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Abstract

Standard probability theory assigns each event a single real value in [0, 1], satisfying non-negativity, nor-
malization, and countable additivity. Hyper-Probability extends this notion by assigning to each event a
set of probability values in [0, 1], thereby capturing multiple independent assessments from diverse sources.
Super-HyperProbability further generalizes the framework by mapping events to iterated power sets of [0, 1],
modeling hierarchical uncertainty across multiple aggregation levels. In this paper, we formally define the
Hyper-Probability Measure and Hyper-Probability Distribution, examine their fundamental properties, and
demonstrate how these constructs unify and extend classical probability within the Hyper- and Super-HyperProbability
paradigms.
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1 Preliminaries

This section provides an introduction to the foundational concepts and definitions required for the discussions
in this paper.

1.1 Power Set and nth Power Set

Power set of set S is the collection of all its subsets, including the empty set and S itself.1 The nth power set
of S is obtained by iteratively applying the power set operation n times to S.2

Definition 1.1 (Base Set). A base set S is the underlying set from which more elaborate structures, such as
powersets and hyperstructures, are constructed. It is defined as

S = {x | x belongs to a specified domain}.

All elements used in constructions like P(S) or Pn(S) are drawn from the base set S.

Definition 1.2 (Powerset). 1, 3 The powerset of a set S, denoted by P(S), is the collection of all subsets of S,
including both the empty set and S itself:

P(S) = {A | A ⊆ S}.
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Definition 1.3 (n-th Powerset). (cf.2)

The n-th powerset of a set H , denoted Pn(H), is defined iteratively, starting with the standard powerset. The
recursive construction is given by:

P1(H) = P(H), Pn+1(H) = P(Pn(H)), for n ≥ 1.

Similarly, the n-th non-empty powerset, denoted P∗
n(H), is defined recursively as:

P∗
1 (H) = P∗(H), P∗

n+1(H) = P∗(P∗
n(H)).

Here, P∗(H) represents the powerset of H with the empty set removed.

Example 1.4 (Ensemble of Regression Models via the 2nd Powerset). Let H = {X1, X2, X3} be a set of
three predictor variables in a regression study. Then the first powerset

P1(H) = P(H) =
{
∅, {X1}, {X2}, {X3}, {X1, X2}, {X1, X3}, {X2, X3}, {X1, X2, X3}

}
enumerates all possible subsets of predictors, each corresponding to a candidate regression model. Applying
the powerset operation again yields the second powerset

P2(H) = P
(
P1(H)

)
,

whose elements are sets of candidate models. For instance,

U =
{
{X1, X2}, {X2, X3}

}
∈ P2(H)

represents an ensemble composed of the two regression models that use {X1, X2} and {X2, X3} respectively.
This construction formalizes how one can organize and compare collections of models in statistical practice.

1.2 HyperProbability

Standard probability theory assigns each event a single real value in [0, 1], satisfying non-negativity, normal-
ization, and countable additivity (cf.4, 5). HyperProbability assigns a set of probability values to each event,
capturing uncertainty from multiple sources.6 The definitions and examples of HyperProbability are presented
below.

Definition 1.5 (Probability Space). (cf.7, 8) A probability space is a triple (Ω,F , P ) where

• Ω is a nonempty set called the sample space;

• F is a σ-algebra of subsets of Ω, called the event space;

• P : F → [0, 1] is a function, called a probability measure, satisfying:

1. P (A) ≥ 0 for all A ∈ F (non-negativity),

2. P (Ω) = 1 (normalization),

3. For any countable sequence of pairwise disjoint events A1, A2, · · · ∈ F ,

P
( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P (Ai) (countable additivity).

Definition 1.6 (Hyper-Probability). 6 Let (Ω,F) be a measurable space, and let

{pk : F → [0, 1]}k∈K

be a nonempty family of probability measures on (Ω,F), where K is a nonempty index set.
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The Hyper-Probability induced by {pk}k∈K is the set-valued map

HP : F −→ P([0, 1])

defined by
HP(A) := { pk(A) | k ∈ K }, A ∈ F .

Thus, for each event A, the value HP(A) collects all probability assessments assigned to A by the family of
classical probability measures {pk}k∈K .

Example 1.7 (Hyper-Probability for a Tokyo rain forecast). Let

Ω = {Rain,No Rain}, F = 2Ω.

Consider the event
A = {Rain}.

Suppose that three forecasting sources provide probability measures

pJMA, pW, pApp : F → [0, 1],

such that
pJMA(A) = 0.32, pW(A) = 0.28, pApp(A) = 0.30.

Since each pk is a probability measure, it is understood that

pk(∅) = 0, pk(Ω) = 1, pk({No Rain}) = 1− pk(A)

for k ∈ {JMA,W,App}.

Hence the induced Hyper-Probability satisfies

HP(A) = { pJMA(A), pW(A), pApp(A) } = {0.28, 0.30, 0.32}.

Therefore, the event A is represented not by a single probability value, but by the set of multiple probability
assessments {0.28, 0.30, 0.32}.

1.3 n-SuperHyperProbability

n-SuperHyperProbability extends HyperProbability by iterating the powerset construction, thereby represent-
ing hierarchical layers of uncertainty or belief aggregation.

To avoid ambiguity, we first introduce the iterated powerset notation.

Definition 1.8 (Iterated powerset). Let X be a set. Define recursively

P(0)(X) := X, P(n+1)(X) := P
(
P(n)(X)

)
(n ≥ 0),

where P(X) denotes the powerset of X .

The definition of n-SuperHyperProbability is now given as follows.
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Definition 1.9 (n-SuperHyperProbability). 6 Let (Ω,F) be a measurable space, and let

HP : F −→ P([0, 1])

be a HyperProbability.

For each integer n ≥ 1, the associated n-SuperHyperProbability is the map

SHP(n) : F −→ P(n)([0, 1])

defined recursively by
SHP(1)(A) := HP(A),

and, for n ≥ 2,
SHP(n)(A) := P

(
SHP(n−1)(A)

)
, A ∈ F .

Equivalently,
SHP(n)(A) = P(n−1)

(
HP(A)

)
(n ≥ 1).

In particular, SHP(1) coincides with HyperProbability.

Remark 1.10. If one wishes to include the classical case as level 0, one may adopt the convention

P(0)([0, 1]) = [0, 1]

and regard an ordinary probability measure

p : F → [0, 1]

as a 0-level probability object. However, this level-0 object is not determined by HP alone in general, so it is
better treated separately from Definition 1.9.

Example 1.11 (2-SuperHyperProbability in a Tokyo rain forecast). Let

Ω = {Rain,No Rain},

and let F = 2Ω be the corresponding σ-algebra. Consider the event

A = {Rain}.

Assume that three forecasting sources provide the HyperProbability

HP(A) = {0.28, 0.30, 0.32}.

Then, by Definition 1.9,

SHP(2)(A) = P
(
HP(A)

)
= P

(
{0.28, 0.30, 0.32}

)
.

Hence

SHP(2)(A) =
{
∅, {0.28}, {0.30}, {0.32}, {0.28, 0.30}, {0.28, 0.32}, {0.30, 0.32}, {0.28, 0.30, 0.32}

}
.

Thus, a 2-SuperHyperProbability records not only individual probability assessments, but also all possible
subcollections of those assessments, representing a second-order layer of uncertainty aggregation.

2 Main Results

This section presents the main results obtained in this paper.
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2.1 (m,n)-SuperHyperProbability

An (m,n)-SuperHyperProbability extends HyperProbability in two independent directions: the horizontal
index m records iterated collections of events, while the vertical index n records iterated powerset levels of
probability values.

For convenience, recall the iterated powerset notation:

P(0)(X) := X, P(k+1)(X) := P
(
P(k)(X)

)
(k ≥ 0).

Definition 2.1 ((m,n)-SuperHyperProbability). Let (Ω,F) be a measurable space, and let

HP : F −→ P([0, 1])

be a Hyper-Probability.

For integers m ≥ 0 and n ≥ 1, define the map

SHP(m,n) : P(m)(F) −→ P(n)([0, 1])

recursively as follows.

(1) Vertical base and vertical recursion (m = 0). For every A ∈ F ,

SHP(0,1)(A) := HP(A),

and for n ≥ 2,
SHP(0,n)(A) := P

(
SHP(0,n−1)(A)

)
.

(2) Horizontal recursion (m ≥ 1). For every U ∈ P(m)(F), define

SHP(m,n)(U) :=
⋃
A∈U

SHP(m−1,n)(A).

Remark 2.2. The classical single-valued probability level is best treated separately. If P : F → [0, 1] is an
ordinary probability measure, one may regard P as the level (0, 0) object. However, for m ≥ 1, the horizontal
recursion is naturally formulated only for n ≥ 1, because it involves unions of set-valued outputs.

Example 2.3 ((1, 2)-SuperHyperProbability for Tokyo weather events). Let

Ω = {ωrs, ωrs̄, ωr̄s, ωr̄s̄},

where

ωrs = rain and storm, ωrs̄ = rain and no storm, ωr̄s = no rain and storm, ωr̄s̄ = no rain and no storm,

and let F = 2Ω.

Define the events
A := {ωrs, ωrs̄} (rain),

B := {ωrs, ωr̄s} (storm).

Suppose that
HP(A) = {0.28, 0.30, 0.32}, HP(B) = {0.05, 0.08}.

Let
U := {A,B} ∈ P(F).

Then
SHP(1,2)(U) = SHP(0,2)(A) ∪ SHP(0,2)(B) = P

(
HP(A)

)
∪ P

(
HP(B)

)
.

Hence
SHP(1,2)(U) = P

(
{0.28, 0.30, 0.32}

)
∪ P

(
{0.05, 0.08}

)
.

Thus SHP(1,2)(U) consists of all subsets of {0.28, 0.30, 0.32} together with all subsets of {0.05, 0.08}, rep-
resenting a second-order uncertainty structure over the two weather events.
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Example 2.4 ((2, 1)-SuperHyperProbability for aggregated weather portfolios). Using the same measurable
space and the same events A and B, define

U1 := {A,B}, U2 := {A}, V := {U1, U2} ∈ P(2)(F).

Then
SHP(2,1)(V ) = SHP(1,1)(U1) ∪ SHP(1,1)(U2).

Now
SHP(1,1)(U1) = HP(A) ∪HP(B), SHP(1,1)(U2) = HP(A),

so
SHP(2,1)(V ) =

(
HP(A) ∪HP(B)

)
∪HP(A) = {0.05, 0.08, 0.28, 0.30, 0.32}.

This value aggregates all probability assessments arising from the two first-level weather portfolios.

Example 2.5 (Supply-chain failure risk as a (2, 2)-SuperHyperProbability). Let

Ω = {ω00, ω10, ω01, ω11},

where ωij indicates whether supplier X fails (i = 1) or not (i = 0), and whether supplier Y fails (j = 1) or
not (j = 0). Let F = 2Ω, and define

A := {ω10, ω11} (supplier X fails),

B := {ω01, ω11} (supplier Y fails).

Assume that
HP(A) = {0.20, 0.30}, HP(B) = {0.50, 0.70}.

Set
UA := {A}, UB := {B}, V := {UA, UB} ∈ P(2)(F).

Then
SHP(2,2)(V ) = SHP(1,2)(UA) ∪ SHP(1,2)(UB) = P

(
HP(A)

)
∪ P

(
HP(B)

)
.

Therefore,
SHP(2,2)(V ) = P

(
{0.20, 0.30}

)
∪ P

(
{0.50, 0.70}

)
,

that is,
SHP(2,2)(V ) =

{
∅, {0.20}, {0.30}, {0.20, 0.30}, {0.50}, {0.70}, {0.50, 0.70}

}
.

This gives a second-order, two-portfolio uncertainty representation for supplier-failure risk.

Example 2.6 (Election uncertainty as a (1, 3)-SuperHyperProbability). Let

Ω = {Win,Lose}, F = 2Ω, E := {Win}.

Suppose that polling sources provide

HP(E) = {0.42, 0.45, 0.47}.

Let
U := {E} ∈ P(F).

Then
SHP(1,3)(U) = SHP(0,3)(E) = P

(
P
(
HP(E)

))
.

Hence
SHP(1,3)(U) = P

(
P
(
{0.42, 0.45, 0.47}

))
.

Since P({0.42, 0.45, 0.47}) has 8 elements, the set SHP(1,3)(U) has 28 = 256 elements. For example,{
{0.42}, {0.45, 0.47}

}
∈ SHP(1,3)(U).

This is a third-order uncertainty object built from the underlying election-win assessments.
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Theorem 2.7 (Well-definedness of (m,n)-SuperHyperProbability). For every m ≥ 0 and n ≥ 1, the map

SHP(m,n) : P(m)(F) → P(n)([0, 1])

in Definition 2.1 is well-defined.

Moreover, for every n ≥ 1,
SHP(0,n) = SHP(n),

where SHP(n) denotes the usual n-SuperHyperProbability induced by HP.

Proof. Fix n ≥ 1. We prove by induction on m that

SHP(m,n)(U) ∈ P(n)([0, 1]) for all U ∈ P(m)(F).

Base case: m = 0. If m = 0, then U = A ∈ F . For n = 1,

SHP(0,1)(A) = HP(A) ∈ P([0, 1]) = P(1)([0, 1]).

For n ≥ 2, assume inductively that

SHP(0,n−1)(A) ∈ P(n−1)([0, 1]).

Then
SHP(0,n)(A) = P

(
SHP(0,n−1)(A)

)
∈ P

(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Hence SHP(0,n) is well-defined for every n ≥ 1.

Inductive step on m. Assume that for some m ≥ 0, the map

SHP(m,n) : P(m)(F) → P(n)([0, 1])

is well-defined. Let U ∈ P(m+1)(F). Then U is a subset of P(m)(F), and for each A ∈ U ,

SHP(m,n)(A) ∈ P(n)([0, 1]).

Since n ≥ 1, every element of P(n)([0, 1]) is a subset of P(n−1)([0, 1]). Therefore,⋃
A∈U

SHP(m,n)(A) ⊆ P(n−1)([0, 1]),

and hence ⋃
A∈U

SHP(m,n)(A) ∈ P
(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Thus
SHP(m+1,n)(U) =

⋃
A∈U

SHP(m,n)(A)

is well-defined.

By induction on m, SHP(m,n) is well-defined for all m ≥ 0 and n ≥ 1.

Finally, when m = 0, the above definition is exactly the recursive definition of the usual n-SuperHyperProbability
induced by HP. Hence

SHP(0,n) = SHP(n) (n ≥ 1).

This completes the proof.
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2.2 Hyper-Probability Measure

A probability measure is a map from a σ-algebra to the unit interval [0, 1] satisfying the usual axioms of
non-negativity, normalization, and countable additivity. In this subsection, we first recall the classical notion
of probability measure, then introduce Hyper-Probability measures and their higher-order extension, namely
(m,n)-SuperHyperProbability measures.

Definition 2.8 (Probability Measure). (cf.9) Let (Ω,F) be a measurable space, where Ω is a nonempty set and
F is a σ-algebra of subsets of Ω. A probability measure on (Ω,F) is a function

µ : F −→ [0, 1]

such that:

(1) Non-negativity:
µ(E) ≥ 0 for all E ∈ F .

(2) Null empty set:
µ(∅) = 0.

(3) Normalization:
µ(Ω) = 1.

(4) Countable additivity: whenever {Ei}∞i=1 ⊆ F is a sequence of pairwise disjoint sets,

µ
( ∞⋃
i=1

Ei

)
=

∞∑
i=1

µ(Ei).

Example 2.9 (Fair six-sided die). Let

Ω = {1, 2, 3, 4, 5, 6}, F = 2Ω.

Define

µ(A) :=
|A|
6

(A ⊆ Ω).

Then µ is a probability measure on (Ω,F). For the event

E = {2, 4, 6},

one has
µ(E) =

3

6
=

1

2
.

Example 2.10 (Binary diagnostic outcome). Let

Ω = {Positive,Negative}, F = 2Ω.

Suppose
µ({Positive}) = 0.02, µ({Negative}) = 0.98.

Then µ extends uniquely to a probability measure on (Ω,F), and

µ(Ω) = 1.

This models a binary outcome with positive probability 0.02.

Example 2.11 (Poisson arrival counts). Let

Ω = N0 = {0, 1, 2, . . . }, F = 2N0 .

Fix λ = 4, and define

µ({k}) = e−4 4
k

k!
, k ∈ N0.
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For any A ⊆ N0, set

µ(A) :=
∑
k∈A

e−4 4
k

k!
.

Then µ is a probability measure on (N0, 2
N0). For example,

µ({0, 1, 2}) = e−4
(
1 + 4 +

42

2!

)
≈ 0.2381.

Definition 2.12 (Hyper-Probability Measure). Let (Ω,F) be a measurable space. A Hyper-Probability mea-
sure on (Ω,F) is a set-valued map

HP : F −→ P([0, 1])

for which there exist a nonempty index set K and a family of probability measures

{µk : F → [0, 1]}k∈K

such that, for every A ∈ F ,
HP(A) = {µk(A) | k ∈ K}.

Remark 2.13. A Hyper-Probability measure is generally not a single probability measure, but rather a set-
valued aggregation of probability values arising from a family of ordinary probability measures.

Example 2.14 (Weather forecast aggregation). Let

Ω = {Rain,No Rain}, F = 2Ω, A = {Rain}.

Suppose three probability measures satisfy

µJMA(A) = 0.32, µWthr(A) = 0.28, µApp(A) = 0.30.

Then
HP(A) = {0.28, 0.30, 0.32}.

Example 2.15 (Medical diagnosis from multiple sources). Let

Ω = {Positive,Negative}, F = 2Ω, B = {Positive}.

Suppose
µClin(B) = 0.07, µML(B) = 0.05, µLab(B) = 0.09.

Then
HP(B) = {0.05, 0.07, 0.09}.

Example 2.16 (Credit default risk assessment). Let

Ω = {Default,No Default}, F = 2Ω, C = {Default}.

Suppose
µS&P(C) = 0.02, µMoody(C) = 0.03, µFitch(C) = 0.025.

Then
HP(C) = {0.02, 0.025, 0.03}.

Theorem 2.17 (Singleton-valued recovery of classical probability). Let HP be a Hyper-Probability measure
induced by a family {µk}k∈K . If K = {k0} is a singleton, then

HP(A) = {µk0
(A)} for all A ∈ F .

Hence HP is the singleton-valued embedding of the ordinary probability measure µk0
.

Proof. If K = {k0}, then by Definition 2.12,

HP(A) = {µk0
(A)} (A ∈ F).

Since µk0
is a probability measure, the claim follows immediately.
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Theorem 2.18 (Hyper-additivity and boundary values). Let HP be a Hyper-Probability measure induced by a
family {µk}k∈K . Then:

(a)
HP(∅) = {0}.

(b)
HP(Ω) = {1}.

(c) If {Ai}∞i=1 ⊆ F is a sequence of pairwise disjoint sets, then

HP
( ∞⋃
i=1

Ai

)
=

{ ∞∑
i=1

µk(Ai)

∣∣∣∣∣ k ∈ K

}
.

Proof. For each k ∈ K, since µk is a probability measure,

µk(∅) = 0, µk(Ω) = 1,

and for pairwise disjoint {Ai}∞i=1,

µk

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

µk(Ai).

Taking the set of these values over all k ∈ K yields

HP(∅) = {0}, HP(Ω) = {1},

and

HP
( ∞⋃
i=1

Ai

)
=

{ ∞∑
i=1

µk(Ai) | k ∈ K

}
.

We now introduce the higher-order extension of Hyper-Probability measures.

Definition 2.19 (Iterated powerset). Let X be a set. Define recursively

P(0)(X) := X, P(n+1)(X) := P
(
P(n)(X)

)
(n ≥ 0).

Definition 2.20 ((m,n)-SuperHyperProbability Measure). Let (Ω,F) be a measurable space, and let

{µk : F → [0, 1]}k∈K

be a nonempty family of probability measures on (Ω,F). Let HP be the induced Hyper-Probability measure,

HP(A) = {µk(A) | k ∈ K}, A ∈ F .

For integers m ≥ 0 and n ≥ 1, the associated (m,n)-SuperHyperProbability measure is the map

SHP(m,n) : P(m)(F) −→ P(n)([0, 1])

defined recursively by:

(1) Vertical base and vertical recursion (m = 0). For every A ∈ F ,

SHP(0,1)(A) := HP(A),

and for n ≥ 2,
SHP(0,n)(A) := P

(
SHP(0,n−1)(A)

)
.
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(2) Horizontal recursion (m ≥ 1). For every U ∈ P(m)(F), define

SHP(m,n)(U) :=
⋃
A∈U

SHP(m−1,n)(A).

Remark 2.21. The ordinary scalar-valued probability measure belongs to level 0 and is best treated separately.
The construction in Definition 2.20 starts at the first set-valued level n = 1, namely the Hyper-Probability
measure.

Example 2.22 ((2, 2)-SuperHyperProbability in intrusion-alert assessment). Let

Ω = {ωsa, ωsā, ωs̄a, ωs̄ā},

where
ωsa = signature alert and anomaly alert, ωsā = signature alert and no anomaly alert,

ωs̄a = no signature alert and anomaly alert, ωs̄ā = no signature alert and no anomaly alert.

Let F = 2Ω, and define the events

A = {ωsa, ωsā}, B = {ωsa, ωs̄a}.

Assume that
µ1(A) = 0.70, µ2(A) = 0.65, µ3(A) = 0.75,

µ1(B) = 0.60, µ2(B) = 0.55, µ3(B) = 0.65.

Then
HP(A) = {0.65, 0.70, 0.75}, HP(B) = {0.55, 0.60, 0.65}.

Define
UA = {A}, UB = {B}, V = {UA, UB} ∈ P(2)(F).

Then
SHP(2,2)(V ) = SHP(1,2)(UA) ∪ SHP(1,2)(UB) = P(HP(A)) ∪ P(HP(B)).

That is,
SHP(2,2)(V ) = P

(
{0.65, 0.70, 0.75}

)
∪ P

(
{0.55, 0.60, 0.65}

)
.

Example 2.23 ((1, 3)-SuperHyperProbability in credit default forecasting). Let

Ω = {Default,No Default}, F = 2Ω, C = {Default}.

Suppose
µA(C) = 0.02, µB(C) = 0.03, µC(C) = 0.025.

Then
HP(C) = {0.02, 0.025, 0.03}.

Let
U = {C} ∈ P(F).

Then
SHP(1,3)(U) = SHP(0,3)(C) = P

(
P
(
{0.02, 0.025, 0.03}

))
.

Since P({0.02, 0.025, 0.03}) has 8 elements, the set

SHP(1,3)(U)

has 28 = 256 elements. For example,{
{0.02, 0.025}, {0.025, 0.03}

}
∈ SHP(1,3)(U).

Theorem 2.24 (Specialization to Hyper-Probability and singleton-valued classical probability). Under Defi-
nition 2.20, the following hold:

(a) For every A ∈ F ,
SHP(0,1)(A) = HP(A).
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(b) If K = {k0} is a singleton, then

SHP(0,1)(A) = {µk0(A)} for all A ∈ F .

Hence SHP(0,1) is the singleton-valued embedding of the ordinary probability measure µk0
.

Proof. Part (a) is immediate from the definition. For part (b), if K = {k0}, then

SHP(0,1)(A) = HP(A) = {µk0(A)} (A ∈ F).

This is exactly the singleton-valued representation of the classical probability measure µk0
.

Theorem 2.25 (Well-definedness of (m,n)-SuperHyperProbability measures). For every m ≥ 0 and n ≥ 1,
the map

SHP(m,n) : P(m)(F) −→ P(n)([0, 1])

given in Definition 2.20 is well-defined.

Proof. Fix n ≥ 1. We prove by induction on m that

SHP(m,n)(U) ∈ P(n)([0, 1]) for every U ∈ P(m)(F).

Base case: m = 0. Let A ∈ F . For n = 1,

SHP(0,1)(A) = HP(A) ∈ P([0, 1]) = P(1)([0, 1]).

For n ≥ 2, assuming inductively that

SHP(0,n−1)(A) ∈ P(n−1)([0, 1]),

we obtain
SHP(0,n)(A) = P

(
SHP(0,n−1)(A)

)
∈ P

(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Inductive step on m. Assume that

SHP(m,n) : P(m)(F) → P(n)([0, 1])

is well-defined. Let U ∈ P(m+1)(F). Then U ⊆ P(m)(F), so for every A ∈ U ,

SHP(m,n)(A) ∈ P(n)([0, 1]).

Since n ≥ 1, every element of P(n)([0, 1]) is a subset of P(n−1)([0, 1]). Hence⋃
A∈U

SHP(m,n)(A) ⊆ P(n−1)([0, 1]),

and therefore ⋃
A∈U

SHP(m,n)(A) ∈ P
(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Thus
SHP(m+1,n)(U) =

⋃
A∈U

SHP(m,n)(A)

is well-defined.
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Theorem 2.26 (Structural Properties of (m,n)-SHP). For n ≥ 1, define recursively

Z1 := {0}, Zn := P(Zn−1) (n ≥ 2),

and
O1 := {1}, On := P(On−1) (n ≥ 2).

Also define the m-fold singleton chain of Ω by

Ω(0) := Ω, Ω(m+1) := {Ω(m)} (m ≥ 0).

Then the (m,n)-SuperHyperProbability measure SHP(m,n) satisfies:

(a) For m = 0,
SHP(0,n)(∅) = Zn.

For every m ≥ 1,
SHP(m,n)(∅) = ∅.

(b) For every m ≥ 0 and n ≥ 1,
SHP(m,n)

(
Ω(m)

)
= On.

(c) Let m ≥ 1. For any family {Uj}j∈J with

Uj ⊆ P(m−1)(F) (j ∈ J),

equivalently Uj ∈ P(m)(F), one has

SHP(m,n)
(⋃
j∈J

Uj

)
=

⋃
j∈J

SHP(m,n)(Uj).

Proof. (a) First let m = 0. Since every µk is a probability measure,

SHP(0,1)(∅) = HP(∅) = {0} = Z1.

For n ≥ 2, by vertical recursion,

SHP(0,n)(∅) = P
(
SHP(0,n−1)(∅)

)
= P(Zn−1) = Zn.

Hence SHP(0,n)(∅) = Zn for all n ≥ 1.

Now let m ≥ 1. Then
SHP(m,n)(∅) =

⋃
A∈∅

SHP(m−1,n)(A) = ∅.

(b) For m ≥ 1, since Ω(m) = {Ω(m−1)}, we have

SHP(m,n)
(
Ω(m)

)
=

⋃
A∈Ω(m)

SHP(m−1,n)(A) = SHP(m−1,n)
(
Ω(m−1)

)
.

Iterating yields
SHP(m,n)

(
Ω(m)

)
= SHP(0,n)(Ω).

Since each µk(Ω) = 1,
SHP(0,1)(Ω) = HP(Ω) = {1} = O1.

For n ≥ 2,
SHP(0,n)(Ω) = P

(
SHP(0,n−1)(Ω)

)
= P(On−1) = On.

Therefore,
SHP(m,n)

(
Ω(m)

)
= On
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for all m ≥ 0 and n ≥ 1.

(c) Let m ≥ 1. Then
SHP(m,n)

(⋃
j∈J

Uj

)
=

⋃
A∈

⋃
j∈J Uj

SHP(m−1,n)(A).

Using ⋃
A∈

⋃
j∈J Uj

XA =
⋃
j∈J

⋃
A∈Uj

XA,

with XA := SHP(m−1,n)(A), we obtain

SHP(m,n)
(⋃
j∈J

Uj

)
=

⋃
j∈J

⋃
A∈Uj

SHP(m−1,n)(A) =
⋃
j∈J

SHP(m,n)(Uj).

This proves the claim.

2.3 Hyper-Probability Distribution

A probability distribution describes how probabilities are assigned to values or events of a random variable
across its sample space(cf.10–12). In this subsection, we extend the classical probability distribution concept by
introducing the frameworks of Hyper-Probability and Super-Hyper-Probability.

Definition 2.27 (Probability Distribution). (cf.13–15) Let (Ω,F , P ) be a probability space and let (E, E) be
a measurable space. A random variable X : Ω → E is a measurable function, i.e. X−1(B) ∈ F for every
B ∈ E . The probability distribution (or law) of X is the pushforward measure

LX = X∗P : E −→ [0, 1], X∗P (B) = P
(
X−1(B)

)
, B ∈ E .

This single definition encompasses both discrete and continuous cases:

(1) Discrete distributions. If E is countable (or finite), then X has a probability mass function (pmf)

pX(x) = P
(
X = x

)
, x ∈ E,

satisfying
∑

x∈E pX(x) = 1 and LX({x}) = pX(x).

(2) Absolutely continuous distributions. If E = R (or Rd) and LX ≪ λ (Lebesgue measure), then there
exists a probability density function (pdf)

fX(x) ≥ 0,

∫
E

fX(x) dx = 1, LX(B) =

∫
B

fX(x) dx (∀B ∈ B(E)).

(3) Cumulative distribution function (CDF). When E = R, the cdf of X is

FX(x) = LX

(
(−∞, x]

)
= P

(
X ≤ x

)
, x ∈ R,

which satisfies:

• non-decreasing: x1 < x2 =⇒ FX(x1) ≤ FX(x2),
• right-continuous: limh↓0 FX(x+ h) = FX(x),
• limits: limx→−∞ FX(x) = 0, limx→∞ FX(x) = 1.

Example 2.28 (Discrete Uniform Distribution: Fair Six-Sided Die). Let Ω = {1, 2, 3, 4, 5, 6}, F = 2Ω, and
let X : Ω → Ω be the identity map representing the outcome of a die roll. Then X has the discrete uniform
distribution with probability mass function

pX(k) = P
(
X = k

)
=

1

6
, k = 1, 2, . . . , 6,

so that for any event A ⊆ Ω,

LX(A) =
∑
k∈A

pX(k) =
|A|
6

.

For example, the probability of rolling an even number is LX({2, 4, 6}) = 3/6 = 0.5.
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Example 2.29 (Poisson Distribution: Customer Arrivals). Let Ω = {0, 1, 2, . . . }, F = 2Ω, and let X be the
number of customers entering a café in one hour. Historical data suggest a Poisson model with mean λ = 5.
Then

pX(k) = P
(
X = k

)
= e−5 5k

k!
, k = 0, 1, 2, . . . ,

and for any A ⊆ Ω,

LX(A) =
∑
k∈A

e−5 5k

k!
.

For instance, the probability of at most 3 customers is
∑3

k=0 e
−55k/k! ≈ 0.265.

Example 2.30 (Normal Distribution: Daily High Temperature). Let Ω = R, F = B(R), and let X be the
high temperature (°C) in a city on a given day. Meteorological records show X ∼ N(µ = 20, σ2 = 4). Its
probability density function is

fX(x) =
1√
2π 2

exp
(
− (x− 20)2

2 · 4

)
, x ∈ R,

and for any Borel set B ⊆ R,

LX(B) =

∫
B

1

2
√
2π

e−
(x−20)2

8 dx.

For example, the probability of a “warm” day between 22 °C and 25 °C is
∫ 25

22
fX(x) dx ≈ 0.261.

Definition 2.31 (Hyper-Probability Distribution). Let (Ω,F , P ) be a probability space and (E, E) a measur-
able space. Fix a nonempty index set K and a family of probability measures {Pk : F → [0, 1]}k∈K . A
hyper-random variable is a measurable map

X : Ω −→ E, X−1(B) ∈ F ∀B ∈ E .

Its hyper-probability distribution is the set-valued pushforward

HPX = X∗{Pk}k∈K : E −→ P([0, 1]),

defined by
HPX(B) =

{
Pk

(
X−1(B)

) ∣∣ k ∈ K
}
, B ∈ E .

Thus HPX(B) collects all classical probabilities that X ∈ B under the different measures Pk.

Example 2.32 (Medical Diagnosis via Multiple Classifiers). Let Ω be the population of patients presenting a
particular symptom, and let (E, E) =

{
Positive,Negative

}
with the discrete σ-algebra. Define

X(ω) =

{
Positive, if patient ω has the disease,
Negative, otherwise.

Three diagnostic procedures give:

PClin(X = Positive) = 0.07, PML(X = Positive) = 0.05, PLab(X = Positive) = 0.09.

Thus for the event C = {X = Positive},

HPX(C) = { 0.05, 0.07, 0.09},

reflecting uncertainty across clinical judgment, algorithmic prediction, and laboratory testing.

Example 2.33 (Credit Default Risk from Multiple Agencies). Let Ω be the set of corporate bonds and (E, E) =
{Default,No Default}. Define

X(ω) =

{
Default, if bond ω defaults within one year,
No Default, otherwise.

Three rating agencies provide default probabilities:

PS&P(X = Default) = 0.02, PMoody(X = Default) = 0.03, PFitch(X = Default) = 0.025.

Hence for the event D = {X = Default},

HPX(D) = { 0.02, 0.025, 0.03},

offering a multi-source view of default risk used in portfolio management.
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Theorem 2.34 (Recovery of Classical Distribution). If |K| = 1, say K = {k0}, then HPX(B) = {Pk0
(X−1(B))}

for all B, and the single-valued map B 7→ Pk0
(X−1(B)) is exactly the ordinary probability distribution of

X .

Proof. With K = {k0}, Definition 2.31 gives HPX(B) = {Pk0(X
−1(B))}. Discarding the singleton bracket

yields the classical pushforward measure X∗Pk0
, which by construction is the law of X under Pk0

. Hence
hyper-distribution generalizes the usual distribution.

Theorem 2.35 (Hyper-Additivity). Let {Bi}∞i=1 ⊆ E be pairwise disjoint. Then

HPX

( ∞⋃
i=1

Bi

)
=

{ ∞∑
i=1

Pk

(
X−1(Bi)

) ∣∣ k ∈ K
}
.

Moreover, HPX(∅) = {0} and HPX(E) = {1}.

Proof. For each k ∈ K, since Pk is a probability measure,

Pk

(
X−1(

⋃
i

Bi)
)
= Pk

(⋃
i

X−1(Bi)
)
=

∞∑
i=1

Pk

(
X−1(Bi)

)
.

Collecting these sums over all k gives the displayed formula. Moreover X−1(∅) = ∅ and X−1(E) = Ω, so
each Pk gives 0 and 1 respectively; hence HPX(∅) = {0} and HPX(E) = {1}.

Definition 2.36 ((m,n)-SuperHyperProbability distribution). Let (Ω,F) and (E, E) be measurable spaces,
let

{Pk : F → [0, 1]}k∈K

be a nonempty family of probability measures on (Ω,F), and let

X : Ω → E

be an F/E-measurable map.

Define the induced hyper-probability distribution

HPX : E −→ P([0, 1])

by
HPX(B) := {Pk(X

−1(B)) | k ∈ K }, B ∈ E .

For integers m ≥ 0 and n ≥ 1, the (m,n)-SuperHyperProbability distribution of X is the map

SHPD
(m,n)
X : P(m)(E) −→ P(n)([0, 1])

defined recursively as follows:

(1) Vertical base and vertical recursion (m = 0). For each B ∈ E ,

SHPD
(0,1)
X (B) := HPX(B),

and for n ≥ 2,
SHPD

(0,n)
X (B) := P

(
SHPD

(0,n−1)
X (B)

)
.

(2) Horizontal recursion (m ≥ 1). For each U ∈ P(m)(E), define

SHPD
(m,n)
X (U) :=

⋃
B∈U

SHPD
(m−1,n)
X (B).
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Remark 2.37. The ordinary single-valued distribution of X is naturally treated separately as the pushforward
measure

X∗P (B) := P (X−1(B)), B ∈ E .

Thus the present definition starts at the first set-valued level n = 1, where SHPD
(0,1)
X = HPX .

Example 2.38 ((2, 1)-SuperHyperProbability distribution in weather-event portfolios). Let

E = {Rain, Storm}, E = 2E ,

and let X : Ω → E be a measurable map describing the weather outcome. Set

BR := {Rain}, BS := {Storm}.

Assume that
HPX(BR) = {0.28, 0.30, 0.32}, HPX(BS) = {0.05, 0.08}.

Define
U1 := {BR}, U2 := {BS}, V := {U1, U2} ∈ P(2)(E).

Then
SHPD

(2,1)
X (V ) = SHPD

(1,1)
X (U1) ∪ SHPD

(1,1)
X (U2) = HPX(BR) ∪HPX(BS),

so
SHPD

(2,1)
X (V ) = {0.05, 0.08, 0.28, 0.30, 0.32}.

This combines all first-level hyper-probability values arising from the two weather-event portfolios.

Example 2.39 ((1, 3)-SuperHyperProbability distribution for portfolio-loss scenarios). Let

E = {Loss > 5%,Loss ≤ 5%}, E = 2E ,

and let
X : Ω → E

be the measurable map describing the quarterly loss category. Set

C := {Loss > 5%} ∈ E .

Assume that four probability measures satisfy

PA(X
−1(C)) = 0.10, PB(X

−1(C)) = 0.12, PC(X
−1(C)) = 0.15, PD(X−1(C)) = 0.08.

Then
HPX(C) = {0.08, 0.10, 0.12, 0.15}.

Let
U := {C} ∈ P(E).

For n = 3,
SHPD

(1,3)
X (U) = SHPD

(0,3)
X (C) = P

(
P
(
{0.08, 0.10, 0.12, 0.15}

))
.

Since P({0.08, 0.10, 0.12, 0.15}) has 24 = 16 elements, the set

SHPD
(1,3)
X (U)

has 216 elements. For example,{
{0.08, 0.12}, {0.10, 0.15}, {0.08, 0.10, 0.15}

}
∈ SHPD

(1,3)
X (U).

This is a third-order uncertainty object built from the underlying loss-exceedance assessments.

Theorem 2.40 (Specialization to classical and hyper-probability distributions). In the setting of Definition 2.36,
the following hold.
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(a) For every B ∈ E ,
SHPD

(0,1)
X (B) = HPX(B).

(b) If K = {k0} is a singleton, then for every B ∈ E ,

HPX(B) = {(X∗Pk0)(B)}.

Hence SHPD
(0,1)
X is the singleton-valued embedding of the ordinary probability distribution X∗Pk0

.

Proof. Part (a) is immediate from the definition:

SHPD
(0,1)
X (B) = HPX(B) = {Pk(X

−1(B)) | k ∈ K}.

For part (b), if K = {k0}, then

HPX(B) = {Pk0
(X−1(B))} = {(X∗Pk0

)(B)}.

Therefore SHPD
(0,1)
X records exactly the ordinary pushforward probability, viewed as a singleton-valued set.

Theorem 2.41 (Well-definedness of (m,n)-SuperHyperProbability distributions). For every m ≥ 0 and n ≥
1, the map

SHPD
(m,n)
X : P(m)(E) −→ P(n)([0, 1])

given in Definition 2.36 is well-defined.

Moreover, for every n ≥ 1,
SHPD

(0,n)
X

is exactly the usual n-SuperHyperProbability induced by the hyper-probability distribution HPX .

Proof. Fix n ≥ 1. We prove by induction on m that

SHPD
(m,n)
X (U) ∈ P(n)([0, 1]) for every U ∈ P(m)(E).

Base case: m = 0. Let B ∈ E . For n = 1,

SHPD
(0,1)
X (B) = HPX(B) ∈ P([0, 1]) = P(1)([0, 1]).

For n ≥ 2, assuming inductively that

SHPD
(0,n−1)
X (B) ∈ P(n−1)([0, 1]),

we get
SHPD

(0,n)
X (B) = P

(
SHPD

(0,n−1)
X (B)

)
∈ P

(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Inductive step on m. Assume that

SHPD
(m,n)
X : P(m)(E) → P(n)([0, 1])

is well-defined. Let U ∈ P(m+1)(E). Then U ⊆ P(m)(E), so for each B ∈ U ,

SHPD
(m,n)
X (B) ∈ P(n)([0, 1]).

Since n ≥ 1, every element of P(n)([0, 1]) is a subset of P(n−1)([0, 1]). Hence⋃
B∈U

SHPD
(m,n)
X (B) ⊆ P(n−1)([0, 1]),
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which implies ⋃
B∈U

SHPD
(m,n)
X (B) ∈ P

(
P(n−1)([0, 1])

)
= P(n)([0, 1]).

Therefore
SHPD

(m+1,n)
X (U) =

⋃
B∈U

SHPD
(m,n)
X (B)

is well-defined.

Thus SHPD(m,n)
X is well-defined for all m ≥ 0 and n ≥ 1. When m = 0, the recursive definition is exactly

the usual vertical n-SuperHyperProbability construction applied to HPX .

Theorem 2.42 (Structural properties of (m,n)-SHPD). For n ≥ 1, define recursively

Z1 := {0}, Zn := P(Zn−1) (n ≥ 2),

and
O1 := {1}, On := P(On−1) (n ≥ 2).

Also define the m-fold singleton chain of E by

E(0) := E, E(m+1) := {E(m)} (m ≥ 0).

Then the maps SHPD
(m,n)
X satisfy the following properties.

(a) For m = 0,
SHPD

(0,n)
X (∅) = Zn.

For every m ≥ 1,
SHPD

(m,n)
X (∅) = ∅.

(b) For every m ≥ 0 and n ≥ 1,
SHPD

(m,n)
X

(
E(m)

)
= On.

(c) (Additivity at the m-th level) Let m ≥ 1. For any family {Uj}j∈J with

Uj ⊆ P(m−1)(E) (j ∈ J),

equivalently Uj ∈ P(m)(E), one has

SHPD
(m,n)
X

(⋃
j∈J

Uj

)
=

⋃
j∈J

SHPD
(m,n)
X (Uj).

Proof. (a) First let m = 0. Since X−1(∅) = ∅ and every probability measure satisfies Pk(∅) = 0, we have

SHPD
(0,1)
X (∅) = HPX(∅) = {0} = Z1.

For n ≥ 2, by vertical recursion,

SHPD
(0,n)
X (∅) = P

(
SHPD

(0,n−1)
X (∅)

)
= P(Zn−1) = Zn.

Hence SHPD
(0,n)
X (∅) = Zn for all n ≥ 1.

Now let m ≥ 1. Then
SHPD

(m,n)
X (∅) =

⋃
B∈∅

SHPD
(m−1,n)
X (B) = ∅.

(b) For m ≥ 1, since E(m) = {E(m−1)}, the horizontal recursion gives

SHPD
(m,n)
X

(
E(m)

)
=

⋃
B∈E(m)

SHPD
(m−1,n)
X (B) = SHPD

(m−1,n)
X

(
E(m−1)

)
.

DOI: https://doi.org/10.54216/PMTCS.060101
Received: Received: July 29, 2025 Revised: October 12, 2025 Accepted: December 27, 2025

19



Pure Mathematics For Theoretical Computer Science (PMTCS) Vol. 06, No. 01, PP. 01-21, 2026

Iterating this identity yields
SHPD

(m,n)
X

(
E(m)

)
= SHPD

(0,n)
X (E).

Since X−1(E) = Ω and Pk(Ω) = 1 for all k ∈ K,

SHPD
(0,1)
X (E) = HPX(E) = {1} = O1.

For n ≥ 2,
SHPD

(0,n)
X (E) = P

(
SHPD

(0,n−1)
X (E)

)
= P(On−1) = On.

Therefore
SHPD

(m,n)
X

(
E(m)

)
= On

for all m ≥ 0 and n ≥ 1.

(c) Let m ≥ 1. Then
SHPD

(m,n)
X

(⋃
j∈J

Uj

)
=

⋃
B∈

⋃
j∈J Uj

SHPD
(m−1,n)
X (B).

Using the elementary identity ⋃
B∈

⋃
j∈J Uj

YB =
⋃
j∈J

⋃
B∈Uj

YB ,

with YB := SHPD
(m−1,n)
X (B), we obtain

SHPD
(m,n)
X

(⋃
j∈J

Uj

)
=

⋃
j∈J

⋃
B∈Uj

SHPD
(m−1,n)
X (B) =

⋃
j∈J

SHPD
(m,n)
X (Uj).

This proves the claim.

3 Conclusion

In this paper, we have formally defined the Hyper-Probability Measure and the Hyper-Probability Distribution,
examined their fundamental properties, and demonstrated how these constructs unify and extend classical
probability theory within the Hyper- and Super-HyperProbability paradigms. Future research will explore
potential extensions of these concepts by integrating them with established uncertainty frameworks, including
Fuzzy Sets, Intuitionistic Fuzzy Sets, HyperFuzzy Sets, Vague Sets, Rough Sets, Neutrosophic Sets, Hesitant
Fuzzy Sets, and Plithogenic Sets. In particular, we expect further progress in the study of extensions based on
frameworks such as Neutrosophic Probability.16–18
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