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ABSTRACT

Polynomial graph filters H,(S) = Z;’f:o aS* are local, scalable, and central to spectral graph neural computation, but
their output may vary sharply when the graph shift S is perturbed. This paper develops a finite-radius perturbation
calculus that requires neither commutativity nor eigengaps. For [|S||, < p and ||E||, < &, we prove the certificate
|[Ha(S+E) —Hy(S)|l2 < Loy lax| [(p + €)F — p*], show equality for aligned positive polynomials, derive an explicit
second-order remainder, and propagate the certificate through multilayer graph neural networks. The bound induces
a sensitivity-weighted quadratic design whose unique minimizer is available in closed form. Controlled analysis
uses three spectral responses, degree K = 8, and 2,304 filter evaluations on Erd6s—Rényi, stochastic-block, Barabési—
Albert, and random-geometric graphs. Relative to unconstrained least squares, the proposed design reduces the
mean finite-radius certificate by 74.9%, the first-order coefficient sensitivity by 72.9%, and observed operator
sensitivity by 6.9%. It matches accuracy-controlled ridge filtering within 0.3% in observed sensitivity while yielding
a 7.3% smaller certificate. The result is a compact, auditable robustness layer for graph filters and polynomial
graph-convolution banks.

Keywords: Polynomial graph filter - Graph neural network - Certified robustness « Matrix perturbation = Spectral
approximation = Convex optimization = Graph signal processing

1. INTRODUCTION Existing stability analyses address normalized-Laplacian
] N changes, relative graph deformations, edge rewiring, proba-
Let G = (V,E,w) be a weighted graph and let S =S ' € R"*" bilistic errors, and graph-convolution banks [5, 6, 7, 8, 9, 10].

be a graph shift. A degree-K finite-impulse-response filter is Robust filter identification and first-order eigenpair design
K have also been studied [11, 12]. The missing object is a

H,(S) = Z ar Sk, y = Hy(S)x. (1) coefficient-explicit, finite-€ certificate that is (i) valid for ar-

k=0 bitrary symmetric E, (ii) sharp on a nontrivial class, (iii)

differentiable at € = 0, and (iv) directly usable as a convex

Such polynomials avoid eigendecomposition, use K localized design penalty.

propagations, and underlie spectral graph convolution [1, 2, 3,

4]. Their algebra is simple; their perturbation behavior is not. This paper contributes

If the implemented shift is S = S + E, then S and E generally (i) the noncommutative certificate B (a;p) and its exact
do not commute, so the scalar identity p(s+e) — p(s) cannot first-order/remainder decomposition;
be inserted into a matrix proof. (i1) a sharpness construction and a multilayer graph-neural
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propagation bound;
(iii) the sensitivity-regularized graph filter (SRGF), with a
closed-form unique minimizer; and
(iv) controlled spectral and structural analyses with com-
pact tables and figures.
Certificate

Target Weighted design Polynomial

8(2) V,a,Dg Hy(S) Be(a:p)
Figure 1. The proposed design couples spectral approximation and
a finite-radius matrix certificate.

2. RELATED WORK AND PRELIMINARIES

Graph Fourier analysis, graph wavelets, polynomial filters,
rational filters, and transferable spectral networks provide the
mathematical basis for (1) [13, 14, 15, 16, 17, 18]. Chebyshev
constructions reduce filtering to sparse recurrences [3, 19, 20];
adaptive Krylov bases optimize polynomial representation
[21]. These works primarily optimize approximation, repre-
sentation, or transfer.

Robustness has several inequivalent meanings. Adversar-
ial certification constrains features or edges [22]; operator
stability bounds HH (S)—H (§)H [6, 7]; identification esti-
mates both filter and graph [11]; probabilistic analyses con-
trol expected error [9]; and MIMO analyses tighten graph-
convolution-bank bounds [10]. Table 1 isolates the present
setting.

Table 1. Closest mathematical settings.

Work Object Perturbation Main result

Kenlay et al.  polynomial normalized linear stability

[6] filter Laplacian

Kenlay et al.  spectral filter ~ edge rewiring graph-dependent bound

[7]

Rey et al. filter noisy topology stationary-point algorithm

[11] identification

Testa et al. spectral/FIR random edges eigenpair-based design

[12] filter

Wang et al. GCNN probabilistic expected sensitivity

[9] GSO

This work poly./GNN symmetric E sharp finite-radius certificate;
closed form

Throughout, ||| = ||-||, for matrices and ||-|| for feature

arrays when explicitly indicated. Assume

S=8", E=E', [S|<p, [El<e (@

No shared eigenbasis is assumed.

3. NONCOMMUTATIVE PERTURBATION CALCULUS

Lemma 1 (Telescoping identity). For square A,B and k > 1,

k=1
AF—B*=Y A/(A—B)B* 1. (3)

j=0
Proof. Expand the sum; adjacent terms cancel, leaving A% —
B, O
-

Definition 1 (Finite-radius certificate). Fora = (ao,...,ak) ",
define

Be(a:p) =Y lae|[(p + ) —p*]. 4)

k=1

Theorem 1 (Global certificate). Under (2),
|Ho(S+E) —Hu(S)|| < Be(a:p). (5)

The same bound holds for every signal x after multiplication
by ||x]l,-

Proof. Apply Lemma | withA =S+E,B=3S:
k—1 ) .
H(S+E)k—s’<H <eY (p+e)ip T = (pte)—pk
j=0

Sum with weights |ay|. O

Proposition 1 (Sharpness). IfS = pl, E = &l, and a; > 0 for
k > 1, equality holds in (5).

Proof. The difference equals Be(a;p)I. O

The Fréchet derivative of a matrix polynomial [23] is

K k—1
DH,[S|(E) =Y ax Y S/ES*'7/. (6)
k=1 j=0

Corollary 1 (First order and remainder). Let

K
Cpla) =Y Ka[p*", (7

k=1

K
Re(a;p) =Y la|[(p+&)* —p —kp*e].  ®

k=2

Then

IDH,[S|(E)|| < €Cp(a), ©)

[Ha(S + E) = Ha(S) = DHA[S](E)[| < Re(a;p).  (10)
Moreover, Be = €Cp + O(€?).

Proof. Bound each term of (6); subtract the linear binomial
contribution from (4). Matrix-function perturbation princi-
ples are consistent with [24, 25]. ]

3.1 Propagation through graph neural layers
Let Xy € R"™/0 and

Xo = oy (Hy ($)Xe1We), L= 1L, (11)

where oy is 1-Lipschitz in Frobenius norm. Put m, =
HHu(@ (S|, be = Bg(a<();p), and wy = ||W,|].

Theorem 2 (Multilayer certificate). For identical X, and
shifts S,S+E,

L
HXL _XLH <\ Xollp Y brw: [ [(mj+bj)w; [ [mjw.
F =1 j<r iSr
(12)

Proof. The recursion & < wy(mydy_1 + by H?f(v#lHF) and

1% < 1%l TTy<elm; + b)w; vield (12) by induc-
tion. O
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4. SENSITIVITY-REGULARIZED SPECTRAL DESIGN

Letg:[—p,p] — R be a desired response, A, a grid, Vy; = l;,
8q = 8(A4), and W = 0 diagonal. Fix a design radius € > 0
and define

(p+8)f—p*

dy=0,  dp=-"———", Ds=diag(do,....dg).

13)
Then Bg(a; p) = €||Deall;.

The SRGF coefficients solve

min J(a)

1/2
i J@) = 37 [W2a—g)|[)+u Ieal -+l

(14)
where pt > 0 and ) > 0. Unlike isotropic ridge, the penalty
increases with polynomial order and perturbation radius.

Theorem 3 (Closed-form design). Problem (14) has the
unique minimizer

AR A%
a =
M

TvTwg

i 5)

+uD?+ n[)

Proof. J is strictly convex because 1/ > 0. Setting VJ =0
gives (15); see standard convex and numerical linear algebra
arguments [26, 27]. O

Proposition 2 (Certificate control). For u > 0 and any com-

parator d°,
_ _ |KJ(a®
B:(a*;p) < 8VK||Dza*|, < ( ). (16)
Proof. Use ||z||; < VK ||z]|, and J(a*) < J(a). O

5. NUMERICAL ANALYSIS

5.1 Design protocol

All results are controlled mathematical computations, not
claims about an external benchmark. Set p =1, € =0.2,
K =8, and use 801 uniform spectral points. The targets are

gH(A) _ 678(171),
gp(1) = 0.05/(1—0.951), a7
gL(A) _ [1 _’_6716(170.15)]71

Baselines are least squares (LS), degree-8 Chebyshev inter-
polation, and isotropic ridge. SRGF is selected on the path
i € [107'%,10] subject to RMSE < 1.5RMSE;s; ridge is
accuracy-matched to SRGF.

Table 2. Spectral error and analytic sensitivity. Lower is better.
B= Bo'z(a; 1) and C = Cl (a)

Target Method RMSE /.. error B C
Heat LS 0.0014  0.0082 6.2376  17.4861
Chebyshev 0.0015  0.0044 6.0971 17.1216
Ridge 0.0019 0.0153 4.0507 11.0424
SRGF 0.0020  0.0157 3.9504 10.8154
PPR LS 0.0111 0.1235 21.3401 61.6066
Chebyshev 0.0121  0.1089 15.9276  45.8681
Ridge 0.0165 0.1924 3.7745  10.3704
SRGF 0.0166 0.1938  4.0006 11.4353
Logistic LS 0.0385 0.0945 99.1137 301.0515
Chebyshev 0.0505  0.1023 122.1232 370.2800
Ridge 0.0559 0.1329 26.4750 87.9404
SRGF 0.0569 0.1326  23.8599 80.6231

Degree-8 spectral approximations

= Target =~ —— Chebyshev
1.04 — LS —— SRGF
—— Ridge

Response h(A)

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Graph frequency A

Figure 2. The logistic target and degree-8 approximants.
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Figure 3. Regularization paths. Markers denote selected SRGF
designs.

Averaging the three targets, LS gives B = 42.2305 and
C = 126.7147, whereas SRGF gives B = 10.6036 and C =
34.2913: reductions of 74.9% and 72.9%. Accuracy-
matched ridge gives B = 11.4334; thus SRGF is 7.3% smaller
at nearly identical RMSE.

5.2 Structural perturbations

Each graph has n = 72 vertices. Four families are used:
Erdés—Rényi (ER), two-block stochastic block model (SBM),
Barabasi—Albert (BA), and random geometric graph (RGG).
Self-loops are added and
S=D"2A+DD7'? |8 =1. (18)
For 12 seeds and rewiring rates 1%,3%,5%,8%, an equal
number of edges is deleted and inserted. Across three targets
and four methods, this yields 2,304 filter evaluations. The
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empirical sensitivity is

|Ha(S)—Ha(s)]
o=1_-_ "I (19)

5=

Table 3. Aggregate structural sensitivity over 576 perturbations per
method.

Method mean Q s.d. 0 mean AH
Chebyshev ~ 0.8393  0.7609 0.2285
LS 0.7824 0.6879 0.2130
Ridge 0.7266 0.6217 0.1983
SRGF 0.7288 0.6244 0.1989

Table 4. Mean Q by graph family.

Family Cheb. LS Ridge SRGF
BA 0.6920 0.6394 0.5921 0.5944
ER 0.6833 0.6331 0.5920 0.5943
RGG 1.2512 1.1784 1.0809 1.0828
SBM 0.7308 0.6789 0.6415 0.6439
Structural perturbation sensitivity
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Figure 4. Observed sensitivity versus edge-rewiring rate.

SRGF reduces mean Q by 6.9% relative to LS and by 13.2%
relative to Chebyshev. Its Q differs from accuracy-matched
ridge by only 0.3%, while its analytic certificate is smaller.
RGG is most sensitive because local geometric edge changes
can alter normalized neighborhoods coherently.

5.3 Certificate validity and cost

Every evaluated point satisfies (5); the maximum observed
ratio [|[AH|| /Bjg is 0.0771 for SRGF and 0.0752 for ridge.
Conservatism is expected because triangle inequalities ig-
nore coefficient cancellation and graph-specific eigenspaces.
Sharpness remains exact by Proposition 1.

The design requires one (K + 1) x (K + 1) linear solve:
O(MK? + K3) arithmetic and O(K?) memory. Filtering re-
mains K sparse shift multiplications. For M = 1201, median
coefficient-design time stays below 0.12 ms through K = 32
on the evaluation platform.

Certificate validity over graph families
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Figure 5. Certified versus observed operator changes. All points lie
below equality.
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Figure 6. Median time for the closed-form coefficient solve.

6. DISCUSSION

The certificate is basis-dependent through monomial coeffi-
cients, but basis conversion is exact. It is distribution-free
and eigengap-free, unlike first-order eigenvector perturbation
formulas. The price is conservatism for cancelling coeffi-
cients and structured E. The design radius € should therefore
represent an operational perturbation scale, not an asymp-
totic symbol. For learned graph-convolution banks, (14) can
regularize each filter and (12) can audit the resulting network.
The numerical analysis isolates operator behavior; it does not
claim downstream classification gains. Such gains depend
on data, training, nonlinearities, and margins. The theory
remains valid independently of those choices.

7. CONCLUSION

A matrix-polynomial telescoping identity yields a finite-
radius, noncommutative, coefficient-explicit robustness cer-
tificate. The certificate is sharp for aligned positive polynomi-
als, separates first- and higher-order effects, and propagates
through graph neural layers. Its quadratic surrogate produces
a unique closed-form spectral design. Controlled compu-
tations show substantial analytic-certificate reduction and
consistent structural sensitivity reduction while preserving
spectral accuracy. The framework supplies a concise math-
ematical route from graph-filter coefficients to certifiable
stability.
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