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ABSTRACT

We study the reversibility of one-dimensional linear cellular automata (CA) with periodic boundary conditions over a
finite field Iy, identifying the global transition map with multiplication by a rule polynomial f(x) in the cyclic group
algebra R, = F,[x]/(x" — 1). We prove that reversibility is exactly equivalent to f(x) being a unit of R, and, when
gcd(n,q) = 1, we use the classical correspondence between irreducible factors of x” — 1 and g-cyclotomic cosets
modulo 7 to derive a closed-form count of the reversible rules of a given neighborhood size: |R)| = [T;(¢% — 1),
where the d; are the sizes of the g-cyclotomic cosets modulo . We then resolve the complementary case ged(n,q) > 1:
writing n = p®m with p = char(F,) and ged(m, p) = 1, we show x" — 1 = (x" — 1)?", determine the local structure
of each factor ring I, [x]/(g(x)?") for g irreducible, and obtain the fully general count |R | = [T;¢% "~V (¢% — 1),
valid for every n and every finite field IF,. We give an explicit closed form for the case where m is prime and ¢ is
a primitive root modulo m, a density lower bound, an explicit description of the group of reversible rules under
composition together with a formula for the exact dynamical period of any reversible rule via its coordinates under
the Chinese Remainder Theorem, and a remark on explicit inverse-rule construction. All results are stated and proved
in full; numerical instances used to validate the formulas were checked by direct and brute-force computation and

are reported without tabulation.
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1. INTRODUCTION

The global transition function of a one-dimensional cellular
automaton is a shift-commuting continuous self-map of a
symbolic sequence space, and every such map is generated
by a local rule applied uniformly across cells [1]. When the
local rule is linear and the alphabet is a finite field, the global
map of a periodic (circular) automaton coincides exactly
with multiplication in the group algebra of the cyclic group
of cell indices, a fact underlying the algebraic analysis of
additive cellular automata [2] and the algorithmic study of

invertibility for linear automata over general residue rings
Zm [3, 4]. This note isolates the finite-field case and answers a
purely enumerative question left implicit in that literature: not
merely how to decide whether a single given rule is reversible,
but exactly how many reversible rules of a fixed neighborhood
size exist. The answer follows from the classical structure
theory of the ring I, [x] /(x" — 1), which is also the ambient
ring of cyclic error-correcting codes [5, 6].
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2. PRELIMINARIES

Definition 2.1 (Circular linear CA). Let g be a prime power
and n > 1. A circular linear cellular automaton of order n
over B is specified by a rule polynomial f(x) = Z’};é cjxl €
Fy[x]. A configuration is a vector a = (ag,...,an-1) € Iy,
identified with the polynomial a(x) = Y,;a;x'. The global
transition map sends configuration a to configuration b with
bi=Y%;¢jai—jmodn-

Definition 2.2 (Cyclic group algebra). Let R, = F,[x]/(x" —

1), the group algebra of the cyclic group of order n over Fy.
Write R, for its group of units.

Fact 2.3 ([2, 3]). Under the identification of configurations
with elements of R, the global transition map of the circu-
lar linear CA with rule f is exactly the map ®y : R, — Ry,
®s(a(x)) = f(x)-a(x) mod (x" — 1), i.e. multiplication by
f(x)in Ry

We call the automaton reversible if @y is a bijection of Rj,.

3. REVERSIBILITY AS A UNIT CONDITION

Lemma 3.1. In a finite commutative ring R with identity, an
element r is a unit if and only if r is not a zero divisor.

Proof. If r is a unit, rs = 1 for some s; if also r# = 0 for
t # 0, then ¢t = s(rt) = 0, a contradiction, so r is not a zero
divisor. Conversely, suppose r is not a zero divisor. The
map W, : R — R, U,(a) = ra, is then injective: ra = ra’ =
r(a—d)=0=a=d'. Since R is finite, an injective self-map
is surjective, so 1 = ra for some a, and r is a unit. O

Theorem 3.2. The circular linear CA with rule f(x) over F,
is reversible if and only if f(x) is a unit of Ry, if and only if
ged(f(x),x" —1) = 1in Fy[x].

Proof. By Fact 2.3, the automaton is reversible exactly when
Py = Uy(y) is bijective on R,. Since R, is finite, [y is
bijective iff it is injective iff f(x) is not a zero divisor of R,
(same argument as Lemma 3.1), iff f(x) is a unit of R, by
Lemma 3.1. Finally, f(x) is a unit of IF[x] /(x" — 1) iff there
exist u,v € Fy[x] with u(x)f(x) +v(x)(x" — 1) = 1, i.e. iff
gcd(f(x),x" — 1) = 1 by Bézout’s identity in the Euclidean
domain FF[x]. O

Remark 3.3. Theorem 3.2 makes the reversibility of a single
given rule decidable by one Euclidean algorithm computation
in Fy[x], in time polynomial in n and logq; this decision
procedure is the finite-field specialization of the algorithmic
results of Kari [4] and Manzini-Margara [3] for general Z,,.
Our concern below is the complementary, purely enumerative
question: the exact count of reversible rules of order n, not
the decision procedure for one rule.

4. STRUCTURE OF R, WHEN gcd(n,q) =1

Throughout this section assume ged(n,g) = 1.

Theorem 4.1. If gcd(n,q) = 1 then x* — 1 is squarefree in
Fy[x].

Proof. The formal derivative of x” — 1 is nx"~!. Since

ged(n,g) =1, n # 0 in Fy, so nx"~! £ 0 and its only root
is x = 0, which is not a root of x* — 1. Hence ged(x" —
1,nx"~!) =1, and a polynomial sharing no root with its
derivative (over an algebraic closure) is squarefree. O

Definition 4.2 (¢-cyclotomic cosets). For n with gcd(n,q) =
1, the gq-cyclotomic coset of s € Z/nZ is Cs; =
{s,5q,5¢%,...} C 7/nZ. The cosets partition 7./nZ.

Theorem 4.3 ([5, 6]). Let ged(n,q) = 1 and let Cy,, ... ,C;,
be the distinct g-cyclotomic cosets modulo n. Then

—1= ILIlmi(x)

in Fylx], where my,...,m, are distinct monic irreducibles
with degm; = |Cs|.

Proof sketch. Let m = ord,(g) and work in the splitting field
Fm, which contains a primitive n-th root of unity o (since
gcd(n,g) = 1 makes x" — 1 separable by Theorem 4.1, and
m is exactly the degree needed to adjoin all n-th roots of
unity). The roots of x” — 1 are &, ..., o', all distinct by
Theorem 4.1. The Frobenius map 8 — 9 permutes these
roots, sending o® — o*? mod 7 g6 jts orbits on exponents are
exactly the cyclotomic cosets C;. The minimal polynomial
over I, of o' is mg(x) = [T,ec, (x — @'), of degree |Cs|, and

X" —1=T"Z, (x— a') regroups exactly into [];m, (x) over
coset representatives. O

Theorem 4.4 (CRT decomposition). With notation as in The-
orem 4.3, writing d; = |C;,

>

R, =TF,[x]/(x"—1) = Hqui

as IFy-algebras.

Proof. By Theorem 4.3, x" — 1 = [];m;(x) with the m;

pairwise coprime (distinct irreducibles). The Chinese Re-

mainder Theorem for the principal ideal domain IF,[x]

gives Fylx]/(x" — 1) = [1;F4[x]/(mi(x)), and each factor

Fy[x]/(mi(x)) is a field of degree d; = degm; over I, i.e.

F 4. O
q 1

5. EXACT ENUMERATION OF REVERSIBLE RULES

Theorem 5.1. Ler ged(n,q) =1 andlet dy, . .., d, be the sizes
of the distinct g-cyclotomic cosets modulo n. The number of
reversible circular linear CA rules of order n over ¥ is

r

Ri| =TT~ 1),

i=1

Proof. By Theorem 3.2, reversible rules are exactly the units
of R,. By Theorem 4.4, R, = TJ; qu,., and an element of a
finite product of rings is a unit iff each coordinate is a unit;
inafield F 44i» €Very nonzero element is a unit, so the units

in that coordinate number ¢% — 1. The count of units in the
product is the product of the per-coordinate counts. O
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Corollary 5.2. Ifn is prime and q is a primitive root modulo
n(i.e.ord,(q) =n—1), then

Ry =(g—1)(g""" ~1).

Proof. When n is prime, Z/nZ\ {0} is the full multiplicative
group of order n — 1; if g has order n — 1 in this group, its
cyclotomic coset C; already has size n — 1 and hence equals
all of {1,...,n— 1}. Together with Cy = {0}, the two cosets
have sizes 1 and n — 1, and Theorem 5.1 gives |[R| = (¢' —
D(g" ' —1). O

Remark 5.3. Forn=15, g=3: ords(3) =4=n-1, so
Corollary 5.2 applies and predicts |RX| = (3—1)(3*—1) =
2-80 = 160 out of |Rs| = 3° = 243 total rules; equivalently
O —1=(x—1)(x* +x> +x> +x+1) over 3, matching Theo-
rem 4.3 with cosets of sizes 1,4. This factorization and the re-
sulting count were confirmed by direct computation. As a sec-
ond, non-prime check, n = 6, ¢ =5 has g-cyclotomic cosets
modulo 6 of sizes 1,1,2,2 (namely {0},{3},{1,5},{2,4},
since 5= —1 (mod 6)), giving [R;| = (5—1)(5—1)(5* —
1)(52 = 1) =4-4-24-24 = 9216 out of |Rs| = 5° = 15625;
this was also confirmed by direct enumeration of all 15625
rules.

Proposition 5.4. With r the number of distinct g-cyclotomic
cosets modulo n, the density of reversible rules among all ¢"
rules of order n satisfies

%:ﬁ(l—q*df) > (1—1)r.

q" i q

Proof. Since Y;d; = n, ¢" =T1;4%, so [R;|/q" = T1:(¢" -
1)/¢% =T1;(1 — ¢~ %) by Theorem 5.1. Each d; > 1 gives
1—g % >1—¢"", and the product of r terms each at least
1—q lisatleast (1—g~!)". O

6. THE GENERAL CASE: gcd(n,q) > 1

We now remove the coprimality assumption of Sections 3—
5 entirely. Let p = char(F,) and write n = p“m with a > 0
and ged(m, p) = 1; note ged(m, p) = 1 implies ged(m,q) = 1,
since every prime factor of ¢ is p.

Theorem 6.1. x" — 1 = (X" — 1)7" in F,[x].

Proof. Since I has characteristic p, the Frobenius endomor-
phism 3 — B7 is a ring homomorphism on any [F,-algebra,
so (X" —1)P =x"P — 1P = ¥ — 1 (all cross terms in the
binomial expansion vanish mod p). Iterating a times gives
("= 1P = 1 =x"— 1. O

By Theorem 6.1 together with Theorem 4.3 applied to m
(valid since ged(m, q) = 1), writing x™ — 1 = [T}_; m;(x) with
degm; = d; the sizes of the distinct g-cyclotomic cosets mod-
ulo m,

.
X—1= Ilm,-()c)pa7
i=1

a factorization into prime powers of pairwise coprime irre-
ducibles (coprime since the m; are distinct irreducibles).

Lemma 6.2. Let g(x) € Fy[x] be irreducible of degree d and
e>1. InS=TF,[x]/(g(x)°), an element is a unit if and only
if it is not a multiple of g(x), and

18] = g D(g? —1).

Proof. If gt a(x), then since g is irreducible, gcd(a,g) = 1,
and since g is prime in the UFD F,[x], gcd(a,g¢) = 1 as well;
by Bézout, a is a unit of S. Conversely if a = g - b for some b
with e > 1, then (assuming e > 2; the case e = 1 is Lemma 3.1
applied with S a field) a- g~ =0 (mod g¢) while g¢~! # 0,
S0 a is a zero divisor, hence not a unit by Lemma 3.1. Thus
non-units are exactly the multiples of g among representatives
of degree < de. Such multiples are g(x)b(x) with degh <
d(e—1), giving ¢**~") non-units among the ¢%¢ elements of
S, 50 |S><|:qde_qd(e—1) :qd(e—l)(qd_l)_ O

Theorem 6.3. For every n > 1 and every finite field ¥, of
characteristic p, writing n = p*m with gcd(m,p) = 1 and
dy,...,d, the sizes of the distinct g-cyclotomic cosets modulo
m,

Ry = [Ta"" ) (¢ —1).
i=1

Proof. By the Chinese Remainder Theorem applied to the
pairwise coprime factorization x"* — 1 = [];m;(x)?", R, =
[1;Fy[x]/ (mi(x)P") as F,-algebras, exactly as in Theorem 4.4
but with each factor now a local ring rather than a field. An
element of a finite product of rings is a unit iff each coordi-
nate is a unit, and each coordinate’s unit count is given by
Lemma 6.2 with e = p®. The count of units in the product
is the product of the per-coordinate counts, giving the stated
formula. When a = 0 this reduces exactly to Theorem 5.1,

since g4 (P’ = g0 = 1. O

Theorem 6.3 subsumes Theorem 5.1 and removes the copri-
mality restriction entirely: it computes |R;|, and hence the
exact number of reversible circular linear CA rules, for every
order n and every finite field .

Corollary 6.4. If m is prime and q is a primitive root modulo
m, then

Ry |=q" " (q— 1)-(1(”’71)(17”*1)(6/1171 ).

Proof. As in Corollary 5.2, the g-cyclotomic cosets modulo
m have sizes 1 and m — 1; substitute d; = 1, d, = m — 1 into
Theorem 6.3. O

Remark 6.5. Forn=4,q=2: herep=2, a=2, m=1,
so the only cyclotomic coset modulo 1 is {0} with d; =1,
and x* —1 = (x —1)* = (x+ 1)* over F, by Theorem 6.1.
Theorem 6.3 predicts |R} | = ¢" "V (g' —1) =231 =8 out
of |R4| = 16; confirmed by brute-force enumeration of all 16
elements. Forn=9,q=3: p=3,a=2,m= LX—1= (x—
1)°, and the formula predicts 3 =1 (3 —1) =38.2 = 13122
out of |Rg| = 19683; also confirmed by brute force. For a
mixed instance withr > 1, n=12, g =2: here p =2, a =2,
m = 3, and the 2-cyclotomic cosets modulo 3 have sizes 1,2
(namely {0} and {1,2}, since 1 -2=2and2-2=4=1
(mod 3)), so x'? —1 = (x— 1)*(x*> +x+1)* over Fs, and
Theorem 6.3 predicts |R},| = [213 (2! —1)] - [223(22 - 1)] =
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8192 = 1536 out of |R12| = 4096, confirmed by brute-force
enumeration of all 4096 elements.

Proposition 6.6. With notation as in Theorem 6.3, the density
of reversible rules satisfies

RY " 1\
S0 ().
q i=1 q

independent of a: the density depends only on the cyclotomic

coset structure of m, not on the multiplicity p“.

Proof. Since Y;d; = m and n = p®m, ¢" = [[;¢%"", so

Ry |/q" = L™ V(g% — 1) /q?" = T1,(1 — ¢~%), ex-
actly as in Proposition 5.4; the p® dependence cancels. The
inequality follows as before. O

7. GROUP STRUCTURE AND ORBIT PERIOD

Fix ged(n,q) = 1 for this section, with notation as in Theo-
rems 4.3-4.4. Composition of reversible rules corresponds
to multiplication in R)*: if ® and &, are both reversible,
@ od, = Py, since both are multiplication maps in the
commutative ring R,,. The set of reversible rules therefore
forms a group under composition, isomorphic to R;S, and
Theorem 4.4 makes this group’s structure explicit.

Proposition 7.1. R* = [I'_,Z/(¢% — 1)Z as abstract
groups.

Proof. By Theorem 4.4, R = TJ; F;dl,. The multiplicative
group of a finite field is cyclic [6], so ]F;d,- ~7/(¢% —1)Z,
and the isomorphism carries over coordinatewise. O

Beyond the group structure, the CRT decomposition deter-
mines the exact dynamical period of every reversible rule,
answering, for the linear reversible case, a version of the
question Martin, Odlyzko, and Wolfram pose for general fi-
nite cellular automata [2]: the complete structure of the state
transition diagram.

Theorem 7.2. If f(x) is a unit of R,, the order of @y as a
permutation of R, (i.e. the least k > 1 with QDI} =1id, equiva-
lently the length of every non-fixed orbit of ®5 on R, \ {0}
that meets it) equals the multiplicative order of f(x) in R,
which under the isomorphism of Proposition 7.1 equals

lem) <<, Ord]del (f(x) mod m;(x)).
q 1

Proof. @ =@, and @ = id on R, iff ¥ =1 (mod x" —
1), i.e. iff f(x) has order dividing k in R); the least such k is
by definition the order of f(x). The order of an element in a
finite direct product of cyclic groups is the lcm of its orders
in each factor (an element of order dividing k in every factor
has k-th power equal to the identity of the whole product, and
conversely); apply this to the isomorphism of Proposition 7.1,
where the image of f(x) in the i-th coordinate is f(x) mod
m;(x) € F;di‘ O

Remark 7.3. For n =35, g =3, take f(x) = x (the cyclic
shift rule, trivially reversible with inverse x"~'). Modulo
mi(x) =x—1, f =1, of order 1 in F5. Modulo my(x) =

X4+ +x2+x+1, f =xis a root of the S5th cyclotomic
polynomial, hence a primitive Sth root of unity in Fg,, of order
5; this was confirmed by direct computation of successive
powers of x modulo my(x) in F3|x]. By Theorem 7.2, ®, has
order lem(1,5) = 5, correctly recovering the elementary fact
that the pure cyclic shift on n =5 cells has period exactly

n=>.

8. EXPLICIT INVERSE CONSTRUCTION

Proposition 8.1. If f(x) is a unit of Ry, an explicit inverse
rule u(x) with u(x) f(x) =1 (mod x" — 1) and degu < n can
be computed by the extended Euclidean algorithm applied
to (f(x),x" —1) in Fy[x], using a number of field operations
polynomial in n.

Proof. By Theorem 3.2, ged(f(x),x" — 1) = 1, so the ex-
tended Euclidean algorithm on the pair (f(x),x" — 1) ter-
minates with polynomials u(x),v(x) satisfying u(x)f(x) +
v(x)(x" — 1) = 1; reducing mod x" — 1 gives u(x)f(x) = 1
(mod x" — 1) with degu < n. The Euclidean algorithm on
two polynomials of degree at most n over a field performs a
number of arithmetic operations polynomial in n. O

Remark 8.2. Proposition 8.1 guarantees an inverse rule of
support size at most n, but says nothing sharper: the naive
bound does not bound the inverse’s neighborhood radius
independently of n. In the different setting of bi-infinite (non-
circular) cellular automata, Czeizler and Kari [7] established
a bound on the neighborhood radius of the inverse of a re-
versible CA purely in terms of the neighborhood radius of the
forward rule, independent of the lattice size. Transporting a
bound of that sharpness to the circular, finite-order setting of
this paper is not immediate, since the group-algebra quotient
R, has no direct bi-infinite analogue, and we leave this as a
direction for future work.

9. COMPUTATIONAL REMARKS

Remark 9.1. Unlike deciding reversibility of a single rule
by Euclidean algorithm (Theorem 3.2), computing the exact
count of Theorem 5.1 requires the coset sizes d;, not a general
polynomial factorization. These are obtained directly from
the multiplicative orbit structure of q on Z/nZ: each coset
is found by iterating s — sq mod n from an unvisited residue
until it repeats, an O(n)-time procedure overall (each residue
is visited exactly once across all cosets), avoiding any appeal
to general-purpose polynomial factorization algorithms over
F,[x].

10. CONCLUSION

Reversibility of a circular linear cellular automaton over F,
is exactly unit membership in the cyclic group algebra R,
(Theorem 3.2). When gcd(n,q) = 1, the semisimple decom-
position of R, along g-cyclotomic cosets (Theorems 4.3—
4.4) yields a closed-form count of reversible rules (Theo-
rem 5.1) and an explicit primitive-root case (Corollary 5.2).
We then removed this restriction entirely: writing n = p“m
with ged(m, p) = 1, Theorem 6.1 and Lemma 6.2 extend the
count to every n and every finite field (Theorem 6.3), with a
matching primitive-root corollary (Corollary 6.4) and a den-
sity bound that is, notably, independent of the multiplicity p*
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(Proposition 6.6). Restricting again to ged(n,q) = 1, the same
CRT decomposition identifies the group of reversible rules
under composition explicitly as a product of cyclic groups
(Proposition 7.1) and gives a closed formula for the exact
dynamical period of any reversible rule as an lcm of orders in
finite fields (Theorem 7.2). Proposition 8.1 gives an explicit,
polynomial-time inverse-rule construction, though sharpen-
ing its neighborhood-radius bound to match the bi-infinite
results of Czeizler and Kari [7] in this circular, finite setting
remains open.
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