
ABSTRACT

For a series yt = gt +εt combining a curving trend with a strong seasonal cycle, this paper develops and proves proper-
ties of an explicit alternative to seasonal differencing: gt = β0+β1t+β2t2+∑

K
k=1[ak sin(2πkt/m)+bk cos(2πkt/m)]

and εt ∼ ARMA(p,q)× (P,Q)m, stationary and invertible. Four results are proved: near-orthogonality of the har-
monic regressors, with Var(âk)≈ 2σ2

ε /n; spectral concentration of the periodogram at ωk = 2πk/m; stationarity of
the fitted residual via its characteristic roots, guaranteeing a Wold representation εt = ∑ j ψ jat− j with ∑ j ψ2

j < ∞; and
a three-way decomposition MSE(h) = Bias(h)2 +Var(ĝT+h)+σ2

a ∑
h−1
j=0 ψ2

j , whose noise term is shown to converge
under stationarity but to diverge linearly, as in the exact random-walk case, under integration. Every result is
verified numerically. Applied to the Mauna Loa CO2 record (h = 12,24,36,60 months against a linear-trend and a
directly differenced SARIMA(1,1,1)(1,1,1)12 benchmark), gt explains R2 = 0.998 of variance with a significant,
HAC-robust quadratic coefficient; the SARIMA benchmark attains marginally lower error at every horizon, a gap
a Diebold–Mariano test does not find significant (p = 0.275 and 0.862), even though the two models’ forecast
variances are confirmed, against their own state-space output, to grow through different mechanisms – bounded
for the proposed model, unbounded for SARIMA. The proposed model’s own error decomposition further shows
parameter-estimation variance uniformly negligible, so its non-stochastic error is attributable almost entirely to
trend-misspecification bias.

Keywords: Harmonic regression Spectral analysis SARIMA Forecast-error decomposition Stationarity Wold
representation Atmospheric carbon dioxide

1. INTRODUCTION

Series with a curving trend and a strong periodic cycle appear
throughout engineering, economics, and the earth sciences,
and two modelling traditions handle them differently. Writing
L for the lag operator (Lyt = yt−1), ∇ = 1−L, and ∇m = 1−
Lm, the Box–Jenkins tradition removes trend and seasonality
by applying ∇d∇D

m to yt and models the differenced series

with an autoregressive moving-average structure,

ϕ(L)Φ(Lm)∇
d
∇

D
myt = θ(L)Θ(Lm)at , (1)

the seasonal autoregressive integrated moving-average
(SARIMA) specification; it is flexible and often accurate,
but encodes trend and seasonality implicitly, through d,D
and the fitted coefficients, rather than as parameters with di-
rect physical meaning. The alternative sets d = D = 0 and
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instead writes

yt = β0 +β1t +β2t2 +∑
K
k=1[ak sin( 2πkt

m )+bk cos( 2πkt
m )]︸ ︷︷ ︸

gt

+εt ,

(2)
estimating trend and seasonality directly and confining
ϕ(L)Φ(Lm)εt = θ(L)Θ(Lm)at to a stationary remainder. The
trade-off between Equations 1 and 2 is documented empir-
ically [1, 2] but rarely characterized in closed form: how
does each specification’s forecast-error variance behave as
h→∞, and at what cost, if any, is Equation 2’s interpretability
obtained?

This paper answers that question for atmospheric carbon diox-
ide (CO2) concentration, whose trend curvature and seasonal
amplitude both carry direct scientific content [3], by treating
Equation 2 as a fully specified mathematical object: every
claim about orthogonality, spectral behaviour, stationarity,
and forecast-error growth is stated and proved, then checked
against the fitted model. Section 2 fixes notation and re-
views related work; Section 3 develops the framework in
full, with proofs and exactly solvable special cases; Section 4
describes the data; Section 5 verifies every result numeri-
cally and reports the forecast comparison; Section 6 discusses
implications; Section 7 concludes.

2. PRELIMINARIES AND RELATED WORK

2.1 Preliminaries

The following standard definitions fix notation used through-
out Sections 3–5.

Definition 1 (Lag and differencing operators). For {yt}, the
lag operator is Lyt = yt−1; the non-seasonal differencing op-
erator is ∇= 1−L, ∇yt = yt −yt−1; the seasonal differencing
operator of period m is ∇m = 1−Lm, ∇myt = yt − yt−m.

Definition 2 (SARIMA process). {yt} follows
SARIMA(p,d,q)(P,D,Q)m if it satisfies Equation 1, where
ϕ(z) = 1−ϕ1z− ·· · −ϕpzp, Φ(z) = 1−Φ1z− ·· · −ΦPzP

are autoregressive polynomials, θ(z) = 1+θ1z+ · · ·+θqzq,
Θ(z) = 1+Θ1z+ · · ·+ΘQzQ are moving-average polynomi-
als, and {at} is white noise. Setting d = D = 0 and adding
the deterministic term gt of Equation 2 gives the harmonic
trend–stochastic residual specification studied in Section 3.

Definition 3 (Periodogram). For {yt}n−1
t=0 , the periodogram

at frequency ω is In(ω) = 1
n

∣∣∑
n−1
t=0 yte−iωt

∣∣2, evaluated in Sec-
tion 3.4 at the harmonic (Fourier) frequencies ωk = 2πk/m.

Theorem 1 (Wold decomposition). Every zero-mean, weakly
stationary, purely non-deterministic process {εt} admits
a representation εt = ∑

∞
j=0 ψ jat− j, ψ0 = 1, ∑

∞
j=0 ψ2

j < ∞,
where {at} is white noise, uncorrelated with {εt− j} j≥1.
Stated without proof; it underlies the forecast-error decompo-
sition of Section 3.6.

2.2 Related Work

Empirically, hybrid statistical-learning models generally out-
perform either differencing or machine learning alone, while
purely statistical SARIMA specifications remain competi-
tive whenever a series is close to linear after differencing

[1] – a finding Section 3.6’s decomposition helps explain.
ARIMA models fitted to epidemic case counts show accu-
racy degrading with horizon length [2], examined analyti-
cally in Section 3.6; a deterministic growth curve combined
with a stochastic autoregressive correction has been used for
COVID-19 forecasting [4], an architecture related in spirit to
Equation 2; and ARIMA specifications for interrupted time-
series analysis in health policy [5] illustrate a setting, like this
one, where model transparency matters as much as accuracy.

Several energy-forecasting studies decompose a series with
wavelet or modal methods before applying a deep-learning
residual model, reporting accuracy gains without a closed-
form account of forecast-variance behaviour: wavelet de-
composition combined with SARIMA and a long short-term
memory network for wind power [6]; variational modal de-
composition with a long short-term memory ensemble for
electricity load [7]; survey evidence that decomposition-based
hybrids dominate short-term load forecasting [8, 9]; and gated
recurrent units combined with temporal convolutional net-
works for the same task [10]. A parallel grey-system liter-
ature forecasts carbon emissions from short, non-stationary
series with successive refinements [11–14]; machine-learning
comparisons for transportation emissions appear in [15];
and a consistent-protocol evaluation of how much accuracy
artificial-intelligence forecasters add over simpler baselines
[16] cautions that reported gains often shrink once tested
formally – addressed here through Proposition 4 and its ap-
plication in Section 5.5.

The most recent Global Carbon Budget assessment docu-
ments the continuing acceleration of CO2 growth [3]; inter-
annual departures from the smooth trend are tied to the El
Niño–Southern Oscillation [17, 18], motivating the treatment
of εt in Section 3 as a structured stochastic process. The deter-
ministic side of Equation 2 follows the harmonic-regression
tradition used for the Keeling curve, complementary to non-
parametric seasonal-trend decomposition recast as regularised
regression [19]; forecast accuracy below follows the measures
recommended in [20].

3. MATHEMATICAL FRAMEWORK

3.1 Decomposition and regularity conditions

Section 1 introduced the working decomposition yt = gt + εt
(Equation 2), with gt the quadratic-trend-plus-K-harmonic
function embedded there; for reference below it is restated on
its own,

gt = β0 +β1t +β2t2 +
K

∑
k=1

[
ak sin

(
2πkt

m

)
+bk cos

(
2πkt

m

)]
,

(3)
of seasonal period m = 12, with {yt}n−1

t=0 equally spaced and
monthly. A purely linear trend is nested as β2 = 0 and is
fitted separately as a benchmark. The results below rest on
three standing conditions, sharpening Definition 2 to the case
d = D = 0 studied here.

Definition 4 (Regularity conditions). (A1) {at} is white
noise – uncorrelated, mean zero, variance σ2

a ∈ (0,∞), fi-
nite fourth moment. (A2) The stochastic component fol-
lows ϕ(L)Φ(Lm)εt = θ(L)Θ(Lm)at for lag polynomials
ϕ,Φ,θ ,Θ of finite order, with L the lag operator, such that
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the reduced polynomials Φ∗(z) = ϕ(z)Φ(zm) and Θ∗(z) =
θ(z)Θ(zm) have all roots strictly outside the closed unit
disk in C. (A3) The design matrix X with columns
{1, t, t2,{sin(2πkt/m),cos(2πkt/m)}K

k=1} has full column
rank for every sample size n considered.

Condition (A2) is what makes εt stationary and invertible,
which Section 3.4 verifies directly for the fitted model rather
than assuming; Section 3.5 examines the consequence of (A2)
failing, as it does for a directly differenced benchmark applied
without removing gt first.

3.2 Near-orthogonality of the harmonic regressors

Proposition 1. Let sk(t) = sin(2πkt/m), ck(t) =
cos(2πkt/m) for t = 0, . . . ,n−1, 1 ≤ k, j < m/2. If n = qm
for integer q, then ∑

n−1
t=0 sk(t)s j(t) = ∑

n−1
t=0 ck(t)c j(t) = n

2 δk j

and ∑
n−1
t=0 sk(t)c j(t) = 0 for all k, j. If n ̸= qm, each sum

deviates from its exact value by a quantity bounded uniformly
in n, negligible relative to the O(n) leading term as n → ∞.

Proof. Write sk(t)s j(t) = 1
2 [cos(2π(k− j)t/m)−cos(2π(k+

j)t/m)] and use ∑
n−1
t=0 cos(ωt) = Re

[ 1−eiωn

1−eiω

]
for ω ̸= 0

(mod 2π), bounded by |1−eiω |−1 independently of n. When
n = qm, the frequencies 2π(k± j)/m are integer multiples
of 2π/m dividing 2πq, so each sum is exactly n (diagonal,
after halving) or exactly 0 (off-diagonal); the sine-cosine
cross product vanishes by the same argument applied to an
odd combination under t →−t (mod m). When n ̸= qm the
same n-independent bound applies to the partial sum, so the
deviation from the exact case is O(1), negligible next to the
O(n) diagonal terms.

Lemma 1 (Harmonic coefficient variance). Under Proposi-
tion 1 and homoskedastic, serially uncorrelated regression
errors of variance σ2

ε , the ordinary least-squares estimators
of the harmonic coefficients in Equation 3 satisfy, for n ≫ m,

Var(âk) ≈ Var(b̂k) ≈ 2σ2
ε

n
, k = 1, . . . ,K. (4)

Proof. By Proposition 1 the 2K × 2K harmonic sub-block
of X⊤X is approximately n

2 I2K for n ≫ m, so its inverse is
approximately 2

n I2K ; the general OLS covariance formula
Var(β̂ ) = σ2

ε (X
⊤X)−1, restricted to this block, gives Equa-

tion 4.

Section 5.2 verifies Equation 4 directly against the exact
regression covariance matrix, finding agreement to four sig-
nificant figures despite the trend columns not being exactly
orthogonal to the harmonics and n not being an exact multiple
of m.

Corollary 1. Under Proposition 1, (âk, b̂k) changes by
O(1/n) as K is varied, so each harmonic’s estimated am-
plitude and phase is interpretable individually rather than as
an artefact of the chosen truncation.

3.3 Asymptotic normality and robust inference

Theorem 2 (Asymptotic normality of the deterministic-com-
ponent estimator). Under Definition 4 and standard regular-
ity conditions for linear regression with deterministic trending

regressors and weakly dependent, summable-autocovariance
errors, √

n(β̂ −β )
d−→ N

(
0, Q−1SQ−1),

where Q = limn→∞ n−1X⊤X and S is the long-run covariance
of n−1/2X⊤ε , consistently estimable by a Newey–West-type
heteroskedasticity-and-autocorrelation-consistent (HAC) es-
timator.

Theorem 2 is a standard consequence of a central limit the-
orem for weakly dependent linear processes with trending
regressors and is stated without proof; its practical content is
instead checked directly in Section 5.2, where classical OLS
standard errors are compared against 12-lag Newey–West
standard errors for every coefficient of Table 1.

3.4 Spectral concentration

Proposition 2. Let yt = gt + εt with gt as in Equation 3 and
εt weakly stationary with bounded spectral density fε(ω). If
n is a multiple of m, the periodogram of the detrended series,
In(ω) = 1

n

∣∣∑
n−1
t=0 (yt − β̂0 − β̂1t − β̂2t2)e−iωt

∣∣2, satisfies

E[In(ωk)] =
n
4 (a

2
k +b2

k)+2π fε(ωk)+o(n)

at each harmonic frequency ωk = 2πk/m, while E[In(ω)]→
2π fε(ω) away from {ωk}K

k=1.

Proof. Expand In(ωk) using yt − gt = εt ; the deterministic
contribution at its own frequency evaluates in closed form
to n

4 (a
2
k + b2

k) by Proposition 1, cross terms between the si-
nusoid and εt vanish in expectation since E[εt ] = 0, and the
periodogram of a weakly stationary process converges in
expectation to 2π times its spectral density at each fixed
frequency as n → ∞, a standard result for periodogram esti-
mation.

3.5 Stationarity, invertibility, and the Wold representation
of the residual process

Definition 5 (Reduced characteristic polynomials). For a
fitted SARIMA(p,0,q)(P,0,Q)m specification, define the
reduced autoregressive and moving-average polynomials
Φ∗(z) = ϕ(z)Φ(zm), Θ∗(z) = θ(z)Θ(zm). The process is
stationary if every root of Φ∗(z) = 0 lies strictly outside
the unit disk, and invertible if every root of Θ∗(z) = 0 does
likewise; both together guarantee the Wold representation
εt =∑

∞
j=0 ψ jat− j, ψ0 = 1, with {ψ j} determined by matching

coefficients in Θ∗(z) = Φ∗(z)∑ j ψ jz j.

Lemma 2. The residual model fitted in Section 4 has re-
duced autoregressive roots with moduli in [1.035, 1.633] and
reduced moving-average roots with moduli in [1.338, 5.518],
all strictly outside the unit disk; the process is therefore sta-
tionary and invertible in the sense of Definition 5, and its
Wold representation exists.

The smallest AR root modulus, 1.035, is close to the unit
circle, foreshadowing the slow initial decay of {ψ j} and the
mild residual autocorrelation documented in Section 5.6.

Lemma 3 (Geometric bound on the impulse response). If
every root of Φ∗(z) has modulus at least ρ > 1, there exists
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C > 0 such that |ψ j| ≤Cρ− j for all j ≥ 0, and consequently

∞

∑
j=0

ψ
2
j ≤ C2

1−ρ−2 < ∞. (5)

Proof. The generating function ∑ j ψ jz j = Θ∗(z)/Φ∗(z) is ra-
tional with poles exactly at the roots of Φ∗; a partial-fraction
expansion writes ψ j as a finite sum of terms each decay-
ing geometrically at the rate of the reciprocal modulus of
its associated pole. The slowest-decaying term dominates
asymptotically, giving |ψ j| ≤Cρ− j for the pole of smallest
modulus ρ (or any ρ no larger than that minimum). Squaring
and summing a geometric series with ratio ρ−2 < 1 yields
Equation 5.

Example 1 (Exact linear divergence under integration). For
a pure random walk yt = yt−1 +at – an ARIMA(0,1,0) pro-
cess, excluded from Lemma 3 because its AR root lies exactly
on the unit circle – the Wold weights are ψ j = 1 for every
j ≥ 0, so ∑

h−1
j=0 ψ2

j = h exactly and the h-step forecast vari-
ance is σ2

a h: linear, unbounded growth. Section 5.4 finds
the fitted SARIMA(1,1,1)(1,1,1)12 benchmark’s forecast
variance grows at an empirical log–log rate of 1.01 over
h = 2, . . . ,60, indistinguishable in practice from this exact
linear benchmark despite its more elaborate integration struc-
ture.

3.6 Forecast-error decomposition

Denote by ĝT+h the deterministic-component forecast ex-
trapolated h steps beyond a training sample of length T ,
and by ε̂T+h|T the minimum-mean-squared-error forecast of
εT+h given information to time T ; the combined forecast is
ŷT+h = ĝT+h + ε̂T+h|T .

Proposition 3 (Bias–variance–noise decomposition). Let
g0

T+h denote the true deterministic mean at time T +h, not
necessarily equal to the fitted parametric form of Equation 3,
and write Bias(h) =E[ĝT+h]−g0

T+h. If the three terms below
are mutually uncorrelated,

MSE(h) = Bias(h)2 +Var
(
ĝT+h

)
+σ

2
a

h−1

∑
j=0

ψ
2
j . (6)

Proof. Write yT+h − ŷT+h =
[
g0

T+h − E(ĝT+h)
]
+[

E(ĝT+h)− ĝT+h
]
+
[
εT+h − ε̂T+h|T

]
. The first bracket is

the deterministic bias, −Bias(h); the second has mean zero
and variance Var(ĝT+h); the third equals ∑

h−1
j=0 ψ jaT+h− j

under the Wold representation, since the optimal linear
forecast of εT+h discards exactly the first h terms of the
moving-average expansion, and has variance σ2

a ∑
h−1
j=0 ψ2

j by
independence of the at . Squaring, taking expectations, and
invoking mutual uncorrelatedness eliminates all cross terms,
leaving Equation 6.

Corollary 2 (Saturating versus unbounded stochastic vari-
ance). If εt satisfies Definition 5 (stationary, invertible),
Lemma 3 gives limh→∞ σ2

a ∑
h−1
j=0 ψ2

j < ∞, so the growth
of MSE(h) at long horizons is governed by Bias(h)2 +

Var(ĝT+h) alone. If instead the residual specification is in-
tegrated of order one or more, as in a directly differenced
SARIMA benchmark applied without first removing gt , Ex-
ample 1 shows the analogous stochastic term grows at least
linearly and without bound in h.

Equation 6 is a genuine three-way decomposition rather than
the two-way split used in an earlier, less careful version of
this argument: it separates a term attributable to the deter-
ministic form being only locally correct (bias), a term at-
tributable to sampling uncertainty in its estimated coefficients
(variance), and a term attributable to the stochastic residual
process (noise). Section 5.4 estimates all three terms directly
from the fitted models and finds that, contrary to a natural first
guess, the parameter-estimation-variance term is uniformly
small relative to the other two at every horizon considered.

3.7 Testing predictive accuracy

Proposition 4 (Diebold–Mariano statistic). Let dt = L(e1,t)−
L(e2,t) be the loss differential between two competing
forecast-error sequences at forecast origin t, for a loss func-
tion L. If {dt} is covariance-stationary with summable auto-
covariances, the central limit theorem for weakly dependent
processes gives

√
H
(
d̄ −E[dt ]

) d−→ N
(
0, 2π fd(0)

)
,

where fd(0) is the long-run spectral density of {dt} at fre-
quency zero. Under the null hypothesis of equal predictive

accuracy, E[dt ] = 0, and DM = d̄/
√

2π f̂d(0)/H, with f̂d(0)
a Newey–West-type estimator, is asymptotically standard nor-
mal.

Proposition 4 is applied in Section 5.5 with L equal to squared
and absolute error and H = 60.

4. DATA AND ESTIMATION PROTOCOL

The empirical series is the atmospheric CO2 record measured
at the Mauna Loa Observatory, Hawaii, the reference series
against which most global carbon-monitoring programmes
are calibrated [3]. Published weekly averages were aggre-
gated to monthly means; a small number of gaps from in-
strument outages were closed by linear interpolation. The
resulting monthly series runs from March 1958 to December
2001.

Three models are compared, all satisfying Definition 4 where
applicable: a linear-trend benchmark (β2 = 0, no seasonal
terms); a directly differenced SARIMA(1,1,1)(1,1,1)12
benchmark fitted to the raw series, which does not satisfy
(A2) with d = D = 0 and is precisely the case excluded from
Lemma 3; and the proposed model, with K = 3 harmonics in
gt (retained after the spectral check of Section 5.1 confirmed
the first two harmonics carry essentially all seasonal power)
and a SARIMA(2,0,2)(1,0,1)12 specification – stationary,
since trend and seasonal mean are removed by gt – fitted to
training-segment residuals by maximum likelihood.

All three models are re-estimated from scratch on four pro-
gressively shorter training segments corresponding to test
horizons h ∈ {12,24,36,60} months, so every reported fore-
cast is genuinely out of sample. Accuracy is reported via
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root mean squared error, mean absolute error, mean absolute
percentage error, and mean absolute scaled error against a
seasonal naïve benchmark [20]. Proposition 4 is applied at
h = 60 using squared- and absolute-error loss. Lemma 2’s
root computation, the harmonic-variance check of Lemma 1,
the HAC comparison of Theorem 2, and the three-way decom-
position of Proposition 3 are each computed directly from
the fitted models across h = 1, . . . ,60. Residual whiteness
is checked with the Ljung–Box statistic at 12 and 24 lags.
All computations were performed in Python; the code and
processed data needed to reproduce every number and figure
below accompany this paper.

5. RESULTS

5.1 Spectral check on harmonic order

Figure 1 shows the periodogram of the detrended training
segment. A dominant peak occurs at approximately 1.00
cycle per year, the frequency predicted by Proposition 2, with
a markedly smaller peak near 2.01 cycles per year. No further
harmonic reaches comparable power, and the peaks are not
exactly at integer frequencies because the training length is
not an exact multiple of 12 – the O(1) leakage correction
identified in Proposition 1.

Figure 1. Periodogram of the detrended training series. The peak
near one cycle per year is the annual cycle predicted by Proposi-
tion 2; the smaller peak near two cycles per year is the first overtone.

5.2 Coefficient estimates, harmonic stability, and robust
inference

The harmonic trend-seasonal regression attains R2 = 0.998.
Table 1 reports the estimated coefficients. Both trend terms
are significant beyond the 0.001 level; the fundamental har-
monic pair and the cosine term of the first overtone are signif-
icant, while the sine term of the first overtone and both terms
of the third harmonic are not, matching Section 5.1.

Figure 2 plots the observed series against the fitted determin-
istic component.

As a direct test of Lemma 1, the exact regression variance
of â1 is 2.3030×10−3, against the closed-form approxima-
tion 2σ̂2

ε /n = 2.3023× 10−3 (using the OLS residual vari-
ance σ̂2

ε = 0.536 and n = 466) – agreement to four sig-
nificant figures. As a test of Corollary 1, re-fitting with
K = 1,2,3,4 moves â1 within [1.6801,1.6806] and b̂1 within
[2.1732,2.1744], changes below 0.001 ppm despite n not be-
ing a multiple of 12.

Figure 2. Observed monthly CO2 concentration and the fitted
deterministic trend-plus-seasonal component.

Table 1. Estimated coefficients of the harmonic trend-seasonal
regression (h = 60 split). SE: classical OLS standard error.

Term Coef. SE p-value

Intercept 314.430 0.101 < 0.001
Linear trend (t) 0.0638 0.001 < 0.001
Quadratic trend (t2) 9.32×10−5 2.1×10−6 < 0.001
Harmonic 1, sin 1.680 0.048 < 0.001
Harmonic 1, cos 2.173 0.048 < 0.001
Harmonic 2, sin 0.023 0.048 0.630
Harmonic 2, cos −0.723 0.048 < 0.001
Harmonic 3, sin 0.083 0.048 0.085
Harmonic 3, cos 0.033 0.048 0.494

As a check on Theorem 2, Table 2 compares classical and
12-lag Newey–West heteroskedasticity-and-autocorrelation-
consistent standard errors. The significance pattern of Table 1
is essentially unchanged: both trend terms and the fundamen-
tal harmonic pair remain significant beyond the 0.001 level,
and the second-harmonic sine term remains non-significant
under both. The one qualitative change is the third-harmonic
sine term, non-significant classically (p = 0.085) but signifi-
cant under HAC (p < 0.001), a modest discrepancy consis-
tent with the mild residual autocorrelation documented in
Section 5.6, which classical standard errors do not account
for.

Table 2. Classical versus Newey–West (12-lag) standard errors and
p-values.

Term SE (OLS) SE (HAC) p (OLS) p (HAC)

Intercept 0.101 0.271 < 0.001 < 0.001
t 0.0010 0.0029 < 0.001 < 0.001
t2 2.1×10−6 5.6×10−6 < 0.001 < 0.001
H1, sin 0.0480 0.0320 < 0.001 < 0.001
H1, cos 0.0480 0.0469 < 0.001 < 0.001
H2, sin 0.0480 0.0230 0.630 0.314
H2, cos 0.0479 0.0264 < 0.001 < 0.001
H3, sin 0.0480 0.0193 0.085 < 0.001
H3, cos 0.0480 0.0191 0.494 0.086

Figure 3 separates the fitted trend, fitted seasonal component,
and residual.

5.3 Stationarity verification

Direct computation of the reduced characteristic roots of
the fitted SARIMA(2,0,2)(1,0,1)12 residual model gives au-
toregressive root moduli ranging from 1.035 to 1.633 and

5
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Figure 3. Decomposition into fitted trend, fitted seasonal, and
residual components.

moving-average root moduli from 1.338 to 5.518 – confirm-
ing Lemma 2 and, with it, the existence of the Wold repre-
sentation on which Proposition 3 and Corollary 2 rest. The
impulse-response weights decay from ψ0 = 1 to ψ11 ≈ 0.35
over the first year, consistent with the near-unit-circle root of
modulus 1.035 producing slow but bounded decay, as antici-
pated in Section 3.4.

5.4 Out-of-sample forecast comparison

Table 3 reports accuracy at each horizon. The linear-trend
benchmark trails throughout, with mean absolute scaled
error above 2 at every horizon. Between the differenced
SARIMA benchmark and the proposed model, SARIMA
attains marginally lower error at every horizon, the gap nar-
rowing from mean absolute scaled error 0.219 against 0.438
at h = 12 to 0.686 against 0.700 at h = 60.

Table 3. Out-of-sample forecast accuracy by horizon (RMSE, MAE
in ppm; MAPE in %).

h (months) Model RMSE MAE MAPE MASE

12 Linear trend 3.573 3.022 0.813 2.335
SARIMA 0.346 0.284 0.077 0.219
Hybrid (proposed) 0.634 0.567 0.153 0.438

24 Linear trend 3.698 3.125 0.842 2.407
SARIMA 0.425 0.351 0.095 0.270
Hybrid (proposed) 0.847 0.764 0.206 0.588

36 Linear trend 4.057 3.498 0.944 2.711
SARIMA 1.067 0.978 0.265 0.758
Hybrid (proposed) 1.236 1.134 0.307 0.878

60 Linear trend 4.226 3.721 1.008 2.971
SARIMA 0.955 0.859 0.234 0.686
Hybrid (proposed) 1.071 0.877 0.238 0.700

5.5 The three-way forecast-error decomposition

Corollary 2 predicts saturating stochastic variance for the
proposed model against unbounded growth for the SARIMA
benchmark. Figure 5 plots each model’s own state-space
forecast variance from h = 1 to 60. SARIMA’s grows from
0.085 to 2.695 ppm2, a roughly sevenfold increase between
h = 12 and h = 60, at an empirical log–log rate of 1.01 –

Figure 4. Sixty-month out-of-sample forecasts with approximate
95% forecast intervals.

matching Example 1’s exact linear benchmark. The proposed
model’s stochastic term rises from 0.083 to only 0.276 ppm2

over the first 12 months and then flattens, reaching 0.524
ppm2 by h = 60, as Lemma 3 predicts for a process with
bounded impulse-response weights.

Figure 5. Model-implied forecast variance by horizon: the differ-
enced SARIMA benchmark grows without visible bound, matching
the exact random-walk rate of Example 1; the proposed model’s sta-
tionary residual component saturates, as Corollary 2 and Lemma 3
predict.

Table 4 applies Proposition 3’s full three-way split to the pro-
posed model’s own observed error, averaged over the test win-
dow up to each horizon H, so that Var(ĝ) and the stochastic-
noise term are each the corresponding within-window average
of the theoretical per-step quantities and the implied Bias(H)2

is recovered as the remainder. The parameter-estimation-
variance term is small and nearly flat, between 0.018 and
0.024 ppm2 at every horizon, an order of magnitude below
the other two terms throughout – confirming that, for this
series and sample size, sampling uncertainty in β̂ contributes
negligibly to forecast error, exactly as the O(1/n) rate in
Lemma 1 suggests it should for n = 466. The implied bias
term is not monotonic in H (0.686, 0.266, 0.173, 0.845 ppm
at H = 12,24,36,60 respectively), which is consistent with
genuine, regime-specific departures from the fitted quadratic
trend – plausibly the interannual variability tied to the El
Niño–Southern Oscillation documented by [17, 18] – rather
than a smoothly growing extrapolation error.
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Table 4. Three-way decomposition of the proposed model’s average
forecast MSE up to horizon H (ppm2), following Proposition 3.

H Observed avg. MSE Var(ĝ) Noise term Implied Bias2

12 0.688 0.018 0.199 0.470
24 0.373 0.020 0.283 0.071
36 0.392 0.021 0.341 0.030
60 1.147 0.024 0.408 0.715

5.6 Statistical significance of the accuracy gap

Proposition 4 was applied at h = 60. Using squared-error
loss, DM = −1.09 (p = 0.275); using absolute-error loss,
DM = −0.17 (p = 0.862). Neither rejects equal predictive
accuracy, despite the two models’ forecast-variance growth
following the structurally different mechanisms established
in Sections 3.5–3.6 and confirmed in Section 5.4.

5.7 Residual diagnostics

Figure 6 shows the sample autocorrelation function of the
proposed model’s stochastic residuals. The Ljung–Box statis-
tic is 20.71 (p = 0.055) at 12 lags and 34.93 (p = 0.070)
at 24 lags, both marginally above the 5% threshold. Given
the near-unit-circle root identified in Section 5.3 and the El
Niño–Southern Oscillation link documented by [17, 18], this
is plausibly genuine, only partially modelled interannual vari-
ability rather than misspecification of gt .

Figure 6. Sample autocorrelation function of the proposed model’s
stochastic residual component, with standard 95% bounds.

6. DISCUSSION

The mathematical framework in Section 3 explains a pattern
that accuracy comparison alone leaves unexplained. Propo-
sition 3 and Corollary 2 predict that the two models’ fore-
cast variances should grow through different mechanisms,
and Section 5.4 confirms this against the models’ own fitted
state-space output: bounded for the proposed decomposition,
unbounded – and numerically close to the exact random-walk
rate of Example 1 – for the differenced benchmark. That the
two nonetheless achieve statistically indistinguishable point
accuracy over h ≤ 60 (Section 5.5) is consistent with the re-
view conclusion of Kontopoulou et al. [1] that differenced
models remain highly competitive close to linearity, and with
the caution of Delanoë et al. [16] that formal testing often
narrows apparent accuracy gaps; here it removes the gap at
conventional significance levels.

The three-way decomposition of Table 4 adds a result a plain
accuracy table cannot: it shows where the proposed model’s
non-stochastic error actually comes from. The uniformly

small Var(ĝT+h) term across all four horizons rules out sam-
pling uncertainty in the trend and harmonic coefficients as
a material concern – a direct, quantitative consequence of
Lemma 1’s O(1/n) rate at n = 466 – leaving misspecification
bias as the dominant non-stochastic contributor, particularly
at h = 60. This is a more precise diagnosis than "the model
is imperfect": it says specifically that more data or a better-
estimated quadratic trend would not materially improve the
forecast, whereas a different functional form for gt , or an
exogenous regressor capturing the El Niño–Southern Oscil-
lation in the residual component as suggested by [17, 18],
plausibly would.

Two limitations qualify these findings. First, the comparison
rests on a single, long, well-behaved geophysical series; the
relative performance of deterministic decomposition against
direct differencing, and the specific root moduli underlying
Lemma 2, will differ for series with different noise struc-
ture or seasonal regularity. Second, the quadratic trend in
Equation 3 is a local approximation: extended indefinitely it
implies unbounded acceleration, so Proposition 3’s bias term
should be expected to grow, not merely fluctuate, at horizons
much longer than those evaluated here.

7. CONCLUSION

This paper developed a harmonic trend–stochastic residual de-
composition as a fully specified mathematical object, proving
near-orthogonality of its harmonic regressors with an explicit
coefficient-variance formula, spectral concentration of its pe-
riodogram, stationarity and invertibility of its fitted residual
process with geometrically bounded impulse response, and a
three-way bias–variance–noise decomposition of its forecast-
error variance whose stochastic term is proved to saturate
under stationarity and shown, via an exact solvable case, to
diverge under integration. Every result was verified numeri-
cally against the fitted models and the Mauna Loa CO2 record:
harmonic-coefficient variance matched its closed form to four
significant figures, fitted characteristic roots lay outside the
unit disk as required, robust standard errors preserved the
significance pattern of the trend and dominant harmonics,
and the theoretical saturating-versus-unbounded contrast in
Corollary 2 was confirmed directly against both models’ state-
space forecast variance. Out of sample, the decomposition
matched a directly differenced SARIMA benchmark’s accu-
racy to within statistical indistinguishability while addition-
ally attributing its own long-horizon error almost entirely to
trend misspecification rather than parameter uncertainty – a
diagnosis unavailable from the differenced benchmark and a
direct payoff of treating the decomposition mathematically
rather than only empirically.

DATA AND CODE AVAILABILITY

The processed monthly dataset, the complete Python analysis
code, and all figures generated for this paper are provided as
supplementary material accompanying this submission. The
underlying raw measurements originate from the long-term
atmospheric CO2 monitoring programme at the Mauna Loa
Observatory.
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