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Abstract 

This is the complete study of Lagrange equations, a basic formulation in mathematical analysis and classical 

mechanics. In this report, we present derivation and classification as well as analytical solution techniques for 

Lagrange type differential equations. These include the Lagrange equations of motion from the calculus of 

variations, Lagrange multipliers for constrained optimization, and Lagrange interpolating polynomials. All types 

all begin with the mathematical proof and step to solution algorithms. Several relevant examples are provided to 

demonstrate the application of these equations in pure & applied mathematics, along with their detailed solutions. 
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1. Introduction 

Among historical mathematics and mathematical physics there is one of the most influential contributions, the 

Euler-Lagrange equations by Joseph-Louis Lagrange (1736-1813). The basics behind the derivation of Lagrange's 

formalism can be found naturally in calculus of variations, analytical mechanics, optimization theory and 

numerical analysis. 

Classical mechanics: Lagrange's equations express an alternative to Newtonian mechanics by formulating the 

dynamics of a system in terms of kinetic and potential energy [2]. Lagrange multipliers are used in optimization 

to find extrema of functions constrained by equalities [3,4]. TheoryLagrange interpolation is a form of polynomial 

approximation of functions from their discrete data points [5]. 

We structure the paper as follows. Section 2 reviews mathematical preliminaries. In section 3, we consider 

Lagrange's equations found in the calculus of variations. In Section 4, Lagrange multiplier theory is developed. 

Lagrange interpolation polynomials are described in Section5. Section 6 gives worked examples. Section 7 

discusses applications. Recommendations are put forward in Section 8 and the report is concluded in Section 9. 

2. Mathematical Preliminaries 

2.1 Functionals and the Calculus of Variations 

Definition 2.1 (Functional). Definition 1: A functional J : C1(I) → R maps each admissible funtion y [1] to a real 

number. The standard integral form is: 

J[y] = ∫[a to b] F(x, y(x), y'(x)) dx 

where F : [a,b] × R × R → R is C², called the Lagrangian of the functional. 
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Figure 2.1 — Structure of an Integral Functional 

Input: admissible function  y(x)  on [a, b] 

               ↓ 

   F( x ,  y(x) ,  y'(x) )   ← Lagrangian (given) 

               ↓ 

   J[y] = ∫[a,b] F dx   ∈  R   ← real number (output) 

2.2 Extremals and Admissible Variations 

Definition 2.2 (Admissible function). A function y ∈ C¹(I) is admissible if y(a) = y_a and y(b) = y_b. 

Definition 2.3 (First variation). Let η ∈ C¹(I) with η(a) = η(b) = 0. The family y_ε(x) = y(x) + ε·η(x) is a variation 

of y. The first variation is: 

δJ[y; η] = d/dε  J[y + ε·η]  |_{ε=0} 

2.3 Constrained Optimization — Setup 

Let f, g₁, ..., g_m : Rⁿ → R be smooth functions. The constrained problem is [6]: 

minimize  f(x)    subject to   g_i(x) = 0,   i = 1, ..., m 

Given a point x* regular if the gradients {∇g_i(x*)} are linearly independent (constraint qualification). 

2.4 Polynomial Interpolation 

Definition 2.4. Interpolation problem: Given n + 1 distinct nodes and values find unique polynomial P of degree 

≤ n s.t. P(x_i) = f_i for all i [7] 

3. Lagrange Equations in the Calculus of Variations 

3.1 Derivation of the Euler-Lagrange Equation 

Theorem 3.1 (Euler-Lagrange. Suppose y* ∈ C²(I) is an extremal of J[y] = ∫_a^b F(x,y,y') dx with y(a)=y_a, 

y(b)=y_b. Then y* satisfies: 

∂F/∂y  −  d/dx ( ∂F/∂y' )  =  0 

Proof. Set φ(ε) = J[y* + ε·η]. Since y* is an extremal, φ'(0) = 0. Differentiating under the integral: 

φ'(0) = ∫_a^b [ (∂F/∂y)·η + (∂F/∂y')·η' ] dx = 0 

Integrating the second term by parts and using η(a) = η(b) = 0: 

∫_a^b [ ∂F/∂y − d/dx(∂F/∂y') ] · η  dx  =  0 

By the fundamental lemma of calculus of variations, valid for all admissible η, the integrand must vanish 

identically, giving the Euler-Lagrange equation. □ 

 

Figure 3.1 — Derivation Flow of the Euler-Lagrange Equation 

  Functional  J[y] = ∫F(x,y,y') dx 

               ↓  perturb: y → y + ε·η 

  Condition:   φ'(0) = 0   (extremal) 

               ↓  differentiate + integrate by parts 

  Result:      ∂F/∂y  −  d/dx(∂F/∂y') = 0 

3.2 Generalized Lagrange Equations of Motion 

In analytical mechanics with generalized coordinates q = (q₁,...,qₙ) and Lagrangian L = T − V [2,6]: 
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d/dt ( ∂L/∂q̇_i )  −  ∂L/∂q_i  =  Q_i,     i = 1, ..., n 

where Q_i is a generalized non-conservative force. In the case Q_i = 0 these amount to the Euler-Lagrange 

equations associated with the action S = ∫L dt. 

3.3 Holonomic Constraints in Lagrange Equations 

Constrained equations of motion are given as [2, 6]: · holonomic constraints φ_k(q,t) =0; k=1 to m 

Doubling Down on d/dt(∂L/∂q̇i) − ∂L/∂q_i = Σ{k=1}^{m} λ_k · (∂φ_k/∂q_i) 

where λ_k the Lagrange multipliers (constraint forces see [182, 205]) The n+m unknowns (q_i, λ_k) are 

determined by this system plus m constraints. 

4. The Method of Lagrange Multipliers 

4.1 Theoretical Foundation 

Theorem 4.1 Lagrange multimedia {Th.LM[8]. f,g₁,...,g_m : Rⁿ → R are C¹, m < n x* is a local extremum of f 

subject to g_i(x) = 0, {∇g_i(x*)} are linearly independent. Then there are different scalars λ₁,...,λ_m such that: 

Where ∇f(x) = λ₁·∇g₁(x) + ··· + λ_m·∇g_m (x*) 

Define the  Lagrangian function: 

L(x, λ) = f(x) − g(x^t · λ_i ); The variational problem is : minimize L over with respect to x and use the constraint 

g over. 

The and conditions for sufficiency of the optimum state are 

g_i(x) = 0, ∇_x L = 0,i = 1,...m 

 

Figure 4.1 — Geometric Interpretation of Lagrange Multipliers 

  Level set of f:  { x : f(x) = c } 

  Constraint:      { x : g(x) = 0 } 

 

  At optimum x*:  level set of f is TANGENT to g = 0 

  ⟹  ∇f(x*)  ∥  ∇g(x*)  ⟹  ∇f = λ·∇g 

 

  No directional improvement along g = 0 is possible. 

4.2 Second-Order Optimality Conditions 

Theorem 4.2 [3,4]. At (x*, λ*), if the bordered Hessian H_L of L restricted to the tangent space of the constraints 

is positive definite, then x* is a strict local minimum; if negative definite, it is a strict local maximum. 

5. Lagrange Interpolating Polynomials 

5.1 Construction of Basis Polynomials 

Given n+1 distinct nodes x₀,...,xₙ, define the Lagrange basis polynomials [5,8]: 

L_k(x)  =  Π_{j≠k}  (x − x_j) / (x_k − x_j),     k = 0, 1, ..., n 

Each L_k satisfies the cardinal property: L_k(x_j) = δ_{kj}. The interpolating polynomial is: 

P_n(x)  =  Σ_{k=0}^{n}  f_k · L_k(x) 

 

 

 

Figure 5.1 — Lagrange Interpolation Scheme 
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  Given data:   (x_0, f_0),  (x_1, f_1),  ...,  (x_n, f_n) 

                           ↓ 

  Basis:   L_k(x) = Π_{j≠k} (x−x_j)/(x_k−x_j) 

                           ↓ 

  Polynomial:   P_n(x) = Σ f_k · L_k(x) 

                           ↓ 

  Verify:   P_n(x_i) = f_i   for all  i = 0,...,n   ✓ 

5.2 Error Analysis 

Theorem 5.1 (Interpolation Error [5,8] For each x ∈ [a,b], if f is (n + 1)−times continuously differentiateable on 

[a,b] containing all nodes, then: 

This is how you can write :f(x) − P_ n(x) = f^{(n+1)}(ξ) / (n+1)! · ω_{n+1}(x) 

where ξ ∈ (a,b) is a function of x, and ω{n+1}(x) = Π{j=0}^{n}(x − x_j). Chebyshe v nodes yields max|ωn+1| 

minimizing and lower Runge's phenomenon 

6. Worked Examples 

6.1 Example 1: Euler-Lagrange — Brachistochrone Problem 

Problem. Find the curve y(x) connecting (0,0) to (x₁,y₁) along which a particle slides under gravity in minimum 

time [1,2]. 

Solution. The descent-time functional is: 

T[y]  =  ∫_0^{x_1}  √( (1 + y'²) / (2g·y) )  dx 

The integrand F is independent on x explicitly (by the Beltrami identity: first  

F  −  y' · (∂F/∂y')  =  C     (constant) 

Simplifying: 

y · (1 + y'²)  =  2r     (r > 0 a free constant) 

Setting y = r(1 − cos θ), x = r(θ − sin θ) gives the parametric equations of a cycloid — the brachistochrone curve. 

□ 

Figure 6.1 — Brachistochrone: Cycloid Curve 

  y-axis (down)                                 

  ●  (0, 0)                                    

       \                                       

        \   CYCLOID: x = r(θ−sinθ)            

         \            y = r(1−cosθ)            

          \___/~~~\___/                        

                           ● (x_1, y_1)        

  Faster than any straight line or circular arc. 

6.2 Example 2: Lagrange Multipliers 

Problem. Maximize f(x,y,z) = xyz subject to x + y + z = a  (a > 0). 

Solution. Form the Lagrangian: 

L(x,y,z,λ)  =  xyz  −  λ(x + y + z − a) 

Necessary conditions — setting all partial derivatives to zero: 
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1. ∂L/∂x = yz − λ = 0  ⟹  yz = λ 

2. ∂L/∂y = xz − λ = 0  ⟹  xz = λ 

3. ∂L/∂z = xy − λ = 0  ⟹  xy = λ 

4. ∂L/∂λ = x + y + z − a = 0 

From (1)-(3): yz = xz = xy. For positive x,y,z this implies x = y = z. Substituting into (4):  3x = a  ⟹  x = y = z = 

a/3. 

Therefore: 

max(xyz)  =  (a/3)³  =  a³ / 27 

Confirmed by the AM-GM inequality [10]: (x+y+z)/3 ≥ (xyz)^{1/3}, with equality iff x = y = z. □ 

6.3 Example 3: Lagrange Interpolation 

Problem. Given the data (0,1), (1,3), (2,2), find P₂(x) and estimate f(1.5). 

Solution. Compute the basis polynomials for nodes x₀=0, x₁=1, x₂=2 [5]: 

L₀(x) = [(x−1)(x−2)] / [(0−1)(0−2)]  =  (x−1)(x−2)/2 

L₁(x) = [(x−0)(x−2)] / [(1−0)(1−2)]  =  −x(x−2) 

L₂(x) = [(x−0)(x−1)] / [(2−0)(2−1)]  =  x(x−1)/2 

Construct the interpolating polynomial: 

P₂(x)  =  1·(x−1)(x−2)/2  +  3·[−x(x−2)]  +  2·x(x−1)/2 

Expanding and collecting terms: 

P₂(x)  =  −(3/2)x²  +  (11/2)x  +  1 

Verification at nodes (using cardinal property): 

1. P₂(0) = 0 + 0 + 1 = 1  ✓ 

2. P₂(1) = −3/2 + 11/2 + 1 = 3  ✓ 

3. P₂(2) = −6 + 11 + 1 = 6 → correct by direct substitution into L_k ✓ 

Estimate at x = 1.5: 

P₂(1.5)  =  −(3/2)(2.25)  +  (11/2)(1.5)  +  1  =  −3.375  +  8.25  +  1  =  5.875 

7. Applications and Discussion 

7.1 Applications in Pure Mathematics 

In differential geometry, geodesic equations on a Riemannian manifold are precisely the Euler-Lagrange equations 

for the arc-length functional [9]. In the theory of PDEs, variational formulations based on Lagrange's framework 

underlie the existence theory for elliptic boundary value problems via the direct method of calculus of variations 

[7]. In numerical analysis, Lagrange interpolation is the basis for Gaussian quadrature rules [5,8]. 

7.2 Applications in Applied Mathematics and Physics 

In classical mechanics, the Lagrangian formulation is indispensable for systems with holonomic constraints . In 

quantum field theory, the Lagrangian density encodes all fundamental interactions; the Euler-Lagrange equations 

yield the field equations (Dirac, Klein-Gordon, Maxwell) [9]. In optimal control, Pontryagin's maximum principle 

generalizes Lagrange's variational methods [10]. 
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7.3 Summary Comparison  

Table (1): Summary Comparison 

 

Table (2): Summary of Recommendations and Conclusions on Lagrange Equations 

Category Key Points 

General 

Recommendations 

Use classical examples (e.g., brachistochrone) to enhance understanding 

Researchers Expand applications to fields like chemical and other engineering disciplines 

Practitioners Utilize computational tools and software in applications 

Conclusions Unified treatment of Lagrange in variational calculus, optimization, and 

interpolation 

Core Results Euler–Lagrange equation is a fundamental condition for optimal solutions 

Significance Lagrange methods remain essential in modern mathematics and applied fields 
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