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Abstract

This paper is concerned with studying the mapping properties of generalized Marcinkiewicz integral operators
along twisted surfaces. Under certain conditions on thessurfaces we obtain certain LP estimates for these

operators provided that the kernel functions are in L? S”*G x §m—L, By)an extrapolation argument, we

prove that these operators are bounded on LP(R™ x R™) for 1 < p < oo under very weak conditions on the
kernel functions. Our results extend and improve many previously known results.
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1 Introduction

For d > 2, let R%(d = n or m) be the Euclidean space of dimension d and S?~! be the unit sphere in R¢
equipped with the normalized Lebesgue surface measure doy(-).

Let  be an integrable function over S”~! x S™~!such that

Q(rz,sy) = Qz,y), Vr,s >0 (1)

and

/ Oz, y)don(z) = / Q(z, y)dom(y) = 0. @
§n—1 §m—1

For an appropriate mapping ® : R” x R™ — R"™ x R™, a measurable function g € L*°(R; x R,) and
a function Q € LY(S"~! x S™~1) satisfying (1)-(2), we consider the generalized Marcinkiewicz integral

operator gé’\’glg along the surface {®(u, v) : (u,v) € R™ x R™} given by

rs

1/x
60 () = ( / / . Tr,s<f><x,y>|kd’°d8> , 3

where f € C§°(R™ x R™), A > 1, and

Q(u, v)g(Jul, v])

n—1 m—1
|v]

e = [ [ re e dudo,

Jul
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When A = 2, ®(u,v) = I(u,v) = (u,v) and g = 1, the operator Qg}gz’q, denoted by My, is the classical
Marcinkiewicz operator on product domains. Historically, the boundedness of Mg was first studied in' in
which the author obtained the L? boundedness of Mg, whenever 2 € L(log L)*(S"~! x S™~1). This result
was later improved and extended by many authors, see,”” and,” among others. Let us now recall two relevant
results to our current study. The first one is the result in” in which the authors proved that M, is bounded on
LP(R™ x R™) for all p € (1,00) under the condition Q € L(log L)(S"~! x S™~1) and that this condition
be the weakest condition in the sense that the L2 boundedness of M will not be satisfied if this condition is
replaced by any weaker condition 2 € L(log L)*(S"~! x S™~1) with 0 < € < 1. The second result is that
under the condition 2 € BSO’O) (St~ x Sm~1), the author of” established the L? (1 < p < oc) boundedness of
Mg, and proved the optimality of this condition. Here B(go’o) (Sm=1 x S™~1) is a special class of block spaces
introduced in.” For a background information, =" development and applications' '~'~ and recent studies. "~

On the other hand, as a natural extension of Mg, is gfﬁ)ﬂ 9 for certain classes of functions ®. If the classes of

functions ® are in the standard form ®(u,v) = (¢1(u), p2(v)), where ¢ : R” — R™ and ¢ : R™ — R™
are functions satisfy some certain conditions, the L” boundedness of gfﬁ}L , has been investigated by many

authors. For a sampling of past studies, readers are referred to and the references therein.

Recently, Al-Salman~ introduced Marcinkiewicz operator gg‘}L , along the twisted surfaces
{T(u,v) = ®(u,v) : (u,v) € R* x R™)},

where ® : R” x R™ — R"™ x R™ satisfies some specific conditions.

The LP boundedness of the generalized Marcinkiewicz operator gfﬁ}z , has been investigated by many authors.

For instance, the author of " confirmed L” boundedness of gf;,g , forallp e (1, 00) provided that ® = I,

Q € L(log L)*/*(S™ x S™~1) with A > 1. This result was extended and improved in.”” Precisely, the authors
showed that the estimate N
|64

<G Ifl ov

P

2_
holds for 1 < p < oo whenever ® = I, Q € L(log L)>/*(S"~! xSm_l)UBéo“ Y(sn=1xSm=1)and A > 1.
Thereafter, LP boundedness of Qf;gm was investigated under various conditions on €2, g and the mapping ¢

Lp(R™xR™) (R™ xR™)

is in the standard form ®(u, v) = (¢1(u), p2(v)) as can be seen in, among others.

AT
Here, '), (R™ x R™) denotes the space of homogeneous Triebel-Lizorkin functions which is defined as

AT
follows: For A\,p € (1,00) and 7 = (71,72) € R x R, the space F, (R" x R™) is defined to be the
collection of tempered distributions f on R™ x R™ satisfying

1/X

jT14+kT: A
1717 ey = ||| 22 2977 105 @ 00) % /] < oo,
P j,kEZ

Lr(R™ xR™)

where @(u) = 5= (279u), q/i(v) = =¢(27%v) and ¢ € C§°(R"), ¢ € C5°(R™) are radial mappings
satisfying:

H0<¢,p<1,
(i) supp (¢) € {u: [u] € [3,2]}, supp () € {v:|v] € [5,2]},
(iii) A positive constant C' exists such that for all |ul, |v] € [2, 2], $(u) > C and p(v) > C,

iv) 3 o(u/29) =1if u#0 and Y o(v/2%) = 1if v #0.

JEZ kEZ

The next properties were proved in.
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AT
(i) The Schwartz space S(R™ x R™) is dense in F',, (R" x R™),

. 2,0
(ii) When A = 2 and 7 = ﬁ, we have F/, (R" x R™) = LP(R™ x R™) for all p € (1, 00),
- )‘1»? - )\2’?
(i) If 1 <A; <Ay <oo,then F,  (R" xR™)CF, (R"xR™).

In light of the results in"” regarding the LP boundedness of Marcinkiewicz integral Q((;)Q) o along twisted sur-

faces and of the results in regarding the L” boundedness of generalized Marcinkiewicz integral gf?; 9
along surfaces of standard form, the following question arises naturally:

Question. Is the generalized Marcinkiewicz integral ggg,) , bounded on LP(R™ x R™) for p € (1, 00) along
certain classes of twisted surfaces {I'(u,v) = ®(u,v) : (u,v) € R™ x R™)}?
We shall answer the above question in affirmative as can be described in the following results.

Theorem 1.1. Suppose that g € L™ (Ry x Ry) and Q € L4 (S"‘l X Sm_l) for some q € (1, 2] satisfies
(1)-(2). Suppose that ®(z,y) = (Q(|ly))x, P(|z|)y), where Q,P : R — R are polynomials. Then the
inequality

195041

2/
1
LP(Rnx]Rm) S Cp Hg‘|L°C(R+XR+) ||Q||Lq(8"71><Sm71) (ql) ||fHF2’ﬁ(]Rn><]Rm) (4)

holds for all p € (1, 00) if ® satisfies one of the following conditions:

(a) Q(0) =0 = P(0) and lim &) = 0 = lim £,

=1
r—0 7 r—0 T
(b) deg(Q) + deg(P) = 1.
(¢) deg(Q) = deg(P) = 1, Q(0) £ 0, and P(0) # 0.

(d) Q(r) = randdeg(P) > 1 with lir% M = 0or P(s) = sand deg(Q) > 1 with liH(lJ M =
S5—r T
0.

The constant C), may depend on the degrees of Q) and P, but it is independent of their coefficients.

The conclusion comes from Theorem 1.1 along with Yano’s extrapolation argument (see” ") lead to the
following:

Theorem 1.2. Suppose that g and O are givens as in Theorem 1.1 and that Q) belongs either to L(log L)2/ A(Sn—1tx
S™=1) or to BSO’T” (S"=t x S™~1) for some q > 1. Then the operator gg’g,g is bounded on LP(R™ x R™)
Sorallp € (1,00).

Remarks

(1) Forthecase A =2, ® =Tandg =1, L2 boundedness of gg}), g Was obtained in' under the assumption
Q € LlogL)?(S"t x S™ 1) ¢ L(log L)(S"~! x S™~1). Thus, the findings in Theorem 1.2 are
fundamental improvement and generalization to the results in.

(2) For the special case A\ =2, ® =1,g = 1,and Q € L(log L)(S"~! x S™~1), Theorem 1.2 confirms that

ggjg’ ; is bounded on LP(R™ x R™) for all p € (1, 00). Therefore, the main results in" are improved
here.
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(3) Our results extend the results in” in which the L? (1 < p < o0) boundedness of gﬁ{,l is obtained
whenever Q € L(log L)?(S"~1 x §™~1) C L(log L)(S™~1 x S™~1).

(4) For the special case A = 2, ® = [ and g = 1, the assumptions on {2 are optimal, see.™
(5) In Theorem 1.2, the LP boundedness of gggz’ g was established for the full range of p € (1, 00).
(6) The main result in~ is acquired directly from Theorem 1.2 by taking A = 2.

(7) For the special case ® = I, our results lead to the main results in.”"

2 Preliminary Lemmas

In this section, we give some subsidiary results which are needed to prove our main results. Let
M
t)zZaiti and P(t thl
i=2

Set Q1(t) = Pi(t) =0,andfor 1l <y < Mand1l <v <N, let

©w

Qu(t) = ait" and P, Z bit'.

=2

Forl < pu<M,1<v<N,and6 > 2, we define the family of measures T\*) = {TW") . s e R,}

Q g r,s *
and its corresponding maximal operators (Tg“ 'U)) and Mg 9 on R" x R by

, 1 Q(u,v)g(|u|, v
I garge = 2 [ 1 @ue Pty 22D g,
R ST JLs<iv|<s JLr<]ul<r |ul |v]

(YN (f) = sup [T f],

r,s€R
and
git1 gk+1
drds
Myo(f) = s [ [ S
J,kEZ Joi

where | T4 is defined similarly as T4 but with replacing g by |g| and € by |€].

The next two lemmas due to.

Lemma 2.1. Suppose that ) € L4 (S"‘l X Sm_l) for some g € (1,2] and g € L™ (R4 x Ry). Then the
estimates
HCY)* ()l Lo @ xrmy < 1F1lLr@n xrm) Co.o )

and

IMg,0(f)llze®nsxrmy < || fllLe@nxrm) Cp,a (In60)? (6)
hold for all p € (1,00), where Cp 0 = C) ||g||L°°(R+ xRy) HQ”LQ(S"*xSm*l)'
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Lemma 2.2. Suppose that Q) and g are given as in Lemma 2.1. Then there exists C' > 0 such that for
(&,¢) € R™ x R™, the following inequalities hold:

|rereo) < o
T Q] < Clrstaud] ST Jsrhy¢|5mm
TEE0 - TEIE O] < Clrsa,dTomm [srb, (T
TU(E, Q) = T8V Q| < Clrstaue 50T [srVby (|5
T (60 - TE 60| < Clrstaug w0,
TUT 60 - TUT €| < Clsrtbug| T

and
T8, Q) = T 006, = T (€, ) + TU D€, )
< C |rsta, | 0D |srPb,¢| T

Lemma 2.3. Let g and (2 be given as in Lemma 2.1. Assume that {V; ;.(-,-), j,k € Z} is arbitrary functions
onR™ x R™. Then there exists constant Cp, o > 0 such that

@i+l gk+1 /A
S [ ] el 4
=¥ rs
LP (R™ xR™)
/X
< Cpam®) [ > il (7
ke Lp(R" xR™)

Sforallp € (1,00).

Proof. Thanks to the inequality (5), we have for all p € (1, 00),

sup sup Té’,ﬁ’r 0is ¥ Vik ’ < (T§‘““>)* sup |Vj k|
GKEZ (r,s)€l1,0]x[1,6] Lr (R xR™) Jher Lr (R xR™)
< Cpa SUP V)il ) ®)
kel LP(R? xR™)
which leads to
H HHT(JLU;JS Vigell Loo (1,01 x 1,61 M)H

e AN (ZXD) || L (Re xR

< Cp,Q HHVjkalw(ZXZ)’ Lo (R" xR™) . (9)
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As p > 1, duality gives that there exists p € L (R™ x R™) with ||| s (rnxrm) < 1 such that

v drds
Z/ / ‘Tt;’irgﬂs* Jk‘ rs

J,kEZ

L (Rn XRW'L)

drds
//’Té’i;ms* ’ - —p(x, y)dzdy

J.keZ

SR S Wikl )l | (10 (3) (-, —y)dody
R™XR™ \ j ez,
< OO 9l gy | D Vil [ @ gy (O
JkeZ Lp(Rn xR™)

where p(x,y) = p(—x, —y). Define the linear operator 7 on {V; .} by T (V; x) = Ygr, gis * V; . Hence, by
combining (9) with (10), we deduce

@i+l gk+1 /A
A
S [ v
8 rs
IKEL g5 gk
LP(R™xR™)
0 0 /A
Adrds
(1,v0)
= Z / /’Teﬁ;’j’}ms* j’k’ rs
JkE€ZY Y Lo (R xR™)
/A
< Cpamo) [ (vl
jkeZ
k€ Lp(Rn xR™)
for all p € (1, 00). The proof of Lemma 2.3 is complete. O

3 Proof of Theorem 1.1

We shall prove only part (i) in Theorem 1.1 since the proofs of the other parts follow by similar technique
with minor modifications. Assume that Q € L9 (S"~! x S™~!) with ¢ € (1,2] and g € L> (R4 x R}). By
Minkowski’s inequality we have

// / Q(u, v)g(|ul, |v])
n—1 m—1
Ry xRy Jk o ST Jamimtscul<a=is Jamr-trglul<e—Rr  Jul" |y

G, ()@, y)

N 1/
drds
< = Qulluhy = Py(ulo) dudo | 2
S| [ 2w, )g(Jul, lo)
Iy Ry xRy | ST Jo-i-tscpui<z-is Joktrcpui<a-tr  Ju)" T o™
N 1/
drds
<= Qulluly = Py(uly) dudv | 2
s drds\ V2
< // ‘T(’” *fxy)‘ sy (11)
Ry xRy rs
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Let ¢ € S(R™) and ¢ € S(R™) be two schwartz functions satisfying that ¢(z) = 1 if |z| < % and b(z) =
if [z] > 1,and ¢(y) = 1if [y| < 3 and p(z) = 0if [y| > 1. For1 < p < M,1<v < N,andr,s € Ry, let

(€) = (7, &) and o ) (¢) = P(6+b,C), where 6 = 27", Define

=(p v)(f,o :?£ 1) H ¢(J) H SD(k)

M<]<M v<k<N
and

OU(E,¢) = U (E,¢) — 36, Q) = B L TI(E O + U I Q).
Thus, by Lemma 2.1 and Lemma 2.2, we get the following:

leweo| < e
THIECQ) = Z Z o
p=1lv=1
H(95“’“))*(f)HLP<Ranm) < | fllze@n xrm) Cpa  forall p € (1,00),
() (e,¢) < Cl070%a, T (007, ¢ [T | (12)
where a*® = min{a®, a="}. Let Ay be a non-negative smooth function on R ; satisfying the following:

4 50 dt
0<Ap(t) <1, supp(Ap)C [5(9 5—], and/R Ag()t =2Iné.
+

Define the family of C>(R" x R™) functions 2{\""") by

6,r,s

U e, ¢) = g (|0T95M€|2> Ay <|959m<|2) , (13)

So, for any f € S(R™ x R™), we have

1/
A drds
( J[ e < se) ) <Cux [[ TNy, (14
Ry xRy rs Ry xRy

Adrd A

ras

Zl t ([/ ) .
R+><]R+

TS
Let us estimate the norm of Z; ;(f). First, we estimate it for the case p = A = 2; by utilizing Fubini’s theorem,
Plancherel’s theorem and the inequality (12), we obtain

where

O Uy Ly F(a,y)

”Il t( )HLz(Ranm

gitL Lkt (# " (o) dT‘dS

< Z (& ¢) ‘ ’L{OT-H s+t‘ ‘f £.¢) ’ dgdg

ikez Y/ Erg \Joi ok

e rrsy] 5T |7 2
< ln9 Q Z // 9r+l9(s+t)uaM€‘ 84’ (n+1) es+t9(r+l)vbvc‘ (n+1) f(€7<)‘ dedc¢
7,kEZ Bk,
< oKLY 2, Y / | |#eof dea
jkez” V Enm

< Gy K CF o F 2 s 15
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where Ey,; = {(&,¢) € R" x R™ : (¢, [¢]) € [0 7*,0'"*] x [6=17/,0'~/]} and

5 1 1 [t+lv] [Lttu|
Kt(’;’“) < (1) 1D 2T 1D 9F st 9 st D) |

For the other cases of p, we estimate the LP-norm of Z; ,(f) by employing an argument as that found in.
Precisely, by Lemma 2.3 and Littlewood-Paley theory, we have

1Z0,t ()l Lo s

. 1/A
gi+1 gh+1 X drd
so|[S [ [ [eweu) et
J k€L o7 o , | 7 " Lr (R™ xR™)
/A
v A
ST DY) Zatey] G
7,kEZ
Lr(R™ xR™)
< ()" ¢ (16)
- \¢g-1 F;’H(R”XRW) P2

for all p € (1, 00). Thus, by interpolating (15) with (16), we conclude that the estimate

2/2
1
7T < - 9—e ([UI+1t) 17
|| l,t(f)”[,p(]Rn xR™) = (q — 1> ||f||F:ﬁ(R"><]R"‘) CP1Q ( )

holds for all p € (1, 00), where € € (0, 1). Consequently, the inequalities (11) and (14) along with (17) lead to

1 2/
< C —_— 5 . 18
LP(R™ xR™) - »,M,N <q_ ]_) HfHF:’O(Ranm) ( )

The proof of Theorem 1.1 is complete.

165440

4 Conclusion

In this paper, we introduced the generalized Marcinkiewicz integrals g% , along certain twisted surfaces

{T(u,v) = ®(u,v) : (u,v) € R™ x R™)}. Under certain conditions on ®, we obtained certain appropriate

LP bounds for g<(1>),\5)2,g provided that Q € L7 (S"~! x §™~1) and g € L> (R, x R ). By using these bounds

along with an extrapolation argument we proved the L? (1 < p < 0o) boundedness of ggjg’ , under the weak
2_

conditions Q € L(log L)/ (S"! x §™~1) U B3 1)(8"_1 x S™~1) with \,q > 1. Several previously

known results are extended and improved in this paper, see. ™"~
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