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ABSTRACT

Standard probability theory assigns each event a single real value in [0, 1], satisfying non-negativity, normalization,
and countable additivity. Hyper-Probability extends this notion by assigning to each event a set of probability values
in [0, 1], thereby capturing multiple independent assessments from diverse sources. Super-HyperProbability further
generalizes the framework by mapping events to iterated power sets of [0, 1], modeling hierarchical uncertainty across
multiple aggregation levels. In this paper, we formally define the Hyper-Probability Measure and Hyper-Probability
Distribution, examine their fundamental properties, and demonstrate how these constructs unify and extend classical
probability within the Hyper- and Super-HyperProbability paradigms.
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1. PRELIMINARIES

This section provides an introduction to the foundational
concepts and definitions required for the discussions in this

paper.
1.1 Power Set and nth Power Set

The power set of a set S is the collection of all its subsets,
including the empty set and S itself [1]. The nth power set of
S is obtained by iteratively applying the power-set operation
n times to S [2].

Definition 1.1 (Base Set). A base set S is the underlying set
from which more elaborate structures, such as powersets and
hyperstructures, are constructed. It is defined as

S = {x | x belongs to a specified domain}. (1)

All elements used in constructions like Z2(S) or &2,(S) are
drawn from the base set S.

Definition 1.2 (Powerset). The powerset of a set S, denoted
by Z(S), is the collection of all subsets of S, including both
the empty set and S itself [1, 3]:

P(S)={A|ACS}. )

Definition 1.3 (n-th Powerset). The n-th powerset of a set
H, denoted &, (H), is defined iteratively, starting with the
standard powerset. The recursive construction is given by

Poii(H) =P (Py(H)), n>1.

3)
Similarly, the n-th non-empty powerset, denoted &) (H), is
defined recursively as

Zi(H) = Z"(H), i (H) =27 (Z(H)). 4

Here, &7*(H) represents the powerset of H with the empty
set removed; cf. [2].

Example 1.4 (Ensemble of Regression Models via the 2nd
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Powerset). Let H = {X;,X>,X3} be a set of three predictor
variables in a regression study. Then the first powerset

'@l (H) = ‘@(H) = {Q,{X1}7{X2}7{X3}7{X17X2}7
{X1,X:},{X2, X3} ,{X1, X, X3}} (5)
enumerates all possible subsets of predictors, each corre-

sponding to a candidate regression model. Applying the
powerset operation again yields the second powerset

QZ(H)ZQZ(WKH))’ (6)
whose elements are sets of candidate models. For instance,
U:{{XlaXZ}a{XZaXS}} 6:@2([‘1) @)

represents an ensemble composed of the two regression mod-
els that use {X;,X,} and {X»,X3}, respectively. This con-
struction formalizes how one can organize and compare col-
lections of models in statistical practice.

1.2 HyperProbability

Standard probability theory assigns each event a single real
value in [0, 1], satisfying non-negativity, normalization, and
countable additivity; cf. [4, 5]. HyperProbability assigns a
set of probability values to each event, capturing uncertainty
from multiple sources [6]. The definitions and examples of
HyperProbability are presented below.

Definition 1.5 (Probability Space). A probability space is a
triple (Q, %, P) where [7, 8]:

* Qs a nonempty set called the sample space;
e % is a o-algebra of subsets of Q, called the event space;

e P: F —10,1] is a function, called a probability measure,
satisfying:

(1) P(A) >0 forall A € .# (non-negativity),
(2) P(Q) =1 (normalization),

(3) for any countable sequence of pairwise disjoint events
A1,Ap,... € F,

P (OA,) ~ Y P(4) (®)
i=1 i=1

(countable additivity).

Definition 1.6 (Hyper-Probability). Let (Q,.%) be a mea-
surable space, and let

{pe: F = [0, 1] ek )

be a nonempty family of probability measures on (Q,.%),
where K is a nonempty index set. The Hyper-Probability
induced by {p }rek is the set-valued map

HP:.7 — 22(]0,1]) (10)
defined by
HP(A) :={pr(A) | k € K}, Aec F. 11)

Thus, for each event A, the value HP(A) collects all proba-
bility assessments assigned to A by the family of classical

probability measures {py }rex [6].
Example 1.7 (Hyper-Probability for a Tokyo rain forecast).
Let

Q = {Rain,No Rain}, . =22, (12)

and consider the event A = {Rain}. Suppose that three fore-
casting sources provide probability measures

PIMA, PW, PApp -7 — [0, 1], (13)

such that

pva(A) =032, pw(A) =0.28, papp(A) =0.30. (14)

Since each py is a probability measure, it is understood that

pe(Q) =1, pr({NoRain})=1-p(A)
(15)

Hence the induced Hyper-

pk(g) :Oa

for k € {IMA,W,App}.
Probability satisfies

HP(A) = {pmma(A), pw(A), papp(A)}
={0.28,0.30,0.32}. (16)

Therefore, the event A is represented not by a single probabil-
ity value, but by the set of multiple probability assessments
{0.28,0.30,0.32}.

1.3 n-SuperHyperProbability

n-SuperHyperProbability extends HyperProbability by iter-
ating the powerset construction, thereby representing hierar-
chical layers of uncertainty or belief aggregation. To avoid
ambiguity, we first introduce the iterated powerset notation.

Definition 1.8 (Iterated powerset). Let X be a set. Define
recursively

20(x):=x, 2"V(x):=2(2" (X)), n>0,

a7
where (X)) denotes the powerset of X.

Definition 1.9 (n-SuperHyperProbability). Let (Q,.%) be
a measurable space, and let

HP:.7 — 2([0,1]) (18)

be a HyperProbability. For each integer n > 1, the associated
n-SuperHyperProbability is the map

SHP™ : & «@(")([07 1)) (19)
defined recursively by
SHP(A) := HP(4), (20)
and, forn > 2,
SHP"(4) .= 2(SHP" V(4)),  Aez. @D
Equivalently,
SHP" (A) = 2""D(HP(4)), n>1. (22)

In particular, SHP() coincides with HyperProbability [6].

Remark 1.10. If one wishes to include the classical case as
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level 0, one may adopt the convention
20((0,1]) = [0,1] (23)

and regard an ordinary probability measure p : # — [0,1] as
a O-level probability object. However, this level-0 object is
not determined by HP alone in general, so it is better treated
separately from Definition 1.9.

Example 1.11 (2-SuperHyperProbability in a Tokyo rain
forecast). Let Q = {Rain,No Rain}, let .# = 2 be the cor-
responding o-algebra, and consider A = {Rain}. Assume
that three forecasting sources provide the HyperProbability

HP(A) = {0.28,0.30,0.32}. (24)
Then, by Definition 1.9,
SHP? (4) = 2 (HP(A)) = 2({0.28,0.30,0.32}). (25)

Hence

SHP?)(A) = {2,{0.28},{0.30}, {0.32},{0.28,0.30},
{0.28,0.32},{0.30,0.32},{0.28,0.30,0.32}}. (26)
Thus, a 2-SuperHyperProbability records not only individual
probability assessments, but also all possible subcollections

of those assessments, representing a second-order layer of
uncertainty aggregation.

2. MAIN RESULTS

This section presents the main results obtained in this paper.

2.1 (m,n)-SuperHyperProbability

An (m,n)-SuperHyperProbability extends HyperProbability
in two independent directions: the horizontal index m records
iterated collections of events, while the vertical index n
records iterated powerset levels of probability values.

For convenience, recall the iterated powerset notation:

20x):=x, 2" X):=2(2V0X)), k>o0.

@n

Definition 2.1  ((m,n)-SuperHyperProbability). Let
(Q,.%#) be a measurable space, and let

HP: .7 — 2(]0,1)) (28)

be a Hyper-Probability. For integers m > 0 and n > 1, define
the map

SHP"™" . M) (Z) — 2 ([0,1]) (29)
recursively as follows.

(1) Vertical base and vertical recursion (m = 0). For every
AeZF,
SHP(®D(A) := HP(A), (30)

and, forn > 2,

SHP") (4) := 2(SHPO"~D(4)).  (31)

(2) Horizontal recursion (m > 1). For every U € 2" (%),

define

SHP""(U) := | ) SHP("~ 1) (4). (32)
AeU

Remark 2.2. The classical single-valued probability level
is best treated separately. If P:.% — [0,1] is an ordinary
probability measure, one may regard P as the level (0,0)
object. However, for m > 1, the horizontal recursion is natu-
rally formulated only for n > 1, because it involves unions of
set-valued outputs.

Example 2.3 ((1,2)-SuperHyperProbability for Tokyo
weather events). Let

Q= {a)rsaa)rf7 wfsawff}a (33)
where

s = rain and storm, @, = rain and no storm,

W7, = no rain and storm, @y = no rain and no storm,

and let % = 22, Define the events

A= {ay, @5} (rain), B:={wy, 05} (storm).
(34
Suppose that
HP(A) = {0.28,0.30,0.32},  HP(B) = {0.05,0.08}.
(35
LetU :={A,B} € Z(%). Then
sHP!"?) (1) = SHP(*?) (4) USHP(*?) (B)
= 2 (HP(A)) U 2 (HP(B))
— 2({0.28,0.30,0.32}) U 2({0.05,0.08}).
(36)

Thus SHP(2)(U) consists of all subsets of {0.28,0.30,0.32}
together with all subsets of {0.05,0.08}, representing a
second-order uncertainty structure over the two weather
events.

Example 2.4 ((2,1)-SuperHyperProbability for aggre-
gated weather portfolios). Using the same measurable space
and the same events A and B, define

U1 = {A,B}, Uz = {A},
Vi={U,Us} € 2V (). (37)

Then
SHP(2’1>(V) — sgp(hD (Un)u SHP(ID (U>). (33)
Now

SHP'!) (U}) = HP(A) UHP(B),
SHP"D)(U,) = HP(A), (39)

SO
SHPD (V) = {0.05,0.08,0.28,0.30,0.32}. (40)

This value aggregates all probability assessments arising from
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the two first-level weather portfolios.

Example 2.5 (Supply-chain failure risk as
a (2,2)-SuperHyperProbability). Let Q =
{00, W10, @01, w11}, where @;; indicates whether sup-
plier X fails (i = 1) or not (i = 0), and whether supplier Y
fails (j = 1) or not (j = 0). Let .% = 2%, and define
A:={wj, 011} (supplier X fails), 1)

B:={wy;,w;1} (supplierY fails). (42)

Assume that
HP(A) = {0.20,0.30}, HP(B) = {0.50,0.70}. (43)

Set Uy := {A}, Ug := {B}, and V := {Us,Up} € 22 (F).
Then

SHP??) (v) = SHP"?) (U,) USHP!?) (Up)
= Z(HP(A)) U 2 (HP(B))
= 2({0.20,0.30}) U 22({0.50,0.70}). (44)

Therefore,
SHP?? (V) = {2,{0.20},{0.30}, {0.20,0.30},
{0.50},{0.70},{0.50,0.70} }.  (45)

This gives a second-order, two-portfolio uncertainty represen-
tation for supplier-failure risk.

Example 2.6 (Election uncertainty as a
(1,3)-SuperHyperProbability). Let

Q={Win,Lose}, . Z=2%  E:={Win}. (46)
Suppose that polling sources provide
HP(E) = {0.42,0.45,0.47}. (47)
LetU:={E} € #(%). Then
SHP!3)(U) = SHP*?)(E)
— (2 (HP(E)))
— (@ ({0.42,0.45, 0.47})) .48

Since #2({0.42,0.45,0.47}) has 8 elements, the set
SHP(13)(U) has 28 = 256 elements. For example,

{{0.42},{0.45,0.47}} € SHP!3) (V). (49)

This is a third-order uncertainty object built from the underly-
ing election-win assessments.

Theorem 2.7 (Well-definedness of
(m,n)-SuperHyperProbability). For every m > 0 and
n > 1, the map

SHP"™") . 2" (7Y — 2 ([0,1)) (50)
in Definition 2.1 is well-defined. Moreover, for every n > 1,

SHP(*") = SHP")| (51)

where SHP™ denotes the usual n-SuperHyperProbability
induced by HP.

Proof. Fix n > 1. We prove by induction on m that
SHP"™ (U) e 2" ([0,1]) forall U € 22" (F). (52)
Basecase: m=0.If m=0,thenU =Ac .%. Forn=1,
SHPV(A) =HP(A) € 2(]0,1]) = 21([0,1]).  (53)
For n > 2, assume inductively that
SHP"~D(A) e 21 ([0,1]). (54)
Then

SHP" (4) = 2 (SHP""~1)(A))
e 2(2"V(0,1])) = 2™ ([0,1]). (55

Hence SHP(®" is well-defined for every n > 1.

Inductive step on m. Assume that for some m > 0, the map
SHP"™") . M) (7Y — 2™ ([0,1)) (56)

is well-defined. Let U € 2"+ (7). Then U is a subset of
ﬂ(m)(ﬂ), and foreachA € U,

SHP"™ (A) € 2 ([0,1]). (57)

Since n > 1, every element of 22 ([0,1]) is a subset of
2=1([0,1]). Therefore,

U sHP"™(A) € 21 ([o, 1)), (58)
AcU
and hence
| SHP™(4) € 2 ([0,1]). (59)
AeU
Thus
SHP(m+1,n)(U) — U SHP(m,n) (A) (60)
AeU

(m,n)

is well-defined. By induction on m, SHP is well-defined

forallm>0andn > 1.

Finally, when m = 0, the above definition is exactly the recur-
sive definition of the usual n-SuperHyperProbability induced
by HP. Hence

SHPO® — SHP(">’ n>1. (61)

This completes the proof. O

2.2 Hyper-Probability Measure

A probability measure is a map from a c-algebra to the unit
interval [0, 1] satisfying the usual axioms of non-negativity,
normalization, and countable additivity. In this subsection,
we first recall the classical notion of probability measure, then
introduce Hyper-Probability measures and their higher-order
extension, namely (m,n)-SuperHyperProbability measures.

Definition 2.8 (Probability Measure). Let (Q,.%) be a mea-
surable space, where Q is a nonempty set and .% is a O-
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algebra of subsets of Q. A probability measure on (Q, F) is
a function
w:F —[0,1] (62)

such that [9]:

(1) Non-negativity: u(E) > 0forall E € .Z.
0.

(3) Normalization: u(Q) = 1.

(2) Null empty set: u(2)

(4) Countable additivity: whenever {E;}* | C .7 is a se-
quence of pairwise disjoint sets,

% (O Ei) = iﬂ(Ei)- (63)
i=1 i=1

Example 2.9 (Fair six-sided die). Let Q = {1,2,3,4,5,6}
and .# = 2%, Define

Al

ua)="2, ace. (64)
Then p is a probability measure on (Q,.%). For the event

E ={2,4,6}, one has

E)=>-=_. 65
HE)=c=5 (65)
Example 2.10 (Binary diagnostic outcome). Let Q =
{Positive, Negative} and .% = 2. Suppose

u({Positive}) = 0.02, 1({Negative}) =0.98. (66)

Then u extends uniquely to a probability measure on (Q,.%),
and p(Q) = 1. This models a binary outcome with positive
probability 0.02.

Example 2.11 (Poisson arrival counts). Let Q = Ny =
{0,1,2,...} and .# = 2Y0_ Fix A =4, and define

4k
p({k}) =e 4@, k € No. (67)
For any A C Np, set
44k
n(A) =Y e o (68)

Then  is a probability measure on (N, 2%0). For example,
2

n({0,1,2}) =e* (1 +4+ ;) ~0.2381.  (69)

Definition 2.12 (Hyper-Probability Measure). Let (Q,.%)
be a measurable space. A Hyper-Probability measure on
(Q,.F) is a set-valued map

HP:.7 — 2([0,1]) (70)

for which there exist a nonempty index set K and a family of
probability measures

{: F = [0, 1] bex (71)

such that, for every A € .%,
HP(A) = {u(A) | k€ K}. (72)

Remark 2.13. A Hyper-Probability measure is generally not
a single probability measure, but rather a set-valued aggrega-
tion of probability values arising from a family of ordinary
probability measures.

Example 2.14 (Weather forecast aggregation). Let Q =
{Rain,No Rain}, .# =29, and A = {Rain}. Suppose three
probability measures satisfy

‘LLJMA(A) = 0.327 ,thhr(A) = 0.28, ,LLApp(A) =0.30.
(73)

Then HP(A) = {0.28,0.30,0.32}.

Example 2.15 (Medical diagnosis from multiple sources).
Let Q = {Positive, Negative}, .# = 22, and B = {Positive}.
Suppose

Hciin(B) = 0.07,

Then HP(B) = {0.05,0.07,0.09}.

Example 2.16 (Credit default risk assessment). Let Q =
{Default,No Default}, .# = 2%, and C = {Default}. Sup-
pose

pmL(B) =0.05,  prap(B) =0.09. (74)

psep(C) = 0.02, HUMoody (C)=0.03, Wrien(C) = 0.025.
(75)

Then HP(C) = {0.02,0.025,0.03}.

Theorem 2.17 (Singleton-valued recovery of classical prob-
ability). Let HP be a Hyper-Probability measure induced by
a family { }rex. If K = {ko} is a singleton, then

HP(A) = { (A)}

Hence HP is the singleton-valued embedding of the ordinary
probability measure .

forall A € .%. (76)

Proof. If K = {ko}, then by Definition 2.12,

HP(A) = {m, (A)},

Since Ly, is a probability measure, the claim follows immedi-
ately. O

Ac 7. (77)

Theorem 2.18 (Hyper-additivity and boundary values).
Let HP be a Hyper-Probability measure induced by a family

{Uk }kek- Then:
(a) HP(2) = {0};
(b) HP(Q) = {1}

(c) if {A;}7, € & is a sequence of pairwise disjoint sets,
then

HP (OA,-) = {iiuk(f\i)

i=1

kEK}. (78)

Proof. For each k € K, since L is a probability measure,

:u'k(g) = 07 .u'k(Q) = 17 (79)
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and for pairwise disjoint {A;},,

Mk (UA,) =Y (4. (80)
i=1 i=1

Taking the set of these values over all k € K yields

HP(2) = {0},  HP(Q)={1}, 81)

and the asserted hyper-additivity formula. O

We now introduce the higher-order extension of Hyper-
Probability measures.

Definition 2.19 (Iterated powerset). Let X be a set. Define
recursively

20x):=x, 2"X):=2(2" (X)), n>0.

(82)

Definition 2.20 ((mn,n)-SuperHyperProbability Measure).
Let (Q,.%) be a measurable space, and let

{: F = [0,1] }rex (83)

be a nonempty family of probability measures on (Q,.%).
Let HP be the induced Hyper-Probability measure,

HP(A) = {(A) |k€K}, AeZ. (84

For integers m > 0 and n > 1, the associated (m,n)-
SuperHyperProbability measure is the map

SHP"™) : 2" (7) — 20 ([0,1]) (85)
defined recursively by:

(1) Vertical base and vertical recursion (1 = 0). For every
Ae 7,
SHP(*!) (A) := HP(A), (86)

and, forn > 2,

SHP" (4) := 2 (SHPO"~D(4)).  (87)

(2) Horizontal recursion (m > 1). Forevery U € 9(’”)(9 ),
define

SHP""(U) == [ ] SHP!"~1")(4). (88)
AeU

Remark 2.21. The ordinary scalar-valued probability mea-
sure belongs to level 0 and is best treated separately. The
construction in Definition 2.20 starts at the first set-valued
level n = 1, namely the Hyper-Probability measure.

Example 2.22 ((2,2)-SuperHyperProbability in intru-
sion-alert assessment). Let

Q= {wsm Wsq, Wsg wf&}a (89)

where

s, = signature alert and anomaly alert,
Wz = signature alert and no anomaly alert,
s, = no signature alert and anomaly alert,

W5z = no signature alert and no anomaly alert.

Let .# = 22, and define

A= {0, 05}, B = {0y, 05} (90)
Assume that
w(A)=0.70, u(A)=0.65 wu3(A)=0.75,
ui(B) =0.60, u(B)=0.55, u3(B)=0.65. (91)
Then

HP(A) = {0.65,0.70,0.75},
HP(B) = {0.55,0.60,0.65}. (92)

Define Uy = {A}, Ug = {B}, and V = {U,Up} € 2P (.%).
Then
SHP?2)(v) = SHP!?) ()
USHP!2) (Ug)
= 7 (HP(4))
U2 (HP(B))
— 2({0.65,0.70,0.75})
U2 ({0.55,0.60,0.65}).  (93)
Example 2.23 ((1,3)-SuperHyperProbability in credit de-

fault forecasting). Let Q = {Default,No Default}, & =29,
and C = {Default}. Suppose

1a(C) =002,  pg(C)=0.03,  pc(C)=0.025.

(94)
Then HP(C) = {0.02,0.025,0.03}. Let U = {C} € Z(F).
Then

SHP(3) (V) = @(3@({0.02,0.025,0.03})). (95)

Since £2({0.02,0.025,0.03}) has 8 elements, SHP('3) (1))
has 28 = 256 elements. For example,

{{0.02,0.025},{0.025,0.03}} € SHP!'3 (V). (96)
Theorem 2.24 (Specialization to Hyper-Probability and
singleton-valued classical probability). Under Defini-
tion 2.20, the following hold:

(a) forevery A € %,
SHP(®!(A) = HP(A); (97)
(b) if K ={ko} is a singleton, then
SHPOD(A) = {y, (A)}  forallAe.Z. (98)

Hence SHP(*!) is the singleton-valued embedding of
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the ordinary probability measure p,,.

Proof. Part (a) is immediate from the definition. For part (b),
if K={ko}, then
SHPOV(A) =HP(A) = {1, (4)}, AeZ. (99

This is exactly the singleton-valued representation of the

classical probability measure Ly, . 0
Theorem 2.25 (Well-definedness of
(m,n)-SuperHyperProbability measures). For every
m >0 and n > 1, the map

SHP!"™") . 20" (Z) — 2 ([0,1)) (100)

given in Definition 2.20 is well-defined.

Proof. Fix n > 1. We prove by induction on m that

SHP"") (U) € 2" ([0,1]) forevery U € 2" (F).
(101)
Base case: m=0.LetAe .#.Forn=1,

SHPV(A) =HP(A) € 2(]0,1]) = 21 ([0,1]). (102)
For n > 2, assuming inductively that

SHP(o,n—l)(A) c @(n—l)([o, 1)), (103)

we obtain

SHP(*"(A) = 2 (SHP*"~ 1 (4))
e 2(2"V([0,1])) = 2" ([0,1]). (104)

Inductive step on m. Assume that SHP"") is well-defined.
Let U € 22"+ (#). Then U C 2" (F), so for every
AcU,

SHP"™" (A) € 2 ([0, 1]). (105)

Since n > 1, every element of 22 ([0,1]) is a subset of
2=1([0,1]). Hence

|J sHP"™" (4) € 20~V ([0, 1)), (106)

AeU

and therefore the union belongs to 22 ([0, 1]). Thus

SHP" 1)U = | J SHP!"™")(4)
AeU

(107)

is well-defined. O

Theorem 2.26 (Structural Properties of (m,n)-SHP). For
n > 1, define recursively

Z, :={0}, Zn:=P(Zy—1), n>2, (108)
and
0, :={1}, Oy :=P(0y_1), n>2. (109)
Also define the m-fold singleton chain of Q by
Q¥.—=q  QmD.—yQM} m>0. (110)

Then the (m, n)-SuperHyperProbability measure SHP"") sat-
isfies:

(a) form=0,
SHP"(z) = Z,, (111)
whereas for every m > 1,
SHP"") (z) = &; (112)
(b) foreverym >0andn > 1,
SHP™M (QM) = 0,; (113)
(c) let m > 1. For any family {U;} jc; with
Uuic 2m(g),  jel, (114)
equivalently U; € 22" (.F), one has
SHp(™") (U U,-) = JsHP"™(U)). (115
jeJ JjeJ

Proof. (a) First let m = 0. Since every [ is a probability
measure,

SHPV)(2) = HP(@) = {0} = Z;. (116)

For n > 2, by vertical recursion,

SHP*") () = 2 (SHP " V(2)) = P(Z,_1) = Za.
(117)
Hence SHP(()’”)(@) =Z, foralln> 1. Now let m > 1. Then

SHP"" (@) = | J SHP" "1 (4) = &. (118)
Aeg
(b) For m > 1, since Q) = {Q("=11, we have
SHP"" (@) = | J SHP"!")(A)
AeQ(m)
= SHP("~ 1) (Qlm=1)), (119)
Iterating yields
SHP"™M (QM) = SHP" (Q). (120)
Since each ((Q) =1,
SHP"(Q) = HP(Q) = {1} = 0. (121)

Forn>2,

SHP" (Q) = 2 (SHP"~1)(Q)) = 2(0,-1) = O,.
(122)
Therefore, SHP("") (Q(’">) =0, forallm>0andn> 1.

(¢c) Let m > 1. Then

SHP"™") (UU,->_ J sHP"1(4).

JjeJ AelUjes Uj

(123)




Pure Mathematics for Theoretical Computer Science (PMTCS)

Vol. 06, No. 01 - 2026

Using
U x=U U xa, (124)
AEU]'GJ Uj jGJAEU/'
with X, := SHP("~1")(A), we obtain
SHP("™") <U Uj> =J | sHP" ") (4)

jel JjeJAeU;

= |JsHP"™") (U)). (125)
jel

This proves the claim. O

2.3 Hyper-Probability Distribution

A probability distribution describes how probabilities are as-
signed to values or events of a random variable across its
sample space; cf. [10, 11, 12]. In this subsection, we ex-
tend the classical probability distribution concept by introduc-
ing the frameworks of Hyper-Probability and Super-Hyper-
Probability.

Definition 2.27 (Probability Distribution). Let (Q, %, P)
be a probability space and let (E, &) be a measurable space.
A random variable X : Q — E is a measurable function, i.e.,
X~Y(B) € F for every B € &. The probability distribution
(or law) of X is the pushforward measure [13, 14, 15]

S =X.P:&—[0,1], X.PB)=P(X'(B)). (126

This single definition encompasses both discrete and continu-
ous cases:

(1) Discrete distributions. If E is countable (or finite), then
X has a probability mass function (pmf)

x€E, (127)

satisfying Y.< px (x) = 1 and Zx ({x}) = px (x).

(2) Absolutely continuous distributions. If £ = R (or RY)
and % < A (Lebesgue measure), then there exists a
probability density function (pdf) such that

fX(x) 2 Oa

[ Awax=1, a2
E

and

Z(B) = /B fiWdx, BeB(E). (129

(3) Cumulative distribution function (CDF). When E = R,
the cdf of X is

Fx(x) = % ((—e0,x]) =P(X <x), x€R, (130)

which satisfies:

* non-decreasing: x| < xy = Fy(x1) < Fx(x);

* right-continuous: limy, o Fx (x+ h) = Fx(x);

o limits: limy_, o Fx (x) = 0 and limy_, Fx (x) = 1.
Example 2.28 (Discrete Uniform Distribution: Fair

Six-Sided Die). Let Q = {1,2,3,4,5,6}, .% =29, and let
X : Q — Q be the identity map representing the outcome of

a die roll. Then X has the discrete uniform distribution with
probability mass function

1

px(k):P(X:k)ZE, k=1,2,...,6, (131)
so that for any event A C Q,
_ _ Al
(a) =Y px(k) =" (132)

keA

For example, the probability of rolling an even number is
Z({2,4,6}) =3/6=0.5.

Example 2.29 (Poisson Distribution: Customer Arrivals).
Let Q= {0,1,2,...}, . =22, and let X be the number of
customers entering a café in one hour. Historical data suggest
a Poisson model with mean A = 5. Then

px(k)=P(X =k) = R

a0 k=012, (133)
and for any A C Q,
55k
Zx(A)=) e il (134)
keA :

For instance, the probability of at most 3 customers is
Y3 e 5k /k! = 0.265.

Example 2.30 (Normal Distribution: Daily High Tem-
perature). Let Q = R, .# = #(R), and let X be the high
temperature (°C) in a city on a given day. Meteorological
records show X ~ .4 (u = 20,02 = 4). Its probability den-
sity function is

_ L (_(x—20)2
RN A 8

and for any Borel set B C R,

fx(x) ) x€R, (135)

1 2
% (B) = / —— e (20078 g
KB = Javam
For example, the probability of a “warm” day between 22°C
and 25°C s [5; fx (x)dx ~ 0.261.

Definition 2.31 (Hyper-Probability Distribution). Let
(Q,.#,P) be a probability space and (E,&’) a measurable
space. Fix a nonempty index set K and a family of probability
measures { P, : F — [0,1] }rek. A hyper-random variable is
a measurable map

(136)

X :Q — E qquadX " (B) € FquadvB e &.  (137)

Its hyper-probability distribution is the set-valued pushfor-
ward

HPx :X*{Pk}kEK 18— @([07 1])7 (138)

defined by

HPy(B) = {P(X"'(B)) |[keKk}, Beé&. (139)

Thus HPx (B) collects all classical probabilities that X € B
under the different measures P,.

Example 2.32 (Medical Diagnosis via Multiple Classifiers).
Let Q be the population of patients presenting a particular
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symptom, and let (E,&) = ({Positive, Negative},2%). De-
fine

X(@) = Positi\./e7 if patieTlt o has the disease, (140)
Negative, otherwise.
Three diagnostic procedures give
Peyin (X = Positive) = 0.07, (141)

Py (X = Positive) = 0.05, PLap(X = Positive) = 0.09.
(142)

Thus for the event C = {X = Positive},

HPx (C) = {0.05,0.07,0.09}, (143)

reflecting uncertainty across clinical judgment, algorithmic
prediction, and laboratory testing.

Example 2.33 (Credit Default Risk from Multiple Agen-

cies). Let Q be the set of corporate bonds and (E,&) =
({Default,No Default},2). Define

Default, if bond w defaults within one year,
X(w)=

No Default, otherwise.
(144)
Three rating agencies provide default probabilities:
Psgp(X = Default) = 0.02, (145)
Pyvioody (X = Default) = 0.03,
Priten (X = Default) = 0.025. (146)
Hence for the event D = {X = Default},
HPx (D) = {0.02,0.025,0.03}, (147)

offering a multi-source view of default risk used in portfolio
management.

Theorem 2.34 (Recovery of Classical Distribution). If
|K| =1, say K = {ko}, then

HPx (B) = {P, (X" '(B))} (148)

for all B, and the single-valued map B — P, (X~'(B)) is
exactly the ordinary probability distribution of X.

Proof. With K = {ko}, Definition 2.31 gives HPx(B) =
{P,,(X~(B))}. Discarding the singleton bracket yields the
classical pushforward measure X, Py, which by construction
is the law of X under Fy,. Hence hyper-distribution general-
izes the usual distribution. O

Theorem 2.35 (Hyper-Additivity). Let {B;}? ; C & be pair-
wise disjoint. Then

HPy (DB,) — {ipk(XI(Bi))

i=1

keK}. (149)

Moreover, HPx (@) = {0} and HPx (E) = {1}.

Proof. For each k € K, since P is a probability measure,

P (X‘l (ijB,)) —p, (LiJX‘I(Bi)>

P(X7'(B))).

(150)

™

i=1

Collecting these sums over all k gives the displayed formula.
Moreover, X ' (@) = @ and X' (E) = Q, so each P, gives
0 and 1, respectively; hence HPx (@) = {0} and HPx(E) =
{1}. O

Definition 2.36 ((m,n)-SuperHyperProbability distribu-
tion). Let (Q,.7) and (E, &) be measurable spaces, let

{Pe: F —[0,1]}rex (151)

be a nonempty family of probability measures on (Q,.%),
and let X : Q — E be an .# /&-measurable map. Define the
induced hyper-probability distribution

HPyx : & — 2([0,1)) (152)
by
HPx(B) :={P(X '(B))|ke K}, Beé&. (153)
For integers m > 0 and n > 1, the (m,n)-
SuperHyperProbability distribution of X is the map
SHPD"" : 2" (&) — 2" ([0,1])  (154)

defined recursively as follows:

(1) Vertical base and vertical recursion (. = 0). For each

Be &,
(0,1)

SHPD"" (B) := HPx (B), (155)
and, forn > 2,
SHPD{" (B) := 2 (SHPDY" " V(B)).  (156)

(2) Horizontal recursion (m > 1). For each U € 22" (&),
define

SHPDY""(U) := | J SHPDY" " (B).
BeU

(157)

Remark 2.37. The ordinary single-valued distribution of X
is naturally treated separately as the pushforward measure
X.P(B) :=P(X"!(B)),

Be&. (158)

Thus the present definition starts at the first set-valued level

n =1, where SHPD"") = HPy.

Example 2.38 ((2, 1)-SuperHyperProbability distribution
in weather-event portfolios). Let E = {Rain, Storm}, & =
2F and let X : Q — E be a measurable map describing the
weather outcome. Set

Bg := {Rain}, Bg := {Storm}. (159)
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Assume that

HPy (Bz) = {0.28,0.30,0.32},

HPy (Bs) = {0.05,0.08}. (160)

Define U; := {Br}, Us := {Bs}, and V := {U,U,} €
22)(&). Then

supD >V (v) = supD{! (1) USHPDY ) (1)
= HP)((BR) UHPx(Bs)

={0.05,0.08,0.28,0.30,0.32}.  (161)

This combines all first-level hyper-probability values arising
from the two weather-event portfolios.

Example 2.39 ((1,3)-SuperHyperProbability distribution
for portfolio-loss scenarios). Let E = {Loss > 5%, Loss <
5%}, & = 2E and let X : Q — E be the measurable map
describing the quarterly loss category. Set C := {Loss >
5%} € &. Assume that four probability measures satisfy

Py(X1(0) =0.10,
Pe(X71(C)) =0.15,

Pz(X1(0) =0.12,

Pp(X1(C))=0.08. (162)

Then
HPx (C) = {0.08,0.10,0.12,0.15}.

LetU :={C} € #(&). Forn=3,

(163)

supD{ Y (U) = 32(3”({0.08,0.10,0.1270.15})). (164)

Since £2({0.08,0.10,0.12,0.15}) has 2* = 16 elements, the
set SHPD{™ (U/) has 2!6 elements. For example,

{{0.08,0.12},{0.10,0.15},{0.08,0.10,0.15} }

e suPD{ Y (V). (165)

This is a third-order uncertainty object built from the underly-
ing loss-exceedance assessments.

Theorem 2.40 (Specialization to classical and hyper-prob-
ability distributions). In the setting of Definition 2.36, the
following hold:

(a) forevery B€ &,

SHPD{"" (B) = HP (B); (166)
(b) if K = {ko} is a singleton, then for every B € &,
HPy (B) = {(X.P)(B)}. (167)

Hence SHPDg? D is the singleton-valued embedding of

the ordinary probability distribution X, P,.
Proof. Part (a) is immediate from the definition:
SHPD""")(B) = HPx (B) = {P.(X '(B)) [k € K}. (168)
For part (b), if K = {ko}, then

HPx (B) = {P,,(X "' (B))} = {(X.P,)(B)}.  (169)

Therefore SHPD§(0’1) records exactly the ordinary pushfor-
ward probability, viewed as a singleton-valued set. U

Theorem 2.41 (Well-definedness of
(m,n)-SuperHyperProbability distributions). For
every m > 0 and n > 1, the map

SHPD{"™" : (M (&) — 2™ ([0,1])  (170)
given in Definition 2.36 is well-defined. Moreover,

for every n > 1, SHPD&OM is exactly the usual n-

SuperHyperProbability induced by the hyper-probability dis-
tribution HPy.

Proof. Fix n > 1. We prove by induction on m that

SHPD"" (U) € 2" ([0,1]) for every U € 2™ (&),
(171)
Base case: m=0.LetB€ &. Forn=1,

SHPD\" (B) =HPx (B) € 2([0,1]) = 21 ([0,1]). (172)
For n > 2, assuming inductively that

sHPD "V (B) € 2V ((0,1]), (173)

we get

SHPD" (B) = 2 (SHPD" ") (B))

e 2(2"V([0,1))) = 2" ([0,1]). (174)

(m7n)

Inductive step on m. Assume that SHPDy, " is well-defined.
LetU € 2"+1)(&). Then U C 2™ (&), so foreach B € U,
SHPD"" (B) € 2" ([0, 1)). (175)

Since n > 1, every element of 22 ([0,1]) is a subset of
2=1([0,1]). Hence

U sHPDY™" () € 2V ([0,1]),
BeU

(176)

which implies that the union belongs to 22 ([0, 1]). There-
fore
SHPDY"" " (U) = | J SHPDY"" (B)
BeU

(177)

is well-defined. Thus SHPD{"" is well-defined for all m > 0
and n > 1. When m = 0, the recursive definition is exactly the
usual vertical n-SuperHyperProbability construction applied
to HPy. O

Theorem 2.42 (Structural properties of (m,7)-SHPD). For
n > 1, define recursively

Zl = {0}, Zn = c@(znfl)y n 2 23 (178)

and

= {]}7 0, := @(On_1>7 n>2. (179)

10
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Also define the m-fold singleton chain of E by

EO =g, ED.—(EM) m>o0. (180)

Then the maps SHPD;"’”) satisfy the following properties:

(a) form =0,
SHPD\"" (o) = Z,, (181)
whereas for every m > 1,
SHPDY"™" (2) = @ (182)
(b) foreverym >0andn > 1,
SHPDY"" (E(™) = 0,; (183)
(c) let m > 1. For any family {U;} jc; with
u;c 2me), el (184)
equivalently U; € 22" (&), one has
SHPD ) (U U, ) =U SHPD)((m’")(Uj). (185)
JjeJ jeJ

Proof. (a) First let m = 0. Since X~ !(@) = @ and every

probability measure satisfies P,(@) = 0, we have
SHPD" (2) =HPx (2) = {0} =Z.  (186)

For n > 2, by vertical recursion,

SHPDY" (2) = 2 (SHPDY" ) (2)) = P(Z, 1) = Zy.
(187)
Hence SHPD\"") (@) = Z, forall n > 1. Now let m > 1. Then
SHPDY"" (@) = | J SHPDY" " (B) = @.
Beg

(188)

(b) For m > 1, since E™) = {E("~1}, the horizontal recur-

SlOIl glves
sHPDY"™" (E") = | J SHPDY" " (B)
BeE(m)
— SHPDY" " (EC-1). (189)
Iterating this identity yields
SHPDY"" (E™) = SHPD "™ (E). (190)
Since X' (E) = Q and P,(Q) = 1 for all k € K,
SHPD'V(E) =HPy(E) = {1} =0;.  (191)
Forn > 2,
SHPD" (E) = 2(SHPDL" V(E)) = 2(0,_1) = O,.
(192)

Therefore SHPD;"’") (E (”’)) =0, forallm>0andn> 1.

(¢) Let m > 1. Then

SHPD{"") (UU)

jeJ

J sHPDY"""(B). (193)
BEUje] Uj

Using the elementary identity

U %=UU %,

BEUJ'E]UJ‘ jGJBEU_]'

(194)

with Yp := SHPD('" 1) (B), we obtain

SHPDY"" (UU) U U sHPDY ()

jeJ JEJBEU;
— |JSHPDY(U).  (195)
jer
This proves the claim. O

3. CONCLUSION

In this paper, we have formally defined the Hyper-Probability
Measure and the Hyper-Probability Distribution, examined
their fundamental properties, and demonstrated how these
constructs unify and extend classical probability theory within
the Hyper- and Super-HyperProbability paradigms. Future
research will explore potential extensions of these concepts
by integrating them with established uncertainty frameworks,
including Fuzzy Sets, Intuitionistic Fuzzy Sets, HyperFuzzy
Sets, Vague Sets, Rough Sets, Neutrosophic Sets, Hesitant
Fuzzy Sets, and Plithogenic Sets. In particular, we expect fur-
ther progress in the study of extensions based on frameworks
such as Neutrosophic Probability [16, 17, 18].
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