witha=/(2p)
andb=r/(2p),

1Rasl50 < €re® G, (19)

11 =) f ", < = Cod” [|£7] (20)

H*

Consequently, balancing the two terms again gives the ex-
ponent r/(r+ B) and the cutoff scaling 8 "/"+B) up to con-
stants.

Proof. For the noise multiplier,

B
a &
k < +.uk

Rl T

With z = (4 /cz_)u,fp , Lemma 1 gives (19). Similarly,

(A/2)u?
1+ A/ )’

Aus
a+AuP —

1 —Fy () =

and the scalar maximization in Lemma 2 yields (20). Only
multiplicative constants have changed, so the balance expo-
nents are unchanged. O

Proposition 3 extends the rate law to polynomially smoothing

convolution operators with two-sided spectral equivalence.
It also gives a sufficient mechanism by which matrix or pro-
jection approximations retain the same rate exponents when
their spectral distortion is uniformly bounded [9, 12].

5. NUMERICAL VERIFICATION OF THE RATE LAW

5.1 Construction

Numerical verification is carried out on a periodic grid with
N = 2048 equispaced points and 8 = 1. Manufactured states
are used so that f T the exact error, and source regularity are
known. Three deterministic real-valued states are generated
by conjugate-symmetric Fourier coefficients

|fr(k)| o< k=UH0T0) 1€ 00.75,3,6}, k#0, (21)
with fixed nontrivial phases and a nonzero mean, followed
by L? normalization. This decay guarantees f, € H" while

retaining a long spectral tail.

For each state, exact observations are generated by (1). Gaus-
sian perturbation vectors are independently sampled and
rescaled so that their discrete L> norm equals

§c{1072,3x1073,1073,3x1074,1074}.

For every (r,8,s) with s € {0,0.5,1,2}, 30 perturbations are
reconstructed. The parameter A is computed from (11): H"
is used in the non-saturated regime and H>P in the saturated
regime. Reconstruction error is not used to tune A. The
random generator seed is 20260115; a separate oracle grid is
retained only for diagnostic comparison.

The forward operator, truth, noise norm, and parameter rule
are fully specified, as in contemporary computational regular-
ization studies [12, 15]. The supplementary package contains
the code, generated samples, replicate-level errors, parameter
values, and plotted data.

5.2 Saturation diagram

Table 1 compares empirical log—log slopes of mean error
against the theoretical exponent. For r = 6, the sequence
of predicted exponents increases from 2/3 to 3/4 to 4/5
while s = 0,0.5, 1 remain saturated; at s =2, 2(s+f) =6
reaches the source regularity and the non-saturated prediction
becomes 6/7. The empirical slopes reproduce the ordering
and the transition boundary. The r = 6, s = 2 case remains
visibly pre-asymptotic: its observed slope is 0.775 rather than
the limiting value 6/7 ~ 0.857. Here the balanced A is very
small, so the finite grid leaves a broad passband at the tested
noise levels.

For the low-regularity state, all four penalty orders are
non-saturated and the theorem predicts the same exponent
0.75/(1.75) = 0.4286. The measured slopes 0.472-0.503
differ in finite range but do not exhibit the systematic order-
dependent increase seen for the smooth source. This behavior
is consistent with the order-invariant exponent in Theorem 2.

5.3 Error levels for a smooth source

Table 2 gives the mean L? error for r = 6. The effect of
order matching is already substantial over the tested noise
range: at § = 1073 the s = 2 error is roughly one eleventh
of the s = 0 error. The difference should not be interpreted
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Table 1. Empirical and theoretical convergence exponents.

r s Regime Empirical Theory
0.75 0.0 non-sat. 0.472 0.429
0.75 0.5 non-sat. 0.493 0.429
0.75 1.0 non-sat. 0.499 0.429
0.75 2.0 non-sat. 0.503 0.429
3.00 0.0 saturated 0.633 0.667
3.00 0.5 non-sat. 0.697 0.750
3.00 1.0 non-sat. 0.769 0.750
3.00 2.0 non-sat. 0.763 0.750
6.00 0.0 saturated 0.638 0.667
6.00 0.5 saturated 0.736 0.750
6.00 1.0 saturated 0.789 0.800
6.00 2.0 non-sat. 0.775 0.857
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Figure 2. Measured log—log exponents and the theoretical saturation
diagram. The rough source has one common pre-saturation rate; the
smooth source gains rate as the penalty qualification increases.

as a contradiction of rate invariance, because s = 0,0.5, 1 are
precisely the saturated cases for r = 6.

A representative reconstruction at § = 1073 is shown in Fig-
ure 4. The data themselves are blurred, not merely noisy;
hence direct comparison between g% and fT also displays
the smoothing action of Ag. The s = 2 reconstruction re-
tains the resolved oscillatory content while suppressing the
high-frequency inverse amplification.

6. SCOPE OF THE SPECTRAL RESULT

The periodic operator separates the three relevant scales ex-
actly: smoothing order, penalty order, and source smooth-
ness. Proposition 3 shows that the resulting exponents do
not depend on the exact multiplier u P, provided a two-
sided polynomial spectral bound is retained. General Hilbert-
scale, statistical, and variational theories obtain related order-
optimality statements under substantially broader assump-
tions [2, 8, 17]; Banach-space results show that oversmooth-
ing can likewise be treated without requiring the exact solu-
tion to lie in the penalty domain [4, 5]. Within this spectral
model, the penalty order cancels from the pre-saturation error
exponent and the balanced cutoff exponent, while remaining
explicitly in the qualification threshold and transition slope.

A higher-order penalty is therefore not uniformly preferable.
If r is low, raising s cannot improve r/(r+ ) and may alter

Table 2. Mean L? reconstruction error for r = 6 (30 perturbations).

1072 0.060354 0.033463 0.022714 0.007102
3x1073 0.028502 0.014116 0.009036 0.003050
1073 0.014013 0.006210 0.003729 0.001271
3x107* 0.006487 0.002568 0.001454 0.000471
1074 0.003206 0.001133 0.000602 0.000209

102

mean L2 error

1034

1074 1073 102
noise norm &

Figure 3. Mean reconstruction error versus noise norm for the H°
benchmark. Increasing s moves the estimator through successive
saturation thresholds.

constants unfavorably. If r exceeds 2(s + ), however, a
low-order penalty has insufficient qualification and its rate
is capped by (14). In that case (4) raises the qualification
just enough to recover the source-limited rate. The numerical
results mirror this division.

Several extensions require additional machinery. Noncom-
muting penalties and forward operators destroy the scalar
multiplier argument. Nonperiodic boundaries change the
eigensystem and may couple discretization error to regu-
larization error. Unknown source smoothness makes (11)
unavailable directly and calls for discrepancy, balancing or
adaptive rules, a question treated in broader deterministic and
statistical frameworks [19, 7, 6, 20]. Nonquadratic regular-
izers introduce geometry not visible in the present Hilbert
model; contemporary examples include optimal-transport and
nonsmooth convex penalties [11, 21]. Finally, learned priors
can improve empirical reconstructions but require a separate
argument to retain the regularization property [13, 14].

The advantage of the present model is that every exponent
in the bias—noise tradeoff is explicit and every numerical
quantity is reproducible from known ground truth.

7. CONCLUSION

For Ag = (I — A)~B/2_ the fractional Sobolev Tikhonov esti-
mator is governed by

b
Ry (1) = 1T AP

Its noise amplification is O(4~A/6+B)) and, for 0 < r <
2(s+ B), its H" bias is O(A"/26B))). Their balance gives

A, = §2H+B)/(r+B) Hff '_fTH _ 0(6r/(r+ﬁ)> ,
*5S 2
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Figure 4. Representative portion of the » = 6 reconstruction for

S =

1073, The observation is the smoothed noisy datum; the two

curves use the theoretical parameter rule.

with balanced cutoff . =< & ~1/(+B)  The penalty order does
not enter these two pre-saturation exponents. It enters through
qualification: the boundary is r = 2(s + f3), the cutoff slope
is —(s+ B)/2, and the least order avoiding saturation is
max{0,r/2— B}. The numerical results reproduce this transi-

tion

and quantify the finite-grid deviation from the asymptotic

slope in the highest-order case.
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